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Chapter 1 



What is a Locally Symmetric Space? 



In this chapter, we give a geometric introduction to the notion of a symmetric 
space or a locally symmetric space, and explain the central role played by simple 
Lie groups and their lattice subgroups. This material is not a prerequisite for 
reading any of the later chapters, except [Chapter 2j it is intended to provide a 
geometric motivation for the study of lattices in semisimple Lie groups, which 
is the main topic of the rest of the book. 

§1A. Symmetric spaces 

The nicest Riemannian manifolds are homogeneous. This means that every 
point looks exactly like every other point. 

(1.1) Definition. A Riemannian manifold X is a homogeneous space if its 
isometry group Isom(X) acts transitively. That is, for every x,y X, there is 
an isometry (j) of X, such that (t>{x) = y. 

(1.2) Example. Here are some elementary examples of (simply connected) 
homogeneous spaces. 

• The round sphere S*" = {x e | ||a;|| = 1 }. Rotations are the only 
orientation-preserving isometrics of 5", so Isom(5'")° ~ SO(n-|- 1). Any 
point on S*" can be rotated to any other point, so S"" is homogeneous. 

• Euclidean space M". Any orientation- preserving isometry of M" is a com- 
bination of a translation and a rotation, so Isom(M")° — SO(ri) k M". Any 
point in K" can be translated to any other point, so M" is homogeneous. 

• The hyperbolic plane i3^ = {0eC|Imz>O}, where the inner product 
on Tjij" is given by 

Copyright © 2001-2008 Dave Witte Morris. All rights reserved. 
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CHAPTER 1. WHAT IS A LOCALLY SYMMETRIC SPACE? 



One may show that lsom{Sj^)° is isomorphic to PSL(2, R)° = SL(2, M) /{±1}, 
by noting that SL(2,M) acts on by Hnear-fractional transformations 
z I—* {az + b)/(cz + d), and confirming, by calculation, that these linear- 
fractional transformations preserve the hyperbolic metric. 

• Hyperbolic space i^" = {x e M" | a;„ > 0}, where the inner product on 
Ta;i3" is given by 

{U I V)^,. = ^{U I w)Rn. 

It is not difficult to see that i^" is homogeneous (see Exercise [l]). One 
can also show that that the group lsom{Sj")° is isomorphic to S0(l,7i)° 
(see Exercise [4]) . 

• A cartesian product of any combination of the above (see Exercise [6]) . 

(1.3) Definition. Let (j): X ^ X. 

• We may say that (f) is involutive (or that (j) is an involution) if 0^ = Id. 

• A fixed point of is a point p € X, such that (t){p) — p. 

• A fixed point p of is isolated if there is a neighborhood U of p, such 
that p is the only fixed point of cf) that is contained in U . 

Besides an isometry taking x to y, each of the above spaces also has a nice 
involutive isometry that fixes x. 

• Define : 5" ^ 5" by 

(j)l{xi,. .. ,Xn+l) = {-Xi, . . . , -Xn, Xn+l)- 

Then <f>i is an isometry of S*", such that 0i has only two fixed points: 
namely, Cn+i and — e„+i, where e„+i — (0, 0, . . . , 0, 1). Thus, e„+i is an 
isolated fixed point of ^i. 

• Define 02 : M" M" by (t>2{x) = —x. Then 02 is an isometry of M", such 
that is the only fixed point of (pi. 

• Define Sy^ by 03(z) = — 1/z. Then i is the only fixed point 
of 03. 

• There are involutive isometrics of i^" that have a unique fixed point 
(see Exercise |3]) , but they are somewhat difficult to describe in the upper- 
half-space model that we are using. 

The existence of such an isometry is the additional condition that is required 
to be a symmetric space. 

(1.4) Definition. A Riemannian manifold X is a symmetric space if 

1) X is connected; 

2) X is homogeneous; and 

3) there is an involutive isometry of X, such that has at least one isolated 
fixed point. 

(1.5) Remark. If X is a symmetric space, then all points of X are essentially 
the same, so, for each x € X (not only for some x G X), there is an isometry 
of X, such that 0^ — Id and x is an isolated fixed point of (see Exercise [9]) . 
Conversely, if Condition ([3| is replaced with this stronger assumption, then 
Condition Q can be omitted (see Exercise 10 1 . 
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We constructed examples of involutive isometrics of S^, M", and i^" that 
have an isolated fixed point. The following proposition shows that no choice was 
involved: the involutive isometry with a given isolated fixed point p is unique, 
if it exists. Furthermore, in the exponential coordinates at p, the involution 
must simply be the map x t-^ —x. 

(1.6) Proposition. Suppose (j) is an involutive isometry of a Riemmanian 
manifold X . and suppose p is an isolated fixed point of (p. Then 

1 ) d(j)p = — Id; and 

2) for every geodesic 7 with 7(0) = p, we have (j){j{t)) — l{~t), for all 

t e M. 

Proof. ([T|) From the Chain Rule, and the fact that 4>{p) ~ p, we have 

d{(p'^)p = dip^^p) o dcjip = {d(j)pY. 
Also, because cfP' — Id, we know that d{(j)'^)p — dldp — Id. We conclude that 
{dcjypY = Id; thus, the linear transformation d(j)p: TpX TpX satisfies the 
polynomial equation a;^ — 1 = 0. 

Suppose d<j)p ^ — Id. (This will lead to a contradiction.) Since the poly- 
nomial x^ — 1 has no repeated roots, we know that dcjyp is diagonalizable. 
Furthermore, because 1 and —1 are the only roots of a;^ — 1, we know that 1 
and —1 are the only possible eigenvalues of d4>p. Thus, because dipp 7^ — Id, 
we conclude that 1 is an eigenvalue; so we may choose some nonzero v e TpX, 
such that d4'p{v) = v. Let 7 be the geodesic with 7(0) = p and 7'(0) = v. Then, 
because 4> is an isometry, we know that (/) o 7 is also a geodesic. We have 

((/)O7)(0) = (^(7(0)) =0(p)=p = 7(O) 

and 

((/. o 7)'(0) = d0^(o) (7'(0)) = dMv) = V = 7'(0). 

Since a geodesic is uniquely determined by prescribing its initial position and 
its initial velocity, we conclude that 007 = 7. Therefore, (j)['-f{t)) = ^{t), so 
7(i) is a fixed point of (j), for every t. This contradicts the fact that the fixed 
point p = 7(0) is isolated. 

([2]) Define j{t) = ji—t), so 7 is a geodesic. Because is an isometry, we 
know that (/> o 7 is also a geodesic. We have 

iP o 7)(0) = </)(7(0)) = m =p = 7(0) 

and, from ([ij, 

(0 o 7)'(0) = d</>^(o) (7'(0)) - -7'(0) = 7'(0). 
Since a geodesic is uniquely determined by prescribing its initial position and 
its initial velocity, we conclude that (/) o 7 = 7, as desired. □ 

(1.7) Definition. Let M be a Riemannian manifold, and let p €E M. Fix a star- 
shaped, symmetric neighborhood y of in TpM, such that the exponential map 
expp maps V diffeomorphically onto a neighborhood U of p in M (see 
The geodesic symmetry at p is the diffeomorphism t of U defined by 

T(expp(u)) = expp(-i;), 
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for allvGV. 

In other words, for each geodesic 7 in M, such that 7(0) — p, and for all 
t e M, such that ty{0) G V, we have t(7(<)) = "f{-t). 

Note. The geodesic symmetry t is a local diffeomorphism, but, for most man- 
ifolds M, it is not a local isometry (cf. 1.18 1. 

In this terminology, the preceding proposition shows that if an involutive 
isometry </) has a certain point p as an isolated fixed point, then, locally, must 
agree with the geodesic symmetry at p. This has the following easy consequence, 
which is the motivation for the term symmetric space. 

(1.9) Corollary. A connected Riemannian manifold M is a symmetric space if 
and only if, for each p e M , the geodesic symmetry at p extends to an isometry 
ofM. 

Exercises for §1A 

#1. Show that is homogeneous. [Hint: For any t E M+, the dilation x ^ tx 
is an isometry of Also, for any v S M"""'^, the translation x ^ x + v 
is an isometry of ^".] 

#2. Let = { a; e M" | ||a;|| < 1 } be the open unit ball in M", equip T^S" 
with the inner product 

{U I v)b^ - 72 I 

(1 - ||a;||2) 

and let e„ = (0, 0, . . . , 0, 1) G W\ Show that the map (j): i^" 
defined by 

, . , x + e„ 1 

is an isometry from B„ onto i)". (In geometric terms, 4> is obtained by 
composing a translation with the inversion centered at the south pole 
of B".) 

#3. Show that x 1— > —x is an isometry of -B" (with respect to the Riemannian 
metric (• | ■)b")- 

#4. For u,v e W+\ define 

n 

{U I V)i^n = UqVq -y^^UjVj. 

(Note that, for convenience, we start our numbering of the coordinates 
at 0, rather than at 1.) Let 

Kn ^{^^ I^"^' I I ^>1,« = 1, 2^0 > 0}, 

SO Aj^„ is one sheet of a 2-sheeted hyperboloid. Equip T^X^^^ with the 
inner product obtained by restricting (• | •)i,„ to this subspace. 
a) Show that the bijection ip : B" ^i.n defined by 
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is an isometry. (Note that this implies that the restriction of (• | ■)i^n 
to TxX^^ is positive definite, even though (• | is not positive 
definite on all of M"+i.) 
b) Show SO(l,n)° acts transitively on X^^ by isometries. 

#5. For G = SO(l,n)° = Isoni(i3")°, show there is some p e i^", such that 



[Hint: This is easy in the hyperboloid model „•] 

7^6. Show that if Xi, X2, . . . , Xn are homogeneous spaces, then the cartesian 
product Xi X X2 X • • • X Xn is also homogeneous. 

^7. Show that every homogeneous space is geodesically complete. That is, for 
every geodesic segment 7 : (— e, e) ^ X, there is a doubly- infinite geodesic 
7: K ^ X, such that ^(t) = j{t) for all t £ (-e, e). 

#8. Show that if Xi, . . . , X„ are symmetric spaces, then the cartesian product 
Xi X X2 X • • • X Xn is also a symmetric space. 

^9. Show that if X is a symmetric space, then, for each x G X, there is an 
isometry cj) of X, such that 0^ — Id and x is an isolated fixed point of cj). 

#10. Let X be a connected Riemannian manifold, and assume, for each x d X, 
that there is an isometry (p of X, such that (j>'^ = Id and x is an isolated 
fixed point of (f). Show that X is homogenous, and conclude that X is a 
symmetric space. 

#11. Show that the real projective space MP" (with the metric that makes its 
universal cover a round sphere) has an involutive isometry </>, such that 
has both an isolated fixed point, and a fixed point that is not isolated. 
Is MP" a symmetric space? 

§1B. How to construct a symmetric space 

In this section, we describe how Lie groups are used to construct symmetric 
spaces. Let us begin by recalling the well-known group-theoretic structure of 
any homogeneous space. 

Suppose X is a connected homogeneous space, and let G — lsom{X)°. 
Because Isom(X) is transitive on X, and X is connected, we see that G is 
transitive on X (see Exercise [ij , so we may identify X with the coset space 
G/K, where K is the stabilizer of some point in X. Note that K is compact 
(see Exercise [2]) . 

Conversely, if K is any compact subgroup of any Lie group G, then there is 
a G-invariant Riemannian metric on G/K (see Exercise |4]) , so G/K (with this 
metric) is a homogeneous space. (For any closed subgroup H of G, the group G 
acts transitively on the manifold G/H, by diffeomorphisms. However, when H 
is not compact, G usually does not act by isometries of any Riemannian metric 
on G/H, so there is no reason to expect G/H to be a homogeneous space in 
the sense of Definition |1.1[ ) 




StabG(p) =SO(n). 
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(1.10) Example. 

1) For X ~ S"', we have G — S0(n+1), and we may let K = StabG(e„+i) — 
SO(n), so S"- = SO(n + 1)/S0(n). Note that, letting a be the diagonal 
matrix 

cr = diag(-l,-l,...,-l,l), 

we have — Id, and K — Ca{cr) is the centralizer of a in G. 

2) For X = M", we have G = SO(n) k M", and we may let K = StabG(O) = 
SO(n), so M" = (SO(n) k M")/SO(n). Note that the map a: {k,v) i-> 
(fc, —v) is an automorphism of G, such that cr^ — Id, and 

CG{cj) = {geG\a{g)=g} = K. 

3) For X = we have G w SL(2,M), and we may let K = StabG(i) « 
S0(2), so S^^ = SL(2,M)/SO(2). 

4) For X = i^ ", we h ave G = SO(l,n)°, and we may take K = SO(n) 
(see Exercise 1A#5[ ). Note that, letting a be the diagonal matrix (1,-1,-1, 
we have cr^ = Id, and K = Gg{<j)- 

Thus, in each of these cases, there is an automorphism a of G, such that K is 
the centralizer of a. The following proposition shows, in general, that a slightly 
weaker condition makes G/K symmetric, not just homogeneous. 

(1.11) Proposition. Let 

• G he a connected Lie group; 

• K he a compact suhgroup of G; and 

• a he an involutive automorphism of G, such that K is an open suhgroup 
ofCaia). 

Then G/K can he given the structure of a symmetric space, such that the map 
T{gK) = a{g)K is an involutive isometry of G/K with eK as an isolated fixed 
point. 

Proof. To simplify the proof slightly, let us assume that K = Gg((t) (see Ex- 
ercise [5]) . 

Because K is compact, we know there is a G-invariant Riemmanian met- 
ric on G/K (see Exercise |4|. Then, because (r) is finite, and normalizes G, 
it is not difficult to see that we may assume this metric is also r-invariant 
(see Exercise [6| . (This conclusion can also be reached by letting G"*" = (a) k G 
and K^ = {a) x A', so K^ is a compact subgroup of G+, such that 
G^ /K^ = G/K.) Thus, r is an involutive isometry of G/K. 

Suppose gK is a fixed point of r, with g e. Then a{g) £ gK, so we 
may write cr(g) — gk, for some k £ K. Since a centralizes k (and a is an 
automorphism), we have 

a^g) = a{a{g)) = a^gk) = a{g) a{k) = {gk){k) = g^ . 

On the other hand, we know (7^{g) = g (because a is involutive), so we conclude 
that k'^ — e. 

Since g ~ e, and cr(e) = e, we have (j{g) « so = g~^(T{g) « e. Since 
fc^ = e, we conclude that k ^ e. (There is a neighborhood U of e in G, such 
that, for every u G [/ \ {e}, we have ^ e.) Therefore cr(g) — gk ^ ge = g, 
so g £ Cg{cf) — K; thus, gK — eK. □ 
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Conversely, for any symmetric space X, there exist G, K, and a as in 
Proposition [lTT] such that X is isometric to G/K (see Exercise [t]) . 

(1.12) Example. Let G = SL(n,M), K = SO(n), and define a{g) = (g^^)^ 
(the transpose-inverse). Then a'^ — 1 and Cg{(j) — K, so the theorem implies 
that G/K is a symmetric space. Let us describe this space somewhat more 
concretely. 

Recall that any real symmetric matrix A can be diagonalized over M. In 
particular, all of its eigenvalues are real. If all the eigenvalues of A are strictly 
positive, then we say that A is positive definite. 

Let 

X = {A E SL(n, M) I yl is symmetric and positive definite }, 

and define a: G x X ^ X hy a{g,x) = gxg^ . Then: 

a) a defines an action of G on X; that is, we have a{gh,x) = a(^g,a{h,x)^ 
for all g,h E G and x E X. 

b) In this action, we have K — StabG(Id), so X may be identified with 
G/K. 

c) Ti^X = {u E M'dtnxni^) I is symmetric and trace(7i) = 0}. (By defi- 
nition, we have X C SL(n,M). The condition trace(7i) ~ comes from 
the restriction det{A) = 1.) 

d) The inner product {u \ v) — trace(Mw) on T^X is ii'-invariant, so it may 
be extended to a G-invariant Riemannian metric on X. 

e) The map t: X ^ X, defined by t{A) = A~^, is an involutivc isometry 
of X, such that T(^a{g, x)) = a{g) t{x) for all 5 G G and x E X. 

(1.13) Example. Other examples of symmetric spaces are: 
• SL(n,C)/SU(n); and 

. S0(p,g)7(S0(p)xS0(<z)). 

These are special cases of the following corollary of Proposition 1.11 

(1.14) Definition. A symmetric space X is irreducible if its universal cover is 
not isometric to any nontrivial product Xi x X2. 

(1.15) Proposition. Let G be a connected, noncompact, simple Lie group with 
finite center. Then G has a maximal compact subgroup K {which is unique up to 
conjugacy) , and G/K is a simply connected, noncompact, irreducible symmetric 
space that has semi-negative curvature and is not fiat. 

Conversely, any noncompact, non-fiat, irreducible symmetric space is of the 
form G / K , where G is a connected, noncompact, simple Lie group with trivial 
center, and K is a maximal compact subgroup of G. 

(1.16) Remark. Let if be a compact subgroup of a connected, simple Lie 
group G with finite center, such that G/K is a symmetric space (cf. |1.11[ ). 
The proposition shows that if G is not compact, then K must be a maximal 
compact subgroup of G, which is essentially unique. 

On the other hand, if G is compact, then the subgroup K may not be 
unique, and may not be maximal. For example, both SO(n)/SO(ri — 1) and 
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SO(n)/{e} are symmetric spaces. The former is a round sphere, which has 
already been mentioned. The latter is a special case of the fact that every 
connected, compact Lie group is a symmetric space (see Exercise [To| . 

E. Cartan obtained a complete list of all the symmetric spaces (both com- 
pact and noncompact) by finding all of the simple Lie groups G, and determin- 
ing which compact subgroups K can arise in Proposition 

Exercises for §1B 

#1. Suppose a topological group G acts transitively (and continuously) on a 
connected topological space M. Show that the identity component G° is 
transitive on M. 

#2. Let 77 be a group of isometrics of a Riemannian manifold M, and assume 
that H has a fixed point. (That is, there is a point p ^ M, such that. 



for all h € H, we have hp — p.) Use Proposition A. 17 to show that the 
closure of H in Isom(Af) is compact. 

^3. Let if be a compact group, and let p: K GL(n,IR) be a continuous 
homomorphism. Show that there is a if-invariant inner product (• | ■)k 
on M"; that is, such that 

{p{k)u I p{k)v)^ = (u I v)^ 
for all fc e if and all w, e E". [Hint: Define 



(u\v)k^ / {p{k)u\ p{k)v) dfi{k), 

JK 

where /i is a Haar measure on if.] 

#4. Let if be a compact subgroup of a Lie group G. Use Exercise [3] to show 
that there is a G-invariant Riemannian metric on G/if. [Hint: A G- 
invariant Riemannian metric on G/if is determined by the inner product 
is assigns to TeK{G/ K).] 

#5. Complete the proof of Proposition ] 1.111 by removing the simplifying as- 
sumption that if = GG(cr). 

#6. Let i^ be a finite group of diffeomorphisms (not necessarily isometrics) of 
a Riemannian manifold (M, (• | ■)x\ Define a new inner product (• | •)^ 
on each tangent space T^M by 

(" I V)'x ^{dfx{u) I dfx{v))f(^xy 

a) Show that the Riemannian metric (• | •)' on M is i^-invariant. 

b) Show that if G is a group of isometrics of (M, (• | and G is 
normalized by F, then (• | •)' is G-invariant. 

#7. For any symmetric space X, show that there exist G, if, and a as in 
Proposition [TTTT] such that X is isometric to G/K. [Hint: Suppose r is an 
involutive isometry of X with an isolated fixed point p. Let G — Isom(X)° 
and K — Stabcip)- Define (j{g) — rgr. Show if C Gg{c) and, using the 
fact that p is isolated, show that if contains the identity component of 
Cg{<^)- Hence if is an open subgroup of Gg{<j)] 
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#8. Verify assertions Q, 0, (|c|, and Q of Example ] 1.1 2 



#9. Show that if X is a connected homogeneous space, then Isom(X) has 
onfy finitefy many connected components. 

#10. Show that if G is compact, then there is a G-invariant Riemannian metric 
on G that makes G a symmetric space. 

[Hint: The involutive isometry is g i-^ g~^.] 

§1C. Locally symmetric spaces 

The gist of the following definition is that a locally symmetric space is a Rie- 
mannian manifold that is locally isometric to a symmetric space; that is, every 
point has a neighborhood that is isometric to an open subset of some symmetric 
space. 

(1.17) Definition. A (complete) Riemannian manifold M is locally symmetric 
if its universal cover is a symmetric space. In other words, there is a symmetric 
space X, and a group T of isometries of X, such that 

1) r acts freely and properly discontinuously on X; and 

2) M is isometric to T\X. 

(1.18) Remark. In a symmetric space, the geodesic symmetry j(t) i~* 7(~i) at 



any point extends to an isometry of the entire manifold (see 1.9). In a locally 
symmetric space, the geodesic symmetry r at any point is an isometry on its 
domain, but it may not be possible to extend r to an isometry that is well- 
defined on the entire manifold; that is, the geodesic symmetry is only a local 
isometry. That is the origin of the term locally symmetric. 

(1.19) Example. Define g: S^'^ ^ S)"^ hy g{z) = z -I- 1, let T = (g), and let 
M = T\Sj^. Then (obviously) M is locally symmetric. 

However, M is not symmetric. We provide several different geometric proofs 
of this fact, in order to illustrate the important distinction between symmetric 
spaces and locally symmetric spaces. (It can also be proved group-theoretically 
(see Exercise [2]).) The manifold M is a cusp (see Fig. |1.1[ ). 

1) Any point far out in the cusp lies on a short loop that is not nuU- 
homotopic, but points at the other end do not lie on such a loop. Thus, 
M is not homogeneous, so it cannot be symmetric. 

2) The geodesic symmetry performs a 180° rotation. Thus, if it is a well- 
defined diffeomorphism of M, it must interchange the two ends of the 
cusp. However, one end is thin, and the other end is (very!) wide, so no 
isometry can interchange these two ends. Thus, the geodesic symmetry 
(at any point) is not an isometry, so M is not symmetric. 

3) Let us show, directly, that the geodesic symmetry at some point p e i^^ 
does not factor through to a well-defined map on r\i3^ = M. 

• Let X — —1+i and y = 1 + i, and let p G iRhe the midpoint of the 



geodesic segment joining x and y (see Fig. 1.2). 
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Figure 1.1: The (two-way infinite) cusp M. 




Figure 1.2: The geodesic symmetry r at p. 



• Let r be the geodesic symmetry at p. Then t{x) = y — I + i. 

• Because the imaginary axis is a geodesic, we have r(i) = ai, for 
some a > 1. 

• Now i — X + 1 — g{x), so x and i represent the same point in M. 
However, T(i) — t{x) = — 1 + (a — l)i is not an integer (it is not even 
real), so t{x) and T{i) do not represent the same point in M . Thus, 
T does not factor through to a well-defined map on M. 

(1.20) Remark. 

1) Some authors do not require M to be complete in their definition of a 
locally symmetric space. This would allow the universal cover of M to 
be an open subset of a symmetric space, instead of the entire symmetric 
space. 

2) A more intrinsic (but more advanced) definition is that a complete, con- 
nected Riemannian manifold M is locally symmetric if and only if the 
curvature tensor of M is invariant under all parallel translations, and M 
is complete. 
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1 + V3i 



1 + VSi 




Figure 1.3: A fundamental domain for SL(2,Z) in SL(2,M). 



Any complete, connected manifold of constant negative curvature is a lo- 
cally symmetric space, for (after normalizing the curvature to be —1) the uni- 
versal cover of such a manifold is As a generalization of_this, we are inter- 
ested in locally symmetric spaces M whose universal cover M is of noncompact 
type, with no flat factors; that is, such that each irreducible factor of M is 
noncompact (and not flat). From Proposition [1.15 we see, in this case, that 
M can be written in the form M = T\G/K, where G = Gi x • • • x G„ is a 
product of noncompact simple Lie groups, K is a, maximal compact subgroup 
of G, and F is a discrete subgroup of G. 

A topologist may like M to be compact, but it turns out that a very inter- 
esting theory is obtained by making the weaker assumption that M has flnite 
volume. Thus, the subgroup F should be chosen so that T\G/K has finite 
volume. Because F\G is a principal iiT-bundle over T\G/K, and K has finite 
measure, it is not difficult to see, from Fubini's Theorem, that F\G has flnite 
volume (see Exercise [6]) . This leads to the following deflnition. 

(1.21) Definition. A discrete subgroup F of G is a lattice if F\G has flnite 
volume. 

(As a special case, note that if F is discrete and F\G is compact, then F is 
a lattice in G, because any compact Riemannian manifold obviously has flnite 
volume.) 

(1.22) Example. SL(2,Z) is a lattice in SL(2,R). To see this, let 

jr= {z e I |z| > 1 and -1/2 < Re^ < 1/2} (1.23) 

(see Fig. 1.3 1. It is well known (though not obvious) that is a fundamental 
domain for the action of SL(2,Z) on 9)^ (see Exercises [t] and [s]) ; it therefore 
suffices to show that J-' has finite volume, or, more precisely, finite hyperbolic 
area. 

The hyperbolic area dA of an infinitesimal rectangle is the product of its 
hyperbolic length and its hyperbolic width. If the Euclidean length is dx and 
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the Euclidean width is dy, and the rectangle is located at the point x + iy, 
then, by definition of the hyperbolic metric, the hyperbolic length is (dx)/(2y) 
and the hyperbolic width is {dy)/{2y). Thus, 

dxdy 

bmce Imz > V3/2 for all z e T, we have 

f f°° f^^^ dxdy 1 1 , 

vol(^) = / dA< / — ^ = - / - < oo. 

Unfortunately, SL(2,Z)\^^ is not a locally symmetric space, because 
SL(2,Z) does not act freely on S^^ (so the quotient space is not a Rieman- 
nian manifold). However, there are finite-index subgroups of SL(2,Z) that do 



act freely (cf. [4.60 1, and these provide interesting locally symmetric spaces. 



Calculations similar to (but more complicated than) Example 1.22 show: 

• SL(n,Z) is a lattice in SL(n,M), and 

• SO(p, q) n SL(n, Z) is a lattice in SO(p, q). 

As in the example of SL(2,Z)\i3^, the hard part is to find a fundamental 
domain for T\G (or an appropriate approximation of a fundamental domain); 
then it is not difficult to see that its volume is finite. These are special cases of 
the following general theorem, which implies that every simple Lie group has 
a lattice. 

(1.24) Theorem (Arithmetic subgroups are lattices). Assume 

• G = Gi X • • • X G„i is a product of simple Lie groups, 

• G C SL(^,M), and 

• Gn SL(£,Q) is dense in G. 

Then Gz — G D SL(£, Z) is a lattice in G. 

Lattices constructed by taking the integer points of G in this way are 
said to be arithmetic. (For most simple Lie groups, these are the only lat- 



tices (see 5.211.) If ( is large, then there is more than one way to embed G in 
SL(i',]]X), and we will see that different embeddings can lead to quite different 
intersections with SL(^,Z). By taking an appropriate embedding of G in some 
SL(f , M), we will show that every noncompact, simple Lie group has a lattice F, 
such that F\G is compact. By taking a different embedding, we will construct 
a different lattice F', such that F'\G is not compact. 

We will also see some of the ways that the algebraic properties of F influence 
the geometry of the corresponding locally symmetric space M. The following 
important theorem implies that every geometric property of M is faithfully 
reflected in some group-theoretic property of F. For example, we will see how 
to tell, just by looking at F, whether M is compact or not. (One of the many 
algebraic characterizations is that M is compact if and only if there is a flnite- 
index, torsion-free subgroup F' of F, such that the group cohomology 7i"(F'; Z) 
is finitely generated as an abelian group, for each n.) More generally, we will see 
how group-theoretic properties of F influence the large-scale structure of M. 
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(1.25) Theorem (Mostow Rigidity Theorem). Let Mi and M2 be finite-volume 
locally symmetric spaces, such that 

• Tri{Ml)^TTl{M2), 

• the universal covers of Mi and M2 are neither compact, nor flat, nor 
reducible, and 

• the volumes of Mi and M2 are normalized {i.e., vol Mi — volAf2 = 1). 
Then Mi is isometric to M2, unless diniA/i = dimAf2 = 2. 

In fact, any homotopy equivalence is homotopic to an isometry. 

The theorem imphes that locally symmetric spaces have no nontrivial de- 
formations, which is why it is called a "rigidity" theorem: 

(1.26) Corollary. Let {gt} be a continuous family of Riemannian metrics on 
a manifold M with dimAf > 2, such that, for each t: 

• (M,gt) is a finite-volume locally symmetric space whose universal cover 
is neither compact, nor flat, nor reducible, and 

• yol{M,gt) = 1. 

Then (M,gt) is isometric to (Af, go); for every t. 

(1.27) Definition. A locally symmetric space is irreducible if no finite cover 
of M can be written as a nontrivial cartesian product Mi x M2. 

It is important to note that the universal cover of an irreducible locally 
symmetric space need not be an irreducible symmetric space. In other words, 
there can be lattices in Gi x • • • x G„ that are not of the form Fi x • • • x r„ 



(see §15Dl 



Theorem 1.25| (and the corollary) can be generalized to the case where 



only Ml, rather than the universal cover of Mi, is irreducible. However, one 
must strengthen the hypotheses correspondingly: it suffices to assume that 
no irreducible factor of Mi or AI2 is either compact or flat or 2-dimensional. 
Furthermore, rather than simply multiplying by a single scalar to normalize 
the volume, there can be a different scalar on each irreducible factor of the 
universal cover. 

Exercises for §1C 

#1. Let 

• X he a, simply connected symmetric space, 

• T\X be a locally symmetric space whose universal cover is X (so 
r is a discrete group of isometrics that acts freely and properly 
discontinuously on X), and 

• r be an isometry of X. 

Show that T factors through to a well-deflned map on r\X, then r nor- 
malizes r (that is, T~^7r € F, for every 7 e T). 

#2. Define g: S)^ hy g{z) ^ z + I. 

a) Show that the geodesic symmetry r at i is given by t(z) — — 1/z. 

b) Show that t does not normalize {g) . 
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c) Conclude that r does not factor through to a well-defined map on 
#3. Let 

• X be a simply connected symmetric space, and 

• T\X be a locally symmetric space whose universal cover is X (so 
r is a discrete group of isometrics that acts freely and properly 
discontinuously on X), and 

• T be an isometry of X. 

Show that X is homogeneous if and only if the normalizer Nq(T) is 
transitive on X, where G — Isom(X). 

#4. Let M — T\G/K be a locally symmetric space, and assume that G has no 
compact factors. Show that if iVG(r)/r is finite, then Isom(M) is finite. 

#5. Show that if K is any compact subgroup of a Lie group G, then there is 
a unique (up to a scalar multiple) G-invariant Borel measure v on G/K, 
such that iy{C) < oo, for every compact subset G of G/K. 

#6. Let 

• K he a, compact subgroup of a Lie group G, and 

• r be a discrete subgroup of G that acts freely on G/K. 

Show that r\G has finite volume if and only if T\G/K has finite volume. 



#7. Let r = SL(2, Z), and define T C S^^ a.s in ([03]). Show, for each p e S^^ 
that there is some 7 g F with ^{p) e T. 

[Hint: If Im7(p) < Imp for all 7 £ T, and -1/2 < Rep < 1/2, then p e J^.] 



#8. Let r = SL(2,Z), and define J' C Sj^ as in ( |1.23| . Show, for z,w e 
that if there exists 7 € F with 7(2) = w, then either z = w ot z,w € dT . 

[Hint: Assume Imto < z. Then 172,1^ + 72,21 < 1- Hence |72,i| S {0,1}. If |72,l| = 1 
and 72.2 0, then |Re2:| = 1/2, so z £ dJ^. If |72,i| = 1 and 72,2 = 0, then 
w = (az ~ l)/z. Since | Re(l/2)| < | Rez] < 1/2, and | Reio| < 1/2, we see that either 
Rez = 1/2 or w = -1/z.] 



Notes 



Either of Helgason's books [21 13] is a good reference for the geometric material 
on symmetric spaces and locally symmetric spaces, the connection with simple 
Lie groups, and much more. Lattices are the main topic of Raghunathan's book 



Theorem 1.24 
Theorem 



is a result of Borel and Harish-Chandra [T] . 
1.25 combines work of G.D. Mostow [5], G. Prasad |7j. 
We will discuss it in 



and 



;i2B 



G. A. Marguhs [4 

Example 1.22 appears in many number theory texts. Our hints for Exer- 



cises [t] and [8 are taken from 6', Prop. 4.4, pp. 181-182]. 
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Chapter 2 



Geometric Meaning of M-rank and 

Q-rank 



This chapter, like the previous one, is motivational. It is not a prerequisite for 
later chapters. 

§2 A. Rank and real rank 

Let X be a Riemannian symmetric space. (That is, for each point p ^ X, there 
is an isometry (p oi X, such that the derivative is — Id on the tangent space 
TpX.) For example, X could be a Euclidean space K", or a round sphere S"", 
or a hyperbolic space or a product of any combination of these. 

As is well known, the rank of X is a natural number that describes part of 
the geometry of X, namely, the dimension of a maximal flat. 

(2.1) Definition. A flat in AT is a connected, totally geodesic, flat submanifold 
in X. 

(2.2) Definition. rank(A) is the largest natural number r, such that X con- 
tains an r-dimensional flat. 

Let us assume that X has no flat factors. (That is, the universal cover of X 
is not isometric to a product of the form Y x M". Mostly, we will be interested 
in the case where X also does not have any compact factors.) 

Let G — Isom(A)°. Thus, G acts transitively on X, and there is a compact 
subgroup K of G, such that X = G/K. Because X has no flat factors, G is a 



connected, semisimple, real Lie group with trivial center (see S IB I. (We remark 
that G is isomorphic to a closed subgroup of SL(£, M), for some I.) 

The real rank can be understood similarly. It is an invariant of G that is 
defined algebraically, but it has the following geometric interpretation. 
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(2.3) Theorem. IR-rank(G) is the largest natural number r, such that X con- 
tains a closed, simply connected, r- dimensional fiat. 

For example, if X is compact, then every closed, totally geodesic, flat sub- 
space of X must be a torus, not R", so ]R-rank(G) = 0. On the other hand, 
if X is not compact, then X has unbounded geodesies (for example, if X is 
irreducible, then every geodesic goes to infinity), so ]R-rank(G') > 1. Therefore: 
M-rank(G) =0 X is compact. 

Thus, there is a huge difference between R-rank(G) = and ]R-rank(G) > 0, 
because no one would mistake a compact space for a noncompact one. 

(2.4) Remark. We have ]R-rank(G) = rank(X) if and only if X has no compact 
factors. 

There is also an important difference between M-rank(G) = 1 and IR-rank(G) > 
1. The following proposition is an important example of this. 

(2.5) Definition. X is two-point homogeneous if, whenever (a;i, X2) and (2/1,1/2) 
arc two pairs of points in X with d{xi,X2) = d{yi,y2), there is an isometry g 

of X with g{xi) = yi and g{x2) = y2- 

If M-rank(G) > 1, then there exist maximal flats Hi and H2 that intersect 
nontrivially. On the other hand, there also exist some pairs X\,X2-i such that 
{.Ti, .X2} is not contained in the intersection of any two (distinct) maximal flats. 
This establishes one direction of the following result. 

(2.6) Proposition. Assume X is noncompact and irreducible. The symmetric 
space X is two-point homogeneous if and only i/R-rank(G) = 1. 

The following is an inflnitesimal version of this result. 

(2.7) Proposition. Assume X is noncompact and irreducible. The group G 
acts transitively on the set of unit tangent vectors ofX if and only i/]R-rank(G) 

(2.8) Corollary. M-rank(SO(l, n)) = 1. 

Proof For G = SO(l,n), we have X = i^". The stabilizer SO(n) of a point 
in acts transitively on the unit tangent vectors at that point. So G acts 
transitively on the unit tangent vectors of X. □ 

More generally, IR-rank(SO(m, w)) = min{m, n }. Also, ]R-rank(SL(n,M)) = 
n — 1. Although perhaps not clear geometrically, these will be very easy to 
calculate from the algebraic deflnition. 

For every n, there is a difference between E-rank(G) = n and ]R-rank(G) > 
n, but this difference is less important as n grows larger: the three main cases 
are ]R-rank(G) = 0, ]R-rank(G) = 1, and ]R-rank(G) > 2. (This is analogous 
to the situation with smoothness assumptions: countless theorems reriuire a 
function to be G° or G^ or G^, but far fewer theorems require a function to 
be, say, C"^ , rather than only C^.) 
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Exercises for §2 A 

#1. Show M-rank(Gi x G2) = M-rankGi + M-rankGs. 

^2. Assume E-rankG = 1. Show X is irreducible if and only if X has no 
compact factors. 

#3. Show that if X is reducible, then X is not two-point homogeneous. (Do 
not assume the fact about maximal flats that was mentioned, without 



proof, before Proposition 2.6 ) 



§2B. Q-rank 

Now let r\A be a locally symmetric space modeled on X, and assume that 
r\A has finite volume. Thus, F is a (torsion-free) discrete subgroup of G, such 
that r\G has finite volume; in short, F is a lattice in G. 

Real rank has the following interesting implication for the geometry of r\A: 

(2.9) Proposition. Assume X has no compact factors. 

1) There is a dense geodesic in r\A. 

2) The geodesic flow on the unit tangent bundle r"'^(r\A) has a dense orbit 
if and only z/]R-rank(G) = 1. 

The real rank depends only on X, so it is not affected by the choice of a 
particular lattice T. We now describe an analogous algebraically defined invari- 
ant, Q-rank(r), that does depend on F, and thus distinguishes between some 
of the various locally homogeneous spaces that are modeled on X. We will 
mention some of the geometric implications of Q-rank, leaving a more detailed 
discussion to later chapters. 

(2.10) Theorem. 

1 ) Q-rank(r) is the largest natural number r, such that some finite cover of 
T\X contains a closed, simply connected, r- dimensional flat. 

2) Q-rank(r) is the smallest natural number r, for which there exists collec- 
tion of finitely many closed, r- dimensional flats, such that all ofT\X is 
within a bounded distance of the union of these flats. 



(2.11) Remark. It is clear from Theorem 2.10 1 1 that Q-rank(r) always exists 
(and is finite). Furthermore, that < Q-rank(F) < IR-rank(G). The extreme 
values are always attained: there are lattices Fc and Tg in G with Q-rank(Fc) — 
and Q-rank(Fs) = IR-rank(G). So it is perhaps surprising that there may be 



gaps in between (see 8.20) 



(2.12) Example. From the algebraic definition, which will appear in Chap- 
|ter 8[ it is easy to calculate 

Q-rank (so (to, n)^) = min{TO,ri} = M-rank(SO(TO, n)) 

and 

Q-rank(SL(n,Z)) ^ n - 1 = M-rank(SL(n, M)) . 
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As for M-rank, the biggest difference is between spaces where the invariant 
is zero and those where it is nonzero, because this is again the distinction 
between a compact space and a noncompact one. 

(2.f3) Theorem. Q-rank(r) — if and only ifT\X is compact. 



Theorem 2.f0 2| implies that the Q-rank of T is directly reflected in the 
large-scale geometry of T\X, described by the tangent cone at infinity. Intu- 
itively, the tangent cone at oo of a metric space is obtained by looking at it 
from a large distance. For example, if r\X is compact, then, as we move farther 



away, the manifold appears smaller and smaller (see Fig. 2.1 1. In the limit, the 
manifold shrinks to a point. 

An intuitive understanding is entirely sufficient for our purposes here, but, 
for the interested reader, we provide a more formal definition. 

(2.14) Definition. The tangent cone at infinity of a metric space (M, d) is the 
limit space 

lim ((M, ed),p), 

if the limit exists. Here, p is an arbitrary (but fixed!) point of M, and the limit 
is with respect to Gromov's Hausdorff distance. (Roughly speaking, a large ball 
around p in (M, ed) is (5-close to being isometric to a large ball around a certain 
(fixed) point po in the limit space (Mo,do).) 

(2.15) Example. 

1) If T\X is compact, then the tangent cone at infinity of T\X is a point 



(see Fig. 2.1), which is a 0-dimensional simplicial complex. This 0- 
dimensionality is a geometric manifestation of the fact that Q-rank(r) = 
0. 

If IR-rank(G) = 1, and T\X is not compact, then, as is well known, T\X 
has finitely many cusps. The tangent cone at infinity of a cusp is a ray, 
so the tangent cone at infinity of T\X is a "star" of finitely many rays 



emanating from a single vertex (see Fig. 2.2 1. Thus, the tangent cone at 
infinity of T\X is a 1-dimensional simplicial complex. This manifests the 
fact that Q-rank(r) = 1. 



(2.16) Theorem. The tangent cone at infinity ofT\X is a simplicial complex 
whose dimension is Q-rank(r) . 



2B. Q-RANK 



23 





(2.17) Example. Let G = SL(3,M) and T ^ SL(3,Z). From Theorem [2A6| we 
see that the tangent cone at infinity oi T\G/K is a 2-dimensional simpHcial 
complex. In fact, it turns out to be (isometric to) the sector 

(It is not a coincidence that this sector is a Weyl chamber of the Lie algebra 
5[(3,R).) 

(2.18) Remark. 

• If Q-rankr — 1, then the tangent cone at infinity of r\X is a star of 
finitely many rays emanating from the origin (cf. [2]). Note that this in- 
tersects the unit sphere in finitely many points. 

• In general, if Q-rank T = k, then the unit sphere contains a certain simpli- 
cial complex Tp of dimension A; — 1, such that the tangent cone at infinity 
of T\X is the union of all the rays emanating from the origin that pass 
through 7r. 

• For r = SL(3,Z), the simplicial complex 7r is a single edge (cf. [2.17 1 



In general, the Tits building is a certain simplicial complex defined 
from the parabolic Q-subgroups of G, and 7r can be obtained from 
by modding out the action of F. 

The Q-rank is also directly refiected in the cohomology of T\X. Namely, 
let c be the cohomological dimension of T\X. Because T\X is a manifold of 
dimension dimX, we have c = dimX if and only if T\X is compact. So the 
deficiency dimX — c is, in some sense, a measure of how far T\X is from being 
compact. This measure is precisely Q-rank(F). 

(2.19) Theorem. Assume X has no compact factors. Then the cohomological 
dimension ofT\X is (dimX) — (Q-rank(F)). 

Exercises for §2B 



^1. Prove, directly from Theorem 2.10 1), that if T\X is compact, then 
Q-rank(F) = 0. 
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#2. Prove, directly from Theorem 2.10p ), that if T\X is compact, then 
Q-rank(r) = 0. 



Notes 



Helgason's book [4J provides a thorough discussion of rank and M-rank. 
Theorem 2.10 2) was proved by B.Weiss [B]. 

If r is arithmetic. Theorem |2 . 1 3| was proved by Borel and Harish-Chandra 
[T] and, independently, by Mostow and Tamagawa |5j. For non-arithmetic lat- 
tices, we will take this theorem as part of the definition of Q-rank. 



A more precise version of Theorem 2.16 (providing a more precise descrip- 



tion of the geometry of the simplicial complex) was proved by Hattori 
Theorem 2.19 is due to Borel and Serre [5]. 
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Chapter 3 



Introduction to Semisimple Lie Groups 



The main topic of this book is the study of a lattice F in a semisimple 
Lie group G. Without losing any of the main ideas, the reader may as- 
sume, throughout, that G is either SL(n,M) or SO(m,n)° (or a product of 
these groups). Much of the material is of interest even in the special case 
G = SO(l,n)°. 

See §3C| below for the definition of "semisimple." 



§3A. The standing assumptions 

Throughout this book: 

1) G is a connected, real, semisimple Lie group with finite center; and 



2) r is a lattice in G (see Definition 4.8 1 



Similar restrictions apply to the symbols Gi, G2, G', Fi, F2, F', etc. 

Geometers interested in the locally symmetric space T\G/K usually place 
additional restrictions on G and F: 

• Geometers assume that the center of G is trivial, for otherwise G does 
not act faithfully as a group of isometrics of the symmetric space G/K. 

• Geometers assume that F is torsion-free (that is, that F has no nontrivial 
elements of finite order), for otherwise F does not act freely on G/K. 



§3B. Isogenies 

We usually wish to ignore the minor differences that come from taking finite 
covers, so let us recall the following definition. 

(3.1) Definition. Two Lie groups Hi and H2 (with only finitely many con- 
nected components) are isogenous if there exists a connected Lie group H, 
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such that H finitely covers both H° and J?2- (O^'; equivalently, if there exists a 
connected Lie group if, such that IT is finitely covered by each of H° and 
This is an equivalence relation. 

Note that (for Gi and G2 as in 3A ij), Gi is isogenous to G2 if and only 
if AdGi = AdG2; equivalently, Gi and G2 are locally isomorphic, that is, the 
Lie algebras Qi and 02 are isomorphic. 



§3C. What is a semisimple Lie group? 

Recall that an abstract group is simple if it has no nontrivial, proper, nor- 
mal subgroups. For Lie groups, we relax this to allow normal subgroups that 
are discrete (except that the one-dimensional abelian groups M and T are not 
considered to be simple). 

(3.2) Definition. G is simple if G has no nontrivial, connected, closed, proper, 
normal subgroups, and G is not abelian. 

(3.3) Example. G = SL(n, M) is a simple Lie group. If n is even, then {± Id} is 
a subgroup of G, and it is normal, but, because this subgroup is not connected, 
it does not disqualify G from being simple as a Lie group. 

(3.4) Other terminology. Some authors say that SL(n,M) is almost simple, 
and reserve the term "simple" for groups that have no (closed) normal sub- 
groups at all, not even finite ones. 

Although Definition |3.2| only refers to closed normal subgroups, it turns out 
that, except for the center, there are no normal subgroups at all. 

(3.5) Theorem. // G is simple, then G has no infinite, proper, normal sub- 
groups. More precisely, every proper, normal subgroup of G is contained in 
Z{G). 

In particular, if G is simple, and Z(G) — e, then G is simple as an abstract 
group. 

(3.6) Definition. G is semisimple if it is isogenous to a direct product of 
simple Lie groups. That is, G is isogenous to Gi x • • • x G^, where each d is 
simple. 

(3.7) Remark. Semisimple groups have no nontrivial (continuous) homomor- 
phisms to (see Exercise [3|, so any semisimple group is unimodular. 

A semisimple group, unlike a simple group, may have connected, normal 
subgroups (such as the simple factors Gi). However, these normal subgroups 
cannot be abelian (see Exercise [T]) . The converse is a major theorem in the 
structure theory of Lie groups: 

(3.8) Theorem. A connected Lie group H is semisimple if and only if it has 
no nontrivial, connected, abelian, normal subgroups. 
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(3.9) Remark. A connected Lie group R is solvable if every nontrivial quotient 
of R has a nontrivial, connected, abelian, normal subgroup. (For example, 
abelian groups are solvable.) One can show that any connected Lie group H 
has a unique maximal connected, closed, solvable, normal subgroup. It is called 
the radical of H, and is denoted Rad H. Our statement of Theorem |3.8| is 
equivalent to the more usual statement that H is semisimple if and only if 
Rad H is trivial (see Exercise |4| . 

(3.10) Remark. The center Z{G) is finite, so G is isogenous to G/Z{G). Also, 
the kernel of the adjoint representation is Z{G), so G/Z{G) is isomorphic to a 
group of matrices; that is, G/Z{G) is Hnear. Thus, G is isogenous to a linear 
group, so there is usually no harm in assuming that G itself is linear. 

(3.11) Definition. G is linear if G is isomorphic to a group of matrices; more 
precisely, G is isomorphic to a closed subgroup of SL(^, M), for some I. 

The following result makes it easy to see that the classical groups, such as 
SL(n, M), SO(m, n), and SU(to, n), are semisimple (except a few abelian groups 
in small dimensions). 

(3.12) Definition. A subgroup H of GL(^,M) (or GL(£,C)) is irreducible if 
there are no nontrivial, proper, iJ- invariant subspaces of (or C^, respec- 
tively) . 

(3.13) Example. SL(^,M) is an irreducible subgroup of SL(^, C) (see Exer- 
cise [t]) . 

(3.14) Warning. In a different context, the adjective "irreducible" can have 
a completely different meaning when it is applied to a group. For example. 



saying that a lattice is irreducible (as in Definition 4.231 has nothing to do 
with Definition 13.121 

(3.15) Remark. If iJ is a subgroup of GL(£, C) that is not irreducible (that is, 
if H is reducible), then, after a change of basis, we have 

/GL(fc,C) 

\ GL(n-fc,C)^ 
for some k with 1 < fc < ri — 1 . 
Similarly for GL(^,M). 

(3.16) Corollary. If H is a nonabelian, closed, connected, irreducible subgroup 
o/SL(^, C), then H is semisimple. 

Proof. Suppose A is a connected, abelian, normal subgroup of H. For each 
function w: ^ C ^ , let 

T4, = { u g I Va e A, a{v) = w{a) v }. 

That is, a nonzero vector v belongs to if 

• V is an eigenvector for every element of A, and 

• the corresponding eigenvalue for each clement of a is the number that is 
specified by the function w. 



30 



CHAPTER 3. INTRODUCTION TO SEMISIMPLE LIE GROUPS 



Of course, G 14; for every function w; let W = { w \ ^ 0} . (This is called 
the set of weights of A on C^.) 

Each element of a has an eigenvector (because C is algebraically closed), 
and the elements of A all commute with each other, so there is a common 
eigenvector for the elements of A. Therefore, ^ 0. From the usual argument 
that the eigenspaces of any linear transformation are linearly independent, one 
can show that the subspaces | w G M^} are linearly independent. Hence, 
W is finite. 

For w E W and h E H, a, straightforward calculation shows that hV^ — 
^h(tu); where (/i(iy))(a) = w{h~^ah). That is, H permutes the subspaces 
{KultoGW- Because H is connected and W is finite, this implies hV^ = Vw 
for each w; that is, is an 7?-invariant subspace of C^. Since H is irreducible, 
we conclude that —0. 

Now, for any a E A, the conclusion of the preceding paragraph implies that 
a{v) — w{a) V, for all v E C^. Thus, a is a scalar matrix. 

Since det a = 1, this scalar is an root of unity. So A is a subgroup of the 
group of roots of unity, which is finite. Since A is connected, we conclude 
that A = {e}, as desired. □ 

Here is another useful characterization of semisimple groups. 

(3.17) Corollary. Let H be a closed, connected subgroup o/SL(£, C). // 

• the center Z(H) is finite; and 

• H* = H {where * denotes the "adjoint," or conjugate-transpose) ; 
then H is semisimple. 

Proof. Let A be a connected, normal subgroup of H. Because H* — H, it is not 
difficult to show that H is completely reducible: there is a direct sum decompo- 



sition C = Vj, such that H\vj is irreducible, for each j (see Exercise 10 1 



The proof of Corollary 3.16 (everything except the final paragraph) shows 
that A\vj consists of scalar multiples of the identity, for each j. Hence A C 
Z{H). Since A is connected, but (by assumption) Z{H) is finite, we conclude 
that A is trivial. □ 

(3.18) Remark. There is a converse: if G is semisimple (and connected), then 
G is conjugate to a subgroup H, such that H* = H . However, this is more 
difficult to prove. 

Exercises for §3C 



#1. Prove {=>) of Theorem 3.8 



#2. Show that if G is semisimple, and N is any closed, normal subgroup of G, 
then G/N is semisimple. 

7^3. a) Show that if 0: G —s- A is a continuous homomorphism, and A is 
abelian, then (j) is trivial, 
b) Show that [G, G] = G. 
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^4. Show that a connected Lie group H is semisimple if and only if H has 
no nontrivial, connected, solvable, normal subgroups. 

[Hint: If ij is a solvable, normal subgroup of H, then [R, R] is also normal in H, and 
R/[R, R] is an abelian, normal subgroup of H/[R, R].] 

#5. Suppose iV is a connected, closed, normal subgroup of G = Gi x • • • x G^, 
where each Gi is simple. Show that there is a subset S" of {1, . . . , r}, such 
that N = ll-^sG,. 

#6. Suppose TV is a connected, closed, normal subgroup of G. Show that there 
is a connected, closed, normal subgroup H of G, such that G is isogenous 
to X 77. 

#7. Show that no nontrivial, proper C-subspace of is invariant under 
SL{£,R). 

[Hint: Suppose v,w £ M^, not both 0. Either there exists g 6 SL(£, M) with g{v + iw) = 
V — iw, or there exists nonzero A G C with A(t; + iw) £ M^.] 

^8. Give an example of a nonabelian, closed, connected, irreducible subgroup 
of SL(f,IR), such that H is not semisimple. 

[Hint: U(2) is an irreducible subgroup of SO (4).] 

#9. Suppose H C SL(£, C). Show that H is completely reducible if and only 
if, for every iJ-invariant subspace of C^, there is an iJ-invariant sub- 
space W of C^ such that C'^ = W(SW'. 

[Hint: (=>) If VK' = Vi e ■ ■ ■ e Vs, and W' nW = {0}, but {W (BV.j)nW ^ {0} for 
every j > s, then W + W = C*. (=>) Let W he a, maximal subspace that is a direct 
sum of irreducibles, and let V be a minimal H-invariant subspace of W' . Then W © V 
contradicts the maximality of W.] 

#10. Suppose H ^ H* C SL(£,C). 

a) Show that if W is an iJ- invariant subspace of C^, then the orthogonal 
complement is also iJ-invariant. 

b) Show that H is completely reducible. 



§3D. The simple Lie groups 

(3.19) Definition. G is a classical group if it is isogenous to the direct product 
of any collection of the groups constructed in Examples |3.22| and |3.23| below. 
That is, each simple factor of G is either a special linear group or the isometry 
group of a bilinear or Hermitian form, over M, C, or EI (where HI is the algebra 
of quaternions). See Exercises [8 11 and 12 



(3.20) Warning. Contrary to the usage of some authors, we do not require a 
form to be positive-definite in order to be called "Hermitian." 

(3.21) Notation. For natural numbers m and n, let 

• Im,n be the (m -I- n) x (m -I- n) diagonal matrix whose diagonal entries 
are m I's followed by n — I's; 

• denote the transpose of the matrix g, and 

• g* denote the adjoint (that is, the conjugate-transpose) of g. 
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(3.22) Example. 

1) The special linear group SL(n,M) is a simple Lie group (if n > 2). It is 
connected. 

2) Special orthogonal group. Let 

SO(m, n) = { 5 e SL(m + n, K) | g'^Im.ng = Im,n }■ 
Then SO(m, n) is semisimple if m+n > 3, and is simple if either m+n = 3 
or m+n > 5. However, SO(m+n) is not connected unless either to = or 
n = (cf. Exercises [9| and [To| ; otherwise, it has exactly two components. 
We use SO(n) to denote SO(n, 0) (or SO(0, n), which is the same group). 

3) Special unitary group. Let 

SU(to, n) = {g e SL(to + n,C) \ g* I„i^ng = -fm,n }• 
Then SU(m, n) is simple if to + n > 2. It is connected. We use SU(n) to 
denote SU(n,0) (or SU(0,n)). 

4) Symplectic group. Let 

f ° ^"^T,"") eGL(2TO,E) 

(where Id„ixm denotes the m x m identity matrix), and let 
Sp(2to,M) = {ge SL(2to,M) | .9^J2„,5 = ^2m }• 
Then Sp(2to,M) is simple if to > 2. It is connected. 

(3.23) Example. One may construct additional simple groups, by replacing 
the field M with the field C of complex numbers or the division ring H of 
quaternions in the above examples: 

1) Complex and quaternionic special linear groups: SL(ri, C) and SL(n,ElI) 
are simple Lie groups (if n> 2). Each is connected. 

Note: The noncommutativity of M causes some difficulty in defining the 
determinant of a quaternionic matrix. To avoid this problem, we define 
the reduced norm of a quaternionic nx n matrix g to be the determinant 
of the 2n x 2n complex matrix obtained by identifying H" with C^". 
Then, by definition, g belongs to SL(n, H) if and only if its reduced norm 
is 1. It turns out that the reduced norm of a quaternionic matrix is always 
a semipositive (or, in other words, nonnegative) real number. 

2) Complex and quaternionic special orthogonal groups: 

SO(n,C) = {.9 e SL(n,C) |g^Id.g = Id} 

and 

SO(n, H) = { .9 e SL(n, H) | r^(5^) Idg = Id }, 
where is the antiinvolution on H defined by 

Tj.{aQ + aii + + aj,k) — + aii — + a^k. 



(Note that Tr{ab) = Tr{b)Tr{a) (see Exercise 13 1; is included in the 
definition of SO(n,IElI) in order to compensate for the noncommutativity 
of H (see Exercise [Ts]).) 
3) Complex symplectic group: Let 

Sp(2to, C) = { g e SL(2to, C) | g'^J2mg = J-zm }■ 
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4) Symplectic unitary groups: Let 

Sp(to, n) = {g G SL(to + n, H) | g*Irn,ng = Im,n }• 
We use Sp(n) to denote Sp(n,0) (or Sp(0,n)). 

(3.24) Other terminology. Some authors use 

• SU*(2n) to denote SL(n,H) and 

• S0*(2n) to denote SO(n,H). 

(3.25) Remark. SL(2,M) is the smallest connected, noncompact, simple Lie 
group; it is contained (up to isogeny) in any other. 

• SL(?i,M), SL(n,C), and SL(n,H) all contain SL(2,M). 

• If SO(m, n) is semisimple and not compact, then min{m,n} > 1 and 
max{m,n} > 2, so S0(l,2) C SO(TO,n). 

• If SU(m, n) is not compact, then min{m, n} > 1, so SU(1, 1) C SU(m, n). 

• If Sp(to, n) is not compact, then min{m, n\ > 1, so Sp(l, 1) C Sp(m, n). 
Note that S0(l,2) and SU(1, 1) are isogenous to SL(2,K) (see [R3pb| ); and 
Sp(l, 1) is isogenous to S0(l,4) (see [R3pb| ), which contains S0(l,2). 

(3.26) Remark. There is some redundancy in the above lists. (For exam- 
ple, SL(2,M), SU(1,1), S0(l,2), and Sp(2,M) are isogenous to each other 
(see B.3 Ibl).) A complete list of these redundancies is given in [Chapter B| 
below. 



(3.27) Remark. This notation for the classical groups, although common, is 
not universal. In particular, the group SO(n,M) is sometimes denoted S0*(2n), 
the group SL(n,IHI) is sometimes denoted SU*(2n), and the group Sp(2m,IR) is 
sometimes denoted Sp(rn,M). 

The classical groups are just examples, so one would expect there to be 
many other (more exotic) simple Lie groups. Amazingly, that is not the case: 

(3.28) Theorem (E. Cartan). Any connected, simple Lie group with finite cen- 
ter is isogenous to either 

1) a classical group; or 

2) one of the finitely many exceptional groups. 

Exercises for §3D 

#1. For A e GL(£,C), define 

S\JiA)^{geSL{£,C)\g*Ag^A}. 
Show that if A"^ = ±Id, then SU(^)* = SU(^). 

[Hint: For g e SU(A), we have A = (g*)-''^ Ag-^ . Taking inverses of both sides, and 
noting that A~'^ = ±A, conclude that g* e SU(A).] 

#2. For A e GL(£,M), define 

SO{A)^{geSL{e,C)\g^Ag^A}. 
Show that if A^ = ±Id, then SO(^)'^ = SO(A)* = SO{A). 

[Hint: The argument of Exercise [l] shows that SO(A)^ = SO(A). Since A e GL(^,1R), 
it is easy to see that SO(j4) is also closed under complex conjugation.] 
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#3. Let S be a symmetric, invertible £ x £ real matrix. Define 
SO{B; M) = { 5 e SL(^, M) | g'^Bg = B}. 
Show SO{B; M) = SO(m, n), for some m, n. 

#4. Let -B be a Hermitian, invertible £ x £ matrix. Define 
SU{B) = {g e SL{£,C) \ g*Bg ^ B}. 
Show SU(i?) = SU(TO,n), for some m,n. 

^5. Let _B be a skew-symmetric, invertible £ x £ real matrix. Define 
Sp(B; M) = { g € SL(€, M) | g^Bg - B }• 
Show £ is even, and Sp(S; M) = Sp(^, M). 

#6. Let S e GL{£,m), such that t^(B^) = B. Define 

SU(i3; H, r,) = { g e SL(£, H) | T,(5^)i?5 = B }. 
Show SU(B; H, r^) S0(^, H). 

#7. Let B e GL(^,H), such that Tc(B^) B. Define 

SU(B; H, = { g e SL(£, H) | T,(g^)Bg = B }. 
Show SU(i?; H, Tc) = Sp(m,n), for some m,n. 

7^8. Define a symmetric bilinear form (• | •)Rm.,i on by 

ni n 

{x I ?;)r™," = ^ Xiyi - ^ a^m+iym+i. 

i=l 1=1 

Show that 

SO{m,n) = {ge SL(m+n,M) | Vx,t/ e E'"+", (gx | gy)^'^... = (x | 2;)k™,. }. 

[Hint: {x | ?;>e"i." = a:"^ 

#9. Show that SO(l,n) is not connected. 



[Hint: The subset of IR"+l (as in Exercise 1A#4| is invariant under SO(l,n)°, 

but there is some g 6 SO(l, n), such that gX^^ = ~X^^ -^in-] 

#10. Show that SO(m, n) is not connected if m, n > 0. 

[Hint: Assume m < n, and let it: K'"+" — > K™ be projection onto the first m co- 
ordinates. For any m-dimensional, totally isotropic subspace L of M'"+", the linear 
map Trli is a bijection onto M™. Show f{g) = det(7r o g o (^1^)"^) is a continuous, 
surjective function from SO{m,n) to {±1}.] 

^11. Define a Hermitian form (• | on C™+" by 

m n 
i=l 1=1 

(When n = 0, this is the usual Hermitian inner product on C™.) Show 
that 

SU(TO,n) ^{ge SL(m+n,C) | Vx, y e C"+", (gx | gy)c^.,. = {x \ y)c™- }. 
#12. Define a skew-symmetric bilinear form (• | •)gp on M^™ by 



I y)sp — ^^(^^ij/m+i ~ Xm+iUi)- 



4=1 
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Show that 

Sp(2m,M) = {.g e SL(2m,M) | Vx,2/ G M^™^ j ^^^^^ ^ j ^^^^ |_ 



#13. In the notation of Example 3.23 show that T,.(a6) = r,.(6)Tr(a) for all 
a, & e H. 

[Hint: Calculate explicitly, or note that Tr{x) = jxj^^.] 

#14. Give an example of two matrices g,h £ SL{n, H), such that (gh)^ ^ 9^ 
and {gh)'^ ^ g^^h^. 

#15. For g,he Mat„x«(]HI), show that Tr{{gh)'^) = Tr{K^) Tr{g'^). 

#16. Show that SO(n,H) is a subgroup of SL(n,H). 

#17. For any g G O(^), the map cjig-. SO(^) ^ SO(^), defined by (j)g{x) = 
gxg^^ , is an automorphism of SO(n). Show that £ is odd if and only if, 
for every g G O(^), there exists h e S0(£), such that (j>h = (f>g- 

§3E. G is almost Zariski closed 

One may note that each of the classical groups has only finitely many connected 
components. This is a special case of the following much more general result. 

(3.29) Definition. 

• We use ]R[a;i^i, . . . ,Xi,i] to denote the set of real polynomials in the £^ 
variables {xij \ I < i, j < i}- 

• For any Q G M.[xi^i, . . . ,Xi/], and any g £ Ma.tixi{C), we use Q{g) to 
denote the value obtained by substituting the matrix entries j into the 
variables Xij. For example, if Q = a;i,i2;2,2 — 2:1^22^2,1, then Q{g) is the 
determinant of the first principal 2x2 minor of g. 

• For any subset Q of . . . , xe^i], let 

Var(Q) = {geSL(€,K)|g(5) = 0, VQeQ}. 
This is the variety associated to Q. 

• A subset H of SL(£, M) is Zariski closed if there is a subset Q of 
M.[xi^i, . . . , xi^e], such that H = Var(Q). (In the special case where H 
is a subgroup of SL(£, M), we may also say that iJ is a real algebraic 
group or an algebraic group that is defined over M.) 

• The Zariski closure of a subset H of SL(i',M) is the (unique) smallest 
Zariski closed subset of SL(^,IR) that contains H. The Zariski closure is 
sometimes denoted H. 

(3.30) Example. 

1) SL(^,M) is Zariski closed. Let Q = 0. 

2) The group of diagonal matrices in SL(£,M) is Zariski closed. Let Q = 

3) For any A e GL(£,M), the centralizer of A is Zariski closed. Let 



Q = { y^{xi^kAk,] - Ai^kXk,j) 
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4) If we identify SL(n,C) with a subgroup of SL(2n,R), by identifying C 
with M^, then SL(n,C) is Zariski closed, because it is the centrahzer 
of Ti, the hnear transformation in GL(2n,K) that corresponds to scalar 
multiplication by i. 



5) The classical groups of Examples 3.22 and 3.23 are Zariski closed (if we 
identify C with and H with M"* where necessary). 



(3.31) Example. Let 
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a 1-dimensional subgroup that is not Zariski closed. Its Zariski 
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a € M \ {0}, 

t e M. 



C SL(4,M). 



The point here is that the exponential function is transcendental, not polyno- 
mial, so no polynomial can capture the relation that ties the diagonal entries 
to the off-diagonal entry in H. Thus, as far as polynomials are concerned, the 
diagonal entries in the upper left are independent of the off-diagonal entry, as 
we see in the Zariski closure. 



(3.32) Remark. If H is Zariski closed, then the set Q of Definition 3.29 can be 
chosen to be finite (because the ring . . . ,Xi^i] is Noetherian). 

Everyone knows that a (nonzero) polynomial in one variable has only finitely 
many roots. The following important fact generalizes this observation to any 
collection of polynomials in any number of variables. 



(3.33) Theorem. 
components. 



Any Zariski closed subset o/SL(^,M) has only finitely many 



(3.34) Definition. A closed subgroup H of SL(£, M) is almost Zariski closed if 
H has only finitely many components, and there is a Zariski closed subgroup Hi 
of SL(i!,]R) (which also has only finitely many components, by Theorem 3.331, 
such that H° — H^. In other words, in the terminology of i j4B| H is commen- 
surable with a Zariski closed subgroup. 

(3.35) Example. 

• Let H be the group of diagonal matrices in SL(2,M). Then H is Zariski 
closed (see 3.30 2|), but H° is not: any polynomial that vanishes on the 
diagonal matrices with positive entries will also vanish on the diagonal 
matrices with negative entries. So H° is almost Zariski closed, but it is 
not Zariski closed. 

• Let G = S0(l,2)°. Then G is almost Zariski closed (because S0(l,2) is 
Zariski closed) , but G is not Zariski closed (see Exercise [T| . 



3E. G IS ALMOST ZARISKI CLOSED 
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These examples are typical: H is almost Zariski closed if and only if it is a 
finite-index subgroup of its Zariski closure. 

The following fact gives the Zariski closure a central role in the study of 
semisimple Lie groups. 

(3.36) Theorem. If G C SL{i,R), then G is almost Zariski closed. 

Proof. Let G be the Zariski closure of G. Then G is semisimple. (For exa mple 



3.16 



if G is irreducible in SL(^, C), then G is also irreducible, so Corollary 
implies that G is semisimple.) 

Because G is connected, we know that the normalizer N{G) is Zariski closed 
(see Exercise [2]) . Therefore G C N{G), so G is a normal subgroup of G. Hence 
(up to isogeny), we have G — G x H, ioi some closed, normal subgroup H oi G 
(see Exercise 3C#6l. 



Then G = G^{H)° is almost Zariski closed (see 3.30 3 1)- □ 



(3.37) Warning. Theorem |3.36| relies on our standing assumption that G is 
semisimple (see 3.311. (Actually, it suffices to know that, besides being con- 
nected, G is perfect; that is, G — [G, G] is equal to its commutator subgroup.) 

(3.38) Other terminology. 

• Other authors use GL(^, M) in the definition of Var(Q), instead of 
SL(^, K). Our choice leads to no loss of generality, and simplifies the 
theory slightly. (In the GL theory, one should, for technical reasons, stip- 
ulate that the function l/det(g) is a polynomial. In our setting, detg is 
the constant function 1, so this is not an issue.) 

• What we call Var(Q) is actually only the real points of the variety. Alge- 
braic geometers usually consider the solutions in C, rather than M, but 
our preoccupation with real Lie groups leads to our emphasis on real 
points. 

Exercises for §3E 

#1. Show that S0(l,2)° is not Zariski closed. 

[Hint: We have 

, /s + i s - i 0\ 

s+l 0|6SO(1,2)° 4^ s>0. 

0" 



2 



If a rational function / ; M \ {0} — > M vanishes on R+, then it also vanishes on M .] 

#2. Show that if iJ is a connected Lie subgroup of SL{£, E), then the normal- 
izer N{II) is Zariski closed. 

[Hint: g 6 N{H) if and only if gt)g~^ = f), where f) C Mat^xi(I^) the Lie algebra 
of H.] 

#3. Show that if H is the Zariski closure of a subgroup H of G, then gHg^^ 
is the Zariski closure of gHg^^, for any g ^ G. 

#4. Suppose G is a connected, Zariski closed subgroup of SL(£,IR) and that 
QcR[xi^i,...,Xi,i]. 
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a) Show that G n Var(Q) is a closed subset of G. 

b) Show that if G ^ Var(Q), then G fl Var(Q) does not contain any 
nonempty open subset of G. 

c) Show that if G ^ Var(Q), then G n Var(Q) has measure zero, with 
respect to the Haar measure on G. 

[Hint: Need to give some hints for this!!!] 

#5. Show, for any subspace V of M^, that 



is Zariski closed. 

#6. A Zariski-closed subset of SL(i?, M) is irreducible if it cannot be written as 
the union of two Zariski-closed, proper subsets. Show that every Zariski- 
closed subset A of SL(i!, M) has a unique decomposition as an irredundant, 
finite union of irreducible, Zariski-closed subsets. (By irredundant, we 
mean that no one of the sets is contained in the union of the others.) 

[Hint: The ascending chain condition on ideals of . . . ,xi i] imphes the descend- 

ing chain condition on Zariski-closed subsets, so A can be written as a finite union of 
irreducibles. To make the union irredundant, the irreducible subsets must be maximal.] 

#7. Let H he a, connected subgroup of SL(^,]R). Show that if H C AiU A2, 
where Ai and A2 are Zariski-closed subsets of SL(^,K), then either H C 
Ai or H C A2. 

[Hint: The Zariski closure H = B\ U ■ • • U Br is an irredundant union of irreducible, 
Zariski-closed subsets (see Exercise [gJi . For h ^ H, we have H = hBi U ■ ■ ■ U hBr, 
so uniqueness implies that h acts as a permutation of {Bj}. Because H is connected, 
conclude that H = Bi is irreducible.] 

§3F. Jacobson-Morosov Lemma 

We now mention (without proof) a fundamental result that is often useful in 
the study of Lie groups. 

(3.39) Definition. A matrix g e GL(^, M) is unipotent if and only if the char- 
acteristic polynomial of g is (x — 1)^. (That is, 1 is the only root of the charac- 
teristic polynomial, with multiplicity £.) Another way of saying this is that g is 
unipotent if and only if 5 — Id is nilpotent (that is, if and only if {g — Id)" = 
for some n S N) . 

(3.40) Theorem (Jacobson-Morosov Lemma). For every unipotent element u 
of G, there is a subgroup H of G isogenous to SL(2,IR), such that u H. 

(3.41) Remark. In fact, if G C SL(^, C), and F is any subfield of C, such that 
u e GnSL{£, F), then there is a polynomial homomorphism (p: SL(2, M) G, 



StabsL(£,R)(^) = {5 e SL(^,E) \gV^V} 




defined over F (so 0(SL(2, F)) C Gn 



SL(£,F)). 



3F. JACOBSON-MOROSOV LEMMA 
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Notes 



Most of the material of this chapter can be found in Helgason's book |Hel2j . 
However, we do not follow Helgason's notation for some of the classical groups 
(see 



3.241 



Isogenics are discussed in texts, such as |Bor4j . on algebraic groups and 
in the book of Platonov and Rapinchuk |P-R] . Corollary 3.17 was proved by 

Mostow [Mosl . 

T he c lassi ficat ion of real simple Lie groups (Theorem 3.28 and Proposi- 
and 



tions |B .4| and |B . 5 ) was obtained by E. Cartan [Car' . (The intervening decades 
have led to enormous simplifications in the proof.) There are two main steps. 
First, one classifies the complex semisimple Lie algebras. (This appears in stan- 
dard texts on Lie algebras, such as |Huml| .) Then, one finds all of the real forms 
of each complex Lie algebra. For the classical case, this appears in the book of 
Platonov and Rapinchuk |P-R[ §2.3] (based on an approach of Weil |Weij that 
leads directly to orthogonal, unitary, and symplectic groups, and that applies 
over other fields of characteristic zero) . For the general case (including excep- 
tional groups), see Helgason's book |Hel2[ Chap. 10]. The lists of isogenies in 
Remark B.3 and Proposition B.5 are largely copied from there [Hel21 §10.6.4, 
pp. 519-520 



Helgason's book |Hel2( §10.2, pp. 447-451] proves that all of the classical 
simple groups except SO(p, q) are connected. For a geometric proof of B.3 2c I, 
see jHel2t §10.A.2, p. 521]. 
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Chapter 4 



Basic Properties of Lattices 



Three definitions are crucial: lattice subgroups (4.8 1, commensurable subgroups 
(4.171, and irreducible lattices (4.231 and (4.241. The rest of the material in 
this chapter may not be essential for a first reading, and can be referred back 
to when necessary. However, if the reader has no prior experience with lattices, 
then the basic properties discussed in §4A| will probably be helpful. 



§4A. Definition 

(4.1) Lemma. If A is a discrete subgroup of G, then there is a Borel funda- 
mental domain for A in G. That is, there is a Borel subset T of G, such that 
the natural map T —* A\G defined by g i-^ Kg is bijective. 

Proof. Because A is discrete, there is a nonempty, open subset U of G, such 
that (C/[/~^)nA = {e}. Since G is second countable (or, if you prefer, since G is 
cr-compact), there is asequence {g„} of elements of G, such that Uj^^C/gn — G. 
Let 

•^=0 (ugn^ljAUgA . 

n—l \ i<n / 

Then JF is a Borel fundamental domain for A in G (see Exercise |2|. □ 

(4.2) Proposition. Let A be a discrete subgroup of G, and let fi be Haar mea- 
sure on G. There is a unique (up to a scalar multiple) a-finite, G-invariant 
Borel measure v on A\G. 

1 ) For any Borel fundamental domain T , the measure v can be defined by 

v{k\A)^ p.{A^T), (4.3) 
for every Borel set A in G, such that KA — A. 

The Standing Assumptions | |3A| are in effect, so, as always, F is a lattice in the 
semisimple Lie group G. 
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2) Conversely, for A G G, we have 

ti{A)= [ i^{AnAx)diy{Ax). (4.4) 
Ja\g 

Proof. See Exercises |4] and [5] for g and ^. The uniqueness of v follows 

from ^ and the uniqueness of the Haar measure fi. □ 

(4.5) Remark. We always assume that the G-invariant measure v on A\G is 
normalized so that (4.3) and (4.4) hold. 

(4.6) Corollary. Let A be a discrete subgroup of G, and let (f>: G ^ A\G be 
the natural quotient map 4>{g) = Ag. If A is a Borel subset of G, such that the 
restriction is injective, then iy(^(j){A)) = ii{A). 

(4.7) Remark. 

1) The Haar measure /i on G is given by a smooth volume form, so the 
associated measure v on A\G is also given by a volume form. Thus, we 
say that A\G has finite volume if i^(A\G) < oo. 

2) The assumption that A is discrete cannot be eliminated from Proposi- 
tion |42j It can, however, be weakened to the assumption that A is closed 
and unimodular (see Exercise |6|. 

(4.8) Definition. A subgroup F of G is a lattice in G if 

• r is a discrete subgroup of G, and 

• r\G has finite volume. 

(4.9) Proposition. Let A be a discrete subgroup of G, and let /i be Haar mea- 
sure on G. The following are equivalent: 

1) A is a lattice in G. 

2) There is a Borel fundamental domain T for A in G, such that ^{T) < oo. 

3) There is a Borel subset G of G, such that AG — G and /i(G) < oo. 

Proof, ([l] From [43] we have i^(A\G) = Thus, A\G has finite 

volume if and only if ^{T) < oo. 



3) Obvious. 

1 ) We have C n Ax ^ 0, for every x G G, so, from|4.4| we see that 



<2 

H 

i'(A\G) = / 1 diy{Ax) < I #(G n Ax) dv{Ax) = ^(G) < oo. 

JA\G Ja\G 

(4.10) Example. As mentioned in Example 1.22[ SL(2,Z) is a lattice in 
SF(2,M). 

(4.11) Definition. A closed subgroup A of G is cocompact (or uniform) if A\G 
is compact. 

(4.12) Corollary. 

1) Any cocompact, discrete subgroup of G is a lattice. 

2) Any finite-index subgroup of a lattice is a lattice. 



4A. DEFINITION 
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Proof. Exercises [9] and [TO) □ 

(4.13) Remark. Lattices in G are our main interest, but we will occasionally 
encounter lattices in Lie groups H that arc not semisimple. If H is unimodular, 
then all of the above results remain valid with H in the place of G. In contrast, 
if H is not unimodular, then Proposition 4.2 may fail: there may not exist 
an iJ-invariant Borel measure on A\H. Instead, one sometimes obtains only a 
semi-invariant measure v. 

v{Ah) = A(/i-i)i/(yl), 
where A is the modular function of H (see Exercise 111. This is sufficient to 
determine whether h\H has finite volume or not, so Definition 4.8 applies. 

For completeness, let us specifically state the following concrete generaliza- 
tion of Definition [Xs] (cf . |4J I . 

(4.14) Definition. A subgroup A of a Lie group H is a, lattice in H if 

• A is a discrete subgroup of H , and 

• there is a Borel subset G of H, such that AC = H and /i(C) < oo, where 
/i is the left Haar measure on H . 

(4.15) Example. Z" is a cocompact lattice in M". 

(4.16) Proposition. IJ a Lie group H has a lattice, then H is unimodular. 

Proof. Let J-' he a, Borel fundamental domain for A in H, such that fJ.{J-) < oo. 
Define a cr-finite Borel measure on A\_ff by 

viA\A) = fi{AnT), 
for every Borel set A in H, such that AA = A. The proof of Proposition 4.2 T| 
shows that i/(A\^/i"^) = A{h)v{A\A) (see Exercise [TTj). Since H = Hh^, 
this implies that 

fiAXH) = iy{A\Hh-^) ^ A{h) i^{A\H). 
Since A\H has finite volume, we conclude that A{h) — 1, as desired. □ 

Exercises for §4A 

^1. Show that r is finite if and only if G is compact. 



#2. Complete the proof of Lemma [4~T| that is, show that is a Borel funda- 
mental domain. 

^3. Let J- and T' be Borel fundamental domains for a discrete subgroup A 
in G, and let /i be Haar measure on G. 

a) Show, for each g G G, that there is a unique element A of A, such 
that Xg e J^. 

b) For each Borel subset A of G, and each A G A, define 

Ax = {a G A \ Xa e T}. 
Show that each A\ is a Borel set, and that A is the disjoint union 
of the sets {Ax \ X e A}. 

c) Show = 
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d) Show that if A is a Borel subset of G, such that AA = A, then 

^i{AnT) = ^i{AnT'). 

#4. Show, for any Haar measure /i on G, that the Borel measure v defined in 
|4.2p | is G-invariant. 

[Hint: For any g G G, the set J^g is a Borel fundamental domain. From Exercise |3d| 
we know that u is independent of the choice of the fundamental domain J^.] 

#5. Show that if A is any discrete subgroup of G, and is any ct- finite, G- 
invariant Borel measure on A\G, then the Borel measure ^ defined in 
4.2 2]) is G-invariant. 



#6. Let Hhe a, closed subgroup of G. Show that there is a cr-finite, G-invariant 
Borel measure v on H\G if and only if H is unimodular. 

[Hint: (=>) Let p be a right Haar measure on H, and define a right Haar measure fi 
on G by 

fi{A) = f p{Ax-^ r]H)du{Hx). 
Jh\g 

Then ii{hA) = A^f (^) 1^{A) for h £ H, where A^f is the unimodular function of H. 
Since G is unimodular, we must have Ajj = !•] 

#7. Show that if A is a discrete subgroup of G that contains F, then A is a 
lattice in G, and F has finite index in A. 

#8. Let A be a discrete subgroup of G. Show that a subset A of A\G is 
precompact if and only if there is a compact subset G of G, such that 
A c A\AG. 

[Hint: The continuous image of a compact set is compact. (=>) Let W be a cover 
of G by precompact, open sets.] 



#9. Prove Corollary |4rT2p | . 

[Hint: Use Exercise |8j and Proposition |4.9| [3ll 



#10. Prove Corollary |4.12p I. 

[Hint: Use Proposition |4.9[ A finite union of sets of finite measure has finite measure.] 

#11. Let 

• jy be a Lie group, 

• A be a discrete subgroup of H , 

• /i be the left Haar measure on H , and 

• be a Borel fundamental domain for A in H, such that < c». 
Define a cr-finite Borel measure v on A\H by 

v{K\A) = /i(An J^), 

for every Borel set A in iJ, such that A^ = A. Show that v{h\Ah~'^) = 
A(/i) v{h\A), where A is the modular function of H . 

[Hint: Cf. Exercise [i]] 

#12. Suppose Fi and F2 are lattices in G, such that Fi C F2. Show that Fi 
has finite index in F2. 



4B. COMMENSURABILITY 
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§4B. Commensurability 

As already mentioned in §3B| we usually wish to ignore the minor differences 
that come from taking finite covers; thus, if T' is a finite-index subgroup of T, 
then we usually do not wish to distinguish between T and F'. The following 
definition describes the resulting equivalence relation. 

(4.17) Definition. Subgroups Ai and A2 of a group H are commensurable if 
Ai n A2 is a finite-index subgroup of both Ai and A2. This is an equivalence 
relation on the collection of all subgroups of H (see Exercise [ij . 

(4.18) Example. 1) Two cyclic subgroups aZ and bZ of M are commensu- 
rable if and only if a is a nonzero rational multiple of b; thus, commensu- 
rability of subgroups generalizes the classical notion of commensurability 
of real numbers. 



2) It is easy to see (for example, from Corollary 4.12 2 1 and Exercise AA=f/=7\ 



that any subgroup commensurable with a lattice is itself a lattice. 

The normalizer of a subgroup is very important in group theory. Because 
we are ignoring finite groups, the following definition is natural in our context. 

(4.19) Definition. An element g of G commensurates T if g^^Tg is commen- 
surable with r. Let 

CommG(r) = { g G G I 5 commensurates T }. 

This is called the commensurater of F (or the com,mensurability subgroup of F). 

(4.20) Remark. The commensurater of F may be much larger than the normal- 
izer of F. For example, let G ^ SL(7i,E) and F = SL(n,Z). Then JVg{T) is 
commensurable with F (see 4.431, but SL(n,Q) C CommG(F) (see Exercise|2|, 



so Comm(3(F) is dense in G, even though Afai^) is discrete. Thus, in this ex- 
ample (and, more generally, whenever F is "arithmetic"), Afci^) has infinite 
index in F. 

On the other hand, if G = S0(1, n), then it is known that there are examples 
in which F, J\fG{T), and CommG(F) are commensurable with each other (see 



Exercise 5B#5 and Corollary 6.36 1 



(4.21) Definition. We say that two groups Ai and A2 are virtually isomorphic 
if some finite- index subgroup of Ai is isomorphic to some finite- index subgroup 

of A2. 

Note that if Ai and A2 are commensurable, then they are virtually isomor- 
phic, but not conversely. 

(4.22) Other terminology. Abstract group theorists often use the word com- 
mensurable for what we are calling "virtually isomorphic." 
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Exercises for §4B 

=f/=l. Verify that commensurability is an equivalence relation. 

#2. Show that SL(n, Q) commensurates SL(n, Z). [Hint: For each g G SL(n, Q), 
there is a principal congruence subgroup Tm of SL(n, Z), such that 
g~^Tmg C SL(n,Z).] 

#3. Show that if Fi is commensurable with F2, then Comm(5(Fi) = Comm(5(F2). 



§4C. Irreducible lattices 

Note that Fi x F2 is a lattice in Gi x G2. A lattice that can be decomposed as 
a product of this type is said to be reducible. 

(4.23) Definition. F is irreducible if FiV is dense in G, for every noncompact, 
closed, normal subgroup N of G. 

In particular, if G is either simple or compact, then every lattice in G is 
irreducible. Conversely, if G is neither simple nor compact, then not every 
lattice in G is irreducible. To see this, assume, for simplicity, that G has trivial 
center. Then we may write G as a nontrivial direct product G = Gi x G2, 
where each of Gi and G2 is semisimple. If we let F.^ be any lattice in Gi, for 
i = 1,2, then Fi x r2 is a reducible lattice in G. 

The following proposition shows (under mild assumptions) that every lat- 
tice is essentially a product of irreducible lattices. Thus, the preceding example 
provides essentially the only way to construct reducible lattices, so most ques- 
tions about lattices can be reduced to the irreducible case. Our proof relies on 
some results from later sections of this chapter, so it should be skipped on a 
first reading. 

(4.24) Proposition. Assume 

• G has trivial center and 

• F projects densely into the maximal compact factor of G. 

There is a direct-product decomposition G = Gi x • • • x Gr, such that F is 
commensurable with Fi x • • • x F^, where F^ = F n Gi, and Ti is an irreducible 
lattice in Gi, for each i. 

Proof. We may assume F is reducible (otherwise, let r = 1). Thus, there is 
some noncompact, connected, closed, normal subgroup N of G, such that A^F 
is not dense in G; let H be the closure of NT, and let Hi — H° . Because 
T d H, we know that F normalizes Hi, so Hi is a normal subgroup of G 
(see Corollary 4.40 and Exercise [T|) ) . 



Let Ai = i?! n F. By definition. Hi is open in H, so HiT is also open in H. 
On the other hand, we have N C Hi, and A^F is dense in H (by the definition 
of H), so we must have HiT = H. Therefore HiT is closed in G, so Ai is a 



lattice in Hi (see 4.38) 



Because Hi is normal in G and G is semisimple (with trivial center), there 



is a normal subgroup H2 of G, such that G = Hi x H2 (see Exercise 3C#6 1 
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Let A = Hi n {H2T) be the projection of T to Hi. Now F normalizes Ai, and 



H2 centralizes Ai, so A must normalize Ai. Therefore Corollary 4.43 implies 



that A is discrete (hence closed), so H2T = A x H2 is closed, so A2 = H2 n F 



is a lattice in H2 (see 4.38 ) 



Because Ai is a lattice in Hi and A2 is a lattice in H2, we know that Ai x A 



2 



is a lattice in Hi x H2 = G. Thus, Ai x A2 has finite index in F (see AA=f/=7\. 

By induction on dim G, we may write Hi = Gi x ■ ■ ■ x Gs and H2 = 
Gs+i X ■ ■ ■ X Gr, SO that F n Gi is an irreducible lattice in Gi, for each i. □ 

These results can be restated in the following geometric terms. 

(4.25) Definition. Recall that a locally symmetric space T\X is irreducible 
if there do not exist (nontrivial) locally symmetric spaces Fi\Xi and T2\X2, 
such that the product (Fi\A'i) x {T2\X2) finitely covers T\X. 

The following is obvious by induction on dim AT. 

(4.26) Proposition. There are irreducible locally symmetric spaces Fi\A"i, . . . ,] 
such that the product (Fi\Ari) x • • • x (Fr\Xr) finitely covers F\A'. 



The following is a restatement of Proposition 4.24 (in the special case where 
G has no compact factors). 

(4.27) Proposition. Let M be an irreducible locally symmetric space, such 
that the universal cover X of AI has no compact factors, and no fiat factors. 
For any nontrivial cartesian product decomposition X = Xi x X2 of X , the 
image of Xi is dense in M. 



We will see in Proposition 5.40 that SL(2,IR) x SL(2,IR) has an irreducible 
lattice (for example, a lattice isomorphic to SL(2, Z[\/2])). More generally. 
Theorem |5.27 shows that if all the simple factors of G are of the same type 



(sec B.l I, then G has an irreducible lattice. 



Exercises for §4C 

=fj=l. Show that if F is irreducible, and G is not compact, then F projects 
densely into the maximal compact factor of G. 

#2. Show that there is an irreducible lattice F in SL(2, M) x S0(3), such that 
FnSL(2,M) is infinite. 

[Hint: There is a free group F and a homomorphism </<: F — + SO(3), such that (f){F) 
is dense in SO (3).] 

§4D. Unbounded subsets of T\G 

Geometri cally , it is clear, by looking at the fundamental domain constructed in 



Example 1.22 that the sequence {ni} tends to 00 in SL(2,Z)\i3^. In this sec- 
tion, we give an algebraic criterion that determines whether or not a sequence 
tends to 00 in F\G, without any need for a fundamental domain. 

Recall that the injectivity radius a Riemannian manifold X is the the maxi- 
mal r > 0, such that, for every x (z X, the exponential map is a diffeomorphism 



48 



CHAPTER 4. BASIC PROPERTIES OF LATTICES 



on the open ball of radius r around x. If X is compact, then the injectivity 
radius is nonzero. The following proposition shows that the converse holds in 
the special case where X — T\G/K is locally symmetric of finite volume. 

(4.28) Proposition. For g e G, define (j)g: G -> T\G by (j)g{x) = Tgx. The 
homogeneous space T\G is compact if and only if there is a nonempty, open 
subset U of G, such that, for every g €z G, the restriction 4>g\u of (pg to U is 
injective. 

Proof. Define <j): G T\G by (^{x) = Tx. Then is a covering map, so, 
for each p £ T\G, there is a connected neighborhood Vp of p, such that the 
restriction of 4> to each component of 0~^(V^) is a diffcomorphism onto Vp. 
Since { Ip | p G r\G} is an open cover of T\G, and T\G is compact, there is 
a connected neighborhood [/ of e in G, such that, for each p E T\G, there is 
some p' € r\G, with pU C Vp' (see Exercise [T]) . Then (f>g\u is injective, for each 
geG. 

{<=) We prove the contrapositive. Let U be any nonempty, precompact, 
open subset of G. (We wish to show, for some g G G, that (j)g\u is not injective.) 
If C is any compact subset of T\G, then, because T\G is not compact, we have 

(r\G) \ (GC/-1) ^ 0. 

Thus, by induction on n, we may choose a sequence {gn} of elements of G, 
such that the open sets (t)g-^(U), 4>g.^{U), . . . are pairwise disjoint. Since T\G has 
finite volume, these sets cannot all have the same volume, so, for some n, the 



restriction (j)g^\u is not injective (see 4.6 1. □ 



Let us restate this geometric result in algebraic terms. 



(4.29) Notation. For elements a and b of a, group H, and subsets A and B 
of H, let 

a'' = b-^ab, 

= {a^ \ b<E B), 
A^ ^ {a"" \ aE A}, 
A^ ^ {a^ \ aE A,bE B) 

(4.30) Corollary. r\G is compact if and only if the identity element e is not 
an accumulation point ofT^. 

Proof. We have 

I [/ is injective <^ $ui,U2 e U, Tgui ^ Tgu2 ^ {g^^Tg)n{UU^^) ^ { 
This has the following interesting consequence. 

(4.31) Corollary. IfT has a nontrivial, unipotent element, then T\G is not 
compact. 



Proof. Suppose u is a nontrivial, unipotent element of F. The Jacobson- 
Morosov Lemma (3.40) implies that there is a continuous homomorphism 
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Thus, e is an accumulation point of u*^, so Corollary 4.31 implies that r\G is 
not compact. □ 



If G has no compact factors, then the converse of Corollary |4.31 is true. 
However, this is not easy to prove, except in the special case where T is "arith- 



metic" (see §5Cl 



The proofs of Proposition |4.28| and Corollary |4.30| establish the following 
more general version of those results. 

(4.32) Definition. A subset C of a topological space X is precompact (or 
relatively compact) if the closure of C is compact. 

(4.33) Proposition. Let A be a lattice in a Lie group H , and let C he a subset 
of H . The image of C in A\H is precompact if and only if the identity element e 
is not an accumulation point of A'~^ . 

The following is a similar elementary result that applies to the important 
special case where G = SL(^,M) and F = SL(£, Z), without relying on the fact 
that SL{£,Z) is a lattice. For convenience, the result discusses G/F, rather 
than F\G (because we write gv, not vg, for g S G and v G M^). Since F\G is 
diffeomorphic to G/F (via the map Tg g~^T), this change of notation is of 
no real significance. 

(4.34) Proposition (Mahler Compactness Criterion). Suppose C C SL(^, M). 
The image of G in SL(^, M)/ SL(^, Z) is precompact if and only if is not an 
accumulation point of 

GZ^ = {cv\ceG,v eZ'^}. 

Proof. (=>) Since the image of G in SL(^, M)/ SL(£, Z) is precompact, there is 
a compact subset Go of G, such that G c GoSL(£, Z) (see Exercise 4A#8l. 
By enlarging G, we may assume that G — GoSL(£, Z). Then G(Z^ \ {0}) = 
Go(Z^ \ {0}) is closed (since Z^ \ {0}, being discrete, is closed and Gq is 
compact), so G(Z^ \ {0}) contains all of its accumulation points. In addition, 
since is fixed by every element of G, we know that ^ G (Z^ \ {0}) . Therefore, 
is not an accumulation point of G(Z^ \ {0}). 

(^) To simplify the notation (while retaining the main ideas), let us assume 
£ — 2 (see Exercise[7|. Suppose {<?„} is a sequence of elements of SL(2,E), such 
that is not an accumulation point of Uj^]^g„Z^. It suffices to show that there 
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is a sequence {7n} of elements of SL(2,Z), such that {gnjn} has a convergent 
subsequence. 

For each n, let 

• Vn G \ {0}, such that ||5nWn|l is minimal, 

• 7r„ : — > RgnVn and tt^ : — > (Mg„v„)-'- be the orthogonal projections, 
and 

• Wn G \ Mw,i, such that ||7r^(g„iy„)|| is minimal. 

By replacing w„ with Wn + kvn, for some A; G Z, we may assume ||7r„(g„w„)|| < 
|jg„w„||/2. Note that the minimality of ||.gri'^ri|| implies 

WgnVnW < hnWnW < \\Tr^ {gnWn)\\ + 1 1 7r„ (g„ W„ ) 1 1 < 1 1 TT^ (g„ W„ ) 1 1 + Ml}^ ^ 

SO 

\\n^ignwn)\\ > ^f^. (4.35) 

Let C be the convex hull of {0, w„, ui^} and (thinking of t;„ and Wn as column 
vectors) let 7„ — {vn,Wn) G Mat2x2(Z)- From the minimality of ||gnWn|| and 
||7r^(5„w„)||, we see that CnZ^ = {0,w„, w„} (see Exercisejs]), so det7„ — ±1. 
Thus, perhaps after replacing Wn with —Wn, we have 7„ G SL(2,Z). Since 
7„(1,0) = Vn and 7n(0, 1) = Wn, we may assume, by replacing g„ with 3„7„, 
that 

v„ = (l,0) and it;„ = (0, 1). 

Note that 

l|l'Tl:(.9nf"n)|| llgnWrill = det gn = 1. (4.36) 



By combining this with (4.351, we see that {gnVn} is a bounded sequence, so, 
by passing to a subsequence, we may assume gnVn converges to some vector v. 
By assumption, we have v ^ 0. 

Now, from ( |4.36 ), and the fact that H^n^'nll \\v\\ is bounded away from 0, 
we see that ||7r^((7„w„)|| is bounded. Because ||7r„((7„w„)|| is also bounded, we 
conclude that is bounded. Hence, by passing to a subsequence, we 

may assume gnWn converges to some vector w. From (4.35), we know that 
||7r^(5„u'„)|| 7^ 0, so w ^ Rv. 

Since w and w ^ Mw, there is some g G GL(i?, M) with .g(l,0) = v and 
5(0, 1) — w. We have 

g„(l,0) = gnVn w = .g(l,0) 
and, similarly, (?„(0, 1) g{Q, 1), so gnX gx for all x G M?. Thus, (?„ g, 
as desired. □ 

Exercises for §4D 

#1. Suppose a Lie group H acts continuously on a compact topological 
space Af , and V is an open cover of M . Show that there is a neigh- 
borhood U of e in G, such that, for each m G M, there is some V G V 
with C/m C V . 

[Hint: This is analogous to the fact that every open cover of a compact metric space 
has a "Lebesgue number."] 
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jj^2. Use Proposition |4.33| to show that if ff is a closed subgroup of G, such that 
rni/ is a lattice in iJ, then the natural inclusion map {TnH)\H ^ T\G 
is proper. 

[Hint: It suffices to show that if C is a subset of H, such that the image of C in T\G 
is precompact, then the image of C in (F D H)\H is also precompact.] 

#3. Let G = SL(2,M), T = SL(2,Z), and A be the subgroup consisting of 
all the diagonal matrices in G. Show that the natural inclusion map 
(r n A)\A ^ T\G is proper, but T n A is not a, lattice in A. (Thus, the 
converse of Exercise [2] does not hold.) 

"2 " 

#4. Let iJ = SL(3,M), A = SL(3,Z), and a = 1 e ff. Show that 

[o 1/2 

Aa" — > oo in A\_ff as n —> oo. That is, show, for each compact subset C 
of A\H, that, for all sufficiently large n, we have Aa" ^ C. (For the 
purposes of this exercise, do not assume that A is a lattice in H.) 

#5. Show that if F contains a nontrivial unipotent element, then T\G is not 
compact. 



#6. Prove (^) of Proposition 4.34 



#7. Remove the assumption £ = 2 from the proof of (^) of Proposition 4.34 

[Hint: Extend the construction of ti„ and w„ to an inductive construction of ui^„, . . . , Uf^,, 



#8. Suppose V and w are linearly independent vectors in ] 
with a,b G IR+ and a + b < 1. Show that either 

• X Cz {v, w}, or 

• < llt'll, or 

• d{x,Rv) < d{w,Rv). 

[Hint: Consider two cases: 6 = 0, 6 > 0.] 



and X 



§4E. Intersection of F with other subgroups of G 

(4.37) Proposition. Let A and H he closed subgroups of G, such that A C H. 
Then A is a lattice in G if and only if 

1) A is a lattice in H ; and 

2) G / H has a finite G-invariant volume. 

Proof. Because A\G is a bundle over H\G, with fiber A\H, the conclusion is 
essentially a consequence of Fubini's Theorem. □ 

(4.38) Corollary. Let H be a closed subgroup of G. IfTOH is a lattice in H, 
then HT is closed in G. 

The converse holds if H is normal in G. 



Proof. (^) Proposition 4.33 implies that the natural inclusion map (F n 
H)\H ^ F\G is proper (see Exercise 4D#2|; hence, its image is closed. 
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(-^) From |4.37p ]), with HT in the role of H, we know that F is a lattice 



in HT. Then the desired conclusion follows from the observation that T\HT is 
iJ-equivariantly diffeomorphic to (F n H)\H. □ 

§4F. Borel Density Theorem and some consequences 

In these results, we assume that F projects densely into the maximal compact 
factor of G. This hypothesis is satisfied (vacuously) if G has no compact factors. 

(4.39) Theorem (Borel). Assume 

• F projects densely into the maximal compact factor of G; 

• V is a finite- dimensional vector space over M or C; and 

• p: G GL(V^) is a continuous homomorphism. 
Then: 

1 ) Let V be any element ofV. Ifv is p(T) -invariant, then v is p{G) -invariant. 

2) Let W be any subspace of V . If W is p(T) -invariant, then W is p{G)- 
invariant. 

Proof. For illustration, let us prove ([T]) in the special case where G/F is com- 
pact. Assume also that G has no compact factors (see Exercise [l]); then G 



is generated by its unipotent elements (see 7.411, so it suffices to show that 



V is invariant under p{u), for every nontrivial unipotent element u of G. Be- 



cause p{u) is unipotent (see Exercise 111, we see that p{u^)v is a polyno- 



mial function of n. (Write p{u) — Id-I-T, where T'+i = for some r. Then 
p{u'')v = (Id+T)"w ^ J2l=o iD^'^v.) Because G/F is compact and p{T)v = v, 
we know that p{G)v is compact, so {p{u")v | n g N} is bounded. A bounded 
polynomial must be constant, so we conclude that p{u")v — v for all n; in 
particular, p{u)v = p{u^)v = v, as desired. 

In the general case, ([T]) reduces to ([2]): (or <Cv) must be p(G)-invariant, 
but G admits no nontrivial homomorphism to the abelian group (or C^) , 
so we conclude that v is p(G)-invariant. 

([2]) is a special case of Corollary 4.48 below (let H = T). □ 



(4.40) Corollary. Assume F projects densely into the maximal compact factor 
of G. If H is a connected, closed subgroup of G that is normalized by T, then 
H is normal in G. 

Proof. The Lie algebra f) of _ff is a subspace of the Lie algebra g of G. Because 
T G H, we know that F normalizes H, so f) is invariant under Ad^F. From 
we conclude that f) is invariant under Ad G; thus, iJ is a normal 
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subgroup of G. □ 

(4.41) Corollary. IfT projects densely into the maximal compact factor ofG, 
then Gg(F) = Z(G). 

Proof. For simplicity, let us assume that G is linear; more precisely, assume 
G C SL(i', M), for some £. Let V — MaigxeX^) be the vector space of all real £x ^ 



4F. BOREL DENSITY THEOREM AND SOME CONSEQUENCES 



53 



matrices, so G C V. For g G G and v G V, define p{g)v 



gvg 



so p: G 



GL(V^) is a continuous representation. If c G CciT), then p{j)c — 707 ^ = c for 
every 7 G F, so Theorem 4.39 1 1 implies that p{G)c = c. Therefore c G Z(G).n 

(4.42) Corollary. Assume T projects densely into the maximal compact factor 
of G. If N is a finite, normal subgroup ofT, then N C Z{G). 

Proof. The quotient V/Cr{N) is finite, because it embeds in the finite group 
Aut(Af), so Ct{N) is a la ttice in G (see |4.12p |). Then, because N C 
CG{Cr{N)), Corollary 



4.41 



impUes N c Z{G). 



□ 



(4.43) Corollary. IfT projects densely into the maximal compact factor ofG, 
then r has finite index in MdJ^)- 

Proof. Because T is discrete, the identity component Mci^Y oi Mg^^) must 
centralize T. So Mg{^)° C Cg{T) = Z{G) is finite. On the other hand, A^G(r)° 
is connected. Therefore, J\fG{^)° is trivial, so jVG(r) is discrete. Hence F has 
finite index in Mg{X) (see Exercise 4A#7l. □ 

(4.44) Corollary (Borel Density Theorem). Assume G C SL(f,IR). IfT projects 
densely into the maximal compact factor of G, then T is Zariski dense in G. 
That is, if Q G K[xi^i, . . . ,Xf^,(\ is a polynomial function on yidXi^iiK), such 
that Q(r) = 0, then Q{G) = 0. 



Proof. Let 



Q-{geM[xi,i,...,a:,,,] |Q(r)=0}. 



By definition, we have T C Var(Q) (see Definition 3.291. Since Var(Q) has 
only finitely many connected components (see 3.331, this implies that Var(Q)° 
is a connected subgroup of G that contains a finite-index subgroup of T. Hence 
Corollary |4.40| imphes that Var(Q)° = G (see Exercise [s]) , so G C Var(Q), as 
desired. □ 

Exercises for §4F 

^1. Prove 4.39 ll, replacing the assumption that G has no compact factors 
with the weaker assumption that T projects densely into the maximal 
compact factor of G. 

^2. Show that if G is not compact, then T is not abclian. 

#3. Generalizing Exercise [2] show that if G is not compact, then T is not 
solvable. 

#4. Strengthening Exercise [2] show that if G is not compact, then the com- 
mutator subgroup [r,r] is infinite. 



#5. Assume the hypotheses of Theorcm |4.39| For definiteness, assume that V 
is a real vector space. For any subgroup H of G, let V[H] be the M-span 
of { p{h) \ he H}in End(y). Show that ^[F] = V[G]. 

f/=6. Show the identity component of AfGi^) is contained in the maximal com- 
pact factor of G . 

[Hint: Apply ( |4.43| to G/K, where K is the maximal compact factor.] 
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^7. Show that if G is not compact, then T has an element that is not unipo- 
tent. 

[Hint: Any unipotent element 7 of SL(£, M) satisfies the polynomial {x — 1)^ = 0.] 

#8. Assume G has no compact factors. Show that if iJ is a connected subgroup 
of G that contains a finite-index subgroup of F, then H ^ G. 

7^9. Assume G is linear and has no compact factors. Show that T is reducible 
if and only if there is a finite-index subgroup T' of T such that F' is 
isomorphic to A x B, for some infinite groups A and B. 

#10. Show that if F is irreducible, then iV n F is finite, for every connected, 
closed, noncompact, normal subgroup N of G, such that G/N is not 
compact. 

[Hint: See proof of Proposition |4.24| ] 

#11. Suppose p: G SL(£, M) is a continuous homomorphism. Show that if g 
is unipotent, then p{g) is unipotent 

[Hint: Theorem 



l3.40 
Then a sequence ot 



1 1 
1 



implies there is no loss in assuming G = SL(2, M) and g 

conjugates of g converges to Id, so the characteristic polynomial 
of p{g) is the same as the characteristic polynomial of Id.] 



§4G. Proof of the Borel Density Theorem 

(4.45) Lemma (Poincare Recurrence Theorem). Let 

• (ri, d) be a metric space; 

• T: be a homeomorphism; and 

• H be a T -invariant probability measure on A. 

Then, for almost every a G fi, there is a sequence nj. 00, such that T"''a a. 

Proof. Let 

A,^ {aen\ym>0, d(T™a, a) > e }. 

It suffices to show p,{Ag) — for every e. 

Suppose /i(Ae) > 0. Then we may choose a subset B of A^, such that 
fi{B) > and diam(B) < e. Because the sets B,T~^B,T~'^B, ... all have the 
same measure, and /i(il) < oo, the sets cannot all be disjoint: there exists 
m < n, such that T~"^B (1 T~^B ^ 0. By applying T", we may assume n — 0. 
For a e r~"S n B, we have T™a G S and a e B, so 

dCT^a, a) < diam(B) < e. 
This contradicts the definition oi A^. □ 

(4.46) Proposition. Assume 

• G has no compact factors; 

• V is a finite- dimensional vector space over M or C; 

• p: G GL(V^) is a continuous homomorphism; and 

• p is a p{G) -invariant probability measure on the projective space V(V). 
Then p is supported on the set of fixed points of p{G). 
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Proof. Because G is generated by its unipotent elements (see 7.41 1, it suffices to 
show that fj, is supported on the set of fixed points of p{u), for every unipotent 
element m of G. 

Let M be a unipotent element of G, and let u e V \ {0}. Let T = p{u) — Id. 
Then T is nilpotent (because p{u) is unipotent (see Exercise 4F#11)), so there 
is some integer r > 0, such that T'^v ^ 0, but T''+^u — 0. We have 

p{u)T''v = {ld+T){T''v) = T'^v + r+^v = T'^v + = T'^v, 
so [T^v] e P(V^) is a fixed point for p{u). Also, for each n E N, we have 



E 

.fe=0 



T'^v 



E 

k=0 



T^v 



[T^v] 

as n — !■ oo). Thus, p(u")[w] converges 



(because, for k < r, we have (JJ) / ("^ 
to a fixed point of p{u), as n — > oo. 

The Poincare Recurrence Theorem (4.451 implies, for /i-almost every [v] € 
P(y), that there is a sequence ^ oo, such that p(u"'=)[u] [v]. On the 
other hand, we know, from the preceding paragraph, that p{u"''')[v] converges 
to a fixed point of p{u). Thus, /i-almost every element of P(V^) is a fixed point 
of p(u). In other words, p is supported on the set of fixed points of p{u), as 
desired. □ 

The assumption that G has no compact factors cannot be omitted from 



Proposition 4.46 For example, the usual Lebesgue measure is an SO(rt)- 
invariant probability measure on 5'"""'^, but SO(n) has no fixed points on S*""^. 
We can, however, make the following weaker statement. 

(4.47) Corollary. Assume 

• V is a finite- dimensional vector space over M or C; 

• p: G ~* Gh{V) is a continuous homomorphism; and 

• p is a p{G) -invariant probability measure on the projective space P(V^). 
Then there is a cocompact, closed, normal subgroup G' of G, such that p is 
supported on the set of fixed points of p{G'). 

Proof. Let K be the maximal connected, compact, normal subgroup of G, and 
write G K, G' X K, for some closed, normal subgroup G' of G. Then G' has no 
compact factors, so we may apply Proposition 4.46 to the restriction p\g'- D 



(4.48) Corollary (Borel). Assume 

• V is a finite- dimensional vector space over M or C; 

• p: G GL(y) is a continuous homomorphism; 

• H is a closed subgroup of G, such that G / H has finite volume, and H 
projects densely into the maximal compact factor of G; and 

• W is a p{H) -invariant subspace ofV. 
Then W is p(G) -invariant. 

Proof. Let d = dimT4^, and let /i be a G-invariant probability measure on 
G/H. Note that p induces a continuous homomorphism p: G ^ GL{/\^ V). 
Because p{H) fixes /\''' W, p induces a G-equivariant map p' : G/H ^ P{/\'^ V) 
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with p{eH) = [/\ W]. Then p'^/i is a p(G)-invariant probabiHty measure on 
P(A'' V). 

Let us assume, for simplicity, that G has no compact factors (see Exercise|2|. 



In this case. Proposition 4.46 imphes that p'{G/H) is contained in the set of 
fixed points of /5(G). In particular, [/\ W] is fixed by /5(G), so W is invariant 
under p{G). □ 

(4.49) Corollary. Let H be a closed subgroup of G that projects densely into 
the maximal compact factor of G. If there is a G-invariant probability measure p 
on G / H , then the identity component H° is normal in G. 



Proof. Because f) is invariant under A(1g{H), we conclude from Corollary 4.48 



that it is invariant under Ad G. Therefore H° is normal in G. □ 

The preceding corollary implies that there is no finite G-invariant measure 
on G/H, unless H is discrete. We remark that if H is not unimodular, then 



there is not even a cr-finite G-invariant measure on G/H (see Exercise 4A#6l, 
but we do not need this more general fact. 

Exercises for §4G 

#1. Let pi and p2 be finite-dimensional, real representations of G, and assume 
G has no compact factors. Show that if the restrictions pi|r and p2|r are 
isomorphic, then pi and p2 are isomorphic. 



#2. Complete the proof of Corollary 4.48| by removing the assumption that 
G has no compact factors. 

[Hint: Use Corollary |4.47| in place of Proposition [4.46] G'H is dense in G.] 

#3. Suppose M is a locally symmetric space, such that no irreducible factor 
of the universal cover of M is either flat or compact. Show that Isom(Af) 
is finite. 



§4H. r is finitely presented 

In this section, we describe the proof that F is finitely presented. For the case 
where F\G is compact, this follows from the fact that the fundamental group 
of any compact manifold is finitely presented. 

(4.50) Definition. Suppose F acts properly discontinuously on a topological 
space Y . A subset of y is a weak fundamental domain for F if 

1) = Y; and 

2) {7eF|7J^nJ^7^0}is finite. 

(4.51) Proposition. Suppose a discrete group A acts properly discontinuously 
on a topological space Y . If Y is connected, and A has a weak fundamental 
domain T that is an open subset of Y , then A is finitely generated. 



Proof. Let 5 = { A e A I \Tr\T 7^ }. We know that S is finite (see |4.50p |), so 
it suffices to show that S generates A. Here is the idea: think of { \T | A e A } 
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as a tiling of Y. The elements of S can move f to any adjacent tile, and Y is 
connected, so a composition of elements of S can move to any tile. Thus {S) 
is transitive on the set of tiles. Since 5* also contains the entire stabilizer of the 
tile !F, we conclude that {S) — T . 

Here is a more formal version of the proof. Suppose (S) ^ A. (This will 
lead to a contradiction.) Now Ux ~ {S)XJ- is open, for each A G A, and 
UagaC^a = AJ^ = Y. Since Y is connected, this implies that there exists A G A, 
such that U\ n Ue ^ ^ (and U\ ^ Ue). From the definition of U\, we must 
have siAJ^n S2J- ^ 0, for some si,S2 G (S). Then s^^siAJFn 7^ 0, so, by 
definition of S, we have s^^siA G S. Hence A G 3^^828 C (S). So 

t/A = (5>A^=(5).F=;7e. 
This is a contradiction. □ 

(4.52) Corollary. IfT\G is compact, then T is finitely generated. 

Proof. Because T\G is compact, there is a compact subset C of G, such that 



rC = G (see Exercise 4A#8 1. Let be a precompact, open subset of G, such 



that G <Z T . Because G d T have FJ^ = G. Because T is precompact, and 



F acts properly discontinuously on G, we know that 4.50 2 1 holds. Thus, is 



a weak fundamental domain for F. □ 



See Exercise [T] for an alternate proof of Corollary 4.52 that does not use the 
fact that G is connected. 

(4.53) Example. Let T be the closed unit square in M^, so JF is a weak fun- 
damental domain for the usual action of 1? on by translations. Define S as 
in the proof of Proposition |4.51| so 

S= { (TO,n) G I m,n G {-1,0,1}} = {0, ±ai, ±02, ±03}, 

where a\ — (1,0), 02 — (0, 1), and 03 — (1, 1). Then S generates 7l?\ in fact, 
the subset {ai,a2} generates. 

Proposition |4.51| does not apply to this situation, because T is not open. 
We could enlarge T slightly, without changing S. Alternatively, the proposition 
can be proved under the weaker hypothesis that T is in the interior of U^gs-^ 



(see Exercise 4I#9 1 



Note that 1? has the presentation 

1? = (Xi, 2:2, 2:3 I XyX2 = X3, X2X1 = 2:3). 

(More precisely, if F3 is the free group on 3 generators a;i,a;2,a;3, then there is 
a surjective homomorphism 0: — s- Z^, defined by 

(f>{xi)=ai, (j){x2) = a2, (/)(a;3) = 03, 

and the kernel of (p is the smallest normal subgroup of F3 that contains both 
xiX2X^^ and X2Xix^^.) The relations in this presentation simply state that the 
product of two elements of S is equal to another element of S. The proof of 
the following proposition shows that relations of this type suffice to define A 
in a very general situation. 
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(4.54) Proposition. Suppose A acts properly dis continuously on a topological 
space Y. IfY is l-connected, and A has a weak fundamental domain T that is 
a connected, open subset of Y , then A is finitely presented. 

Proof. This is similar to Proposition |4.51| but somewhat more involved. As 
before, let 5* = { A G A | XT O J- ^ }. For each s G S, define a formal 
symbol x^, and let F be the free group on {x^}. Finally, let R — {xgXfXjf^ \ 
s, t,st G S }, so i? is a finite subset of F. 

We have a homomorphism <j): F ^ K determined by (l){xs) — s. From 



Proposition 4.51 we know that is surjective, and it is clear that R C ker((/)). 
The main part of the proof is to show that ker (j) is the smallest normal subgroup 
of F that contains R. (Since R is finite, and i^/ker0 = A, this implies that A 
is finitely presented, as desired.) 

Let N be the smallest normal subgroup of F that contains R. (It is clear 
that N C ker((/)); we wish to show ker((/)) C N .) 

• Define an equivalence relation ~ on (F/N) x T hy stipulating that 
{fN,y) ~ {f'N,y') if and only if there exists s G S, such that XsfN = 
f'N and sy = y' (see Exercise |4I#10[ ) . 

• Let Y be the quotient space [(F/N) x T)/ ^. 

• Define a map {F/N) x T ^ Y hy ip{fN,y) = (l>{f^'^)y. (Note that, 
because N C ker((/)), the map ip is well defined.) 

Because 

^xJN,sy) = (0(/-i)s-i)(sy) = i^{fN,y), 

we see that ip factors through to a well-defined map tp: Y Y. 

Let be the image of (ker(0)/iV) x T in Y. Then it is obvious, from the 
definition of?/), that ip{J-) = T . In fact, it is not difficult to see that t\j~^{T) — T 
(see Exercise 4I#11[ ) 



For each f G F, the image Tf of (fN) x in 1^ is open (see Exercise 4I#12 1, 



and, for /i, /2 € ker (i^), one can show that Tf^ n Tf^ = if /i ^ /2 (mod N) 



(cf. Exercise 41=1^13). Thus, from the preceding paragraph, we see that ip is a 
covering map over !F. Since Y is covered by translates of JF, it follows that V' 
is a covering map. Furthermore, the degree of this covering map is | ker(0)/A^|. 

Be cause is connected, it is not difficult to see that Y is connected (see Ex- 
ercise 4I#14|. Since Y is simply connected, and ip is a, covering map, this 
implies that ip is a homeomorphism. Hence, the degree of the cover is 1, so 
I ker((/))/Af| = 1. This means ker(0) = TV, as desired. □ 

(4.55) Remark. The assumption that J- is connected can be replaced with the 
assumption that Y is locally connected. However, the proof is somewhat more 
complicated in this setting. 

(4.56) Corollary. IfT\G is compact, thenT is finitely presented. 



Proof. Let K be a maximal compact subgroup of G, so G/K is a l-connected 
symmetric space, on which F acts properly discontinuously. Arguing as in the 
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proof of Corollary |4.52| we see that F has a fundamental domain T that is an 
open subset of G/K, so Proposition 4.54 implies that T is finitely presented. □ 



If r\G is not compact, then it is more difficult to prove that T is finitely 
presented (or even finitely generated). 

(4.57) Theorem. F is finitely presented. 

Idea of proof . It suffices to find a weak fundamental domain for F that is a 
connected, open subset of G/K. Assume, without loss of generality, that F is 
irreducible. 

In each of the following two cases, a weak fundamental domain J- can be 
constructed as the union of finitely many translates of "Siegel Domains." (This 
will be discussed in Chapter 14 ) 

1) F is "arithmetic," as defined in (5.16); or 

2) G has a simple factor of real rank one (or, more generally, Q-rank(F) < 1). 



The (amazing!) Margulis Arithmeticity Theorem (5.21) implies that these 
two cases are exhaustive, which completes the proof. □ 

(4.58) Remark. It is not necessary to appeal to the Margulis Arithmeticity 
Theorem if one wishes only to prove that F is finitely generated (not finitely 
presented). Namely, if (|2| does not apply, then the real rank of every simple 
factor of G is at least two, so Kazhdan's Property (T) implies that F is finitely 
generated (see Corollary [11.12 1)). 



Exercises for §4H 

#1. Suppose A is a discrete subgroup of a locally compact group H. Show 
that if K\H is compact, and H is compactly generated (that is, there is a 
compact subset C of H, such that (C) = H), then A is finitely generated. 

[Hint: For any compact subset of H, such that = H (and e £ JF), let S = 
Kf\{T-^CT).] 



§41. r has a torsion-free subgroup of finite index 

(4.59) Definition. F is torsion free if F has no nontrivial finite subgroups. 
Equivalently, the identity element e is the only element of F of finite order. 

(4.60) Theorem (Selberg's Lemma). If G is linear, then F has a torsion-free 
subgroup of finite index. 

Proof. Because G is linear, we may assume F C SL(£, M), for some I. Let us 
start with an illustrative special case. 

Case 1. Assume F SL(£,Z). For any positive integer n, the natural ring 
homomorphism Z —t l^jriL induces a group homomorphism F Sh{n,'Z/n'Z) 
(see Exercise [T|) ; let F„ be the kernel of this homomorphism. (This is called 
the principal congruence subgroup of SL(^, Z) of level n.) It is a finite-index. 



normal subgroup of F (see Exercise 2c and Exercise [3|) . It suffices to show that 
F„ is torsion free, for some n. 
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We show that r„ is torsion free whenever n > 3. It is easy to see that 
n is divisible either by 2^ or by some prime p > 3. Thus, because r„ C Tm 
whenever m is a divisor of n, there is no harm in assuming that n is a prime 
power: say n ~ p"^. Furthermore, either p is odd, or a > 2. 

Given 7 e r„ \ {Id} and fc e N \ {0}, we wish to show that 7^^ 7^ Id. We 
may write 

7 = Id +p'^T, 

where 

• d > a, 

• T e Mat„x«(Z), and 

• p\T (that is, not every matrix entry of T is divisible by p). 

Also, we may assume k is prime (see Exercise |4]) . Thus, either p \ k or p ~ k. 

Subcase 1.1. Assume p\k. Noting that 

and using the Binomial Theorem, we see that 

7*= = (Id+/r)*^ = Id+fc(/T) ^ Id (mod 

as desired. 

Subcase 1.2. Assume p = k. Using the Binomial Theorem, we have 

7^^ = (Id+/T)'= = Id+A:(/r) = Id+Z+^T ^ Id (mod p'^+^). 
(Note that if p = 2, then the congruence requires d>2 (see Exercise |5|.) 

Case 2. Assume T C SL(^, Z). From Case [l] we know there is a torsion-free, 
finite-index subgroup A of SL(£, Z). Then F n A is a torsion- free subgroup of 
finite index in F. 

Case 3. The general case. The proof is very similar to Case[l] with the addition 
of some commutative algebra (or algebraic number theory) to account for the 
more general setting. 



Because F is finitely generated (see 4.571, there exist ai, . . . ,0,. G C, such 



that every matrix entry of every element of F is contained in the ring Z = 
Z[ai,...,ar] generated by {ai,...,ar} (see Exercise |6|. Thus, letting A = 
SL(^,Z), we have F c A. 

Now let p be a maximal ideal in Z. Then Z/p is a field, so, because Z/p 
is also known to be a finitely generated ring, it must be a finite field. Thus, 
the kernel of the natural homomorphism A SL(€, Z /p) has finite index in A. 
Basic facts of Algebraic Number Theory allow us to work with the prime ideal p 
in very much the same way as we used the prime number p in Case [l] □ 

Let us now present an alternate approach to the general case of Theo- 
rem |4[60] It requires only the NuUstellensatz, not Algebraic Number Theory. 

Another proof of Theorem \J^.6C\ Let 

• Z he the subring of C generated by the matrix entries of the elements 
of F, and 

• F be the quotient field of F. 
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Because F is a finitely generated group (see 4.57), we know that Z is a finitely 
generated ring (see Exercise |6|, so is a finitely generated extension of Q. 

Step 1. We may assume that F = Q(xi, . . . , x^) is a purely transcendental 
extension of Q. Choose a subfield L = Q(a;i, . . . , x^) of F, such that 

• L is a purely transcendental extension of Q, and 

• F is an algebraic extension of L. 

Let d be the degree of F over L. Because F is finitely generated (and algebraic 
over L), we know that d < oo. Thus, we may identify F^ with L'^^, so there is 
an embedding 

r c SL{e,F) ^ SL{dl,L). 

Thus, by replacing F with L (and replacing £ with di), we may assume that F 
is purely transcendental. 

Step 2. If J is any element of finite order in SIj{£,F), then trace(7) G Z, and 
I trace(7)| < £. There is a positive integer k with 7*^ — Id, so every eigenvalue 
of 7 is a k*"^ root of unity. The trace of 7 is the sum of these eigenvalues, and 
any root of unity is an algebraic integer, so we conclude that the trace of 7 is 
an algebraic integer. 

Since trace(7) is the sum of the diagonal entries of 7, we know trace(7) e F. 
Since trace(7) is algebraic, but is a purely transcendental extension of Q, 
this implies trace(7) G Q. Since trace(7) is an algebraic integer, this implies 
trace(7) g Z. 

Since trace(7) is the sum of £ roots of unity, and every root of unity is on 
the unit circle, we see, from the triangle inequality, that |trace(7)| < £. 

Step 3. There is a prime number p > 2£, such that 1/p ^ Z. From the NuUstel- 



lensatz (A. 55 1, we know that there is a nontrivial homomorphism 0: Z — > Q, 
where Q is the algebraic closure of Q in C. Replacing Z with 0(Z), let us as- 
sume that Z C Q. Thus, for each z ^ Z , there is some nonzero integer n, such 
that nz is an algebraic integer. More precisely, because Z is finitely generated, 
there is an integer n, such that, for each z G Z, there is some positive integer fc, 
such that n^z is an algebraic integer. It suffices to choose p so that it is not a 
divisor of n. 

Step 4- There is a finite field E of characteristic p, and a nontrivial homomor- 
phism (pp: Z —t E. Because l/p ^ Z, there is a maximal ideal p of Z, such 
that p G p. Then E = Z/p is a, field of characteristic p. Because it is a finitely 



generated ring, E must be a finite extension of the prime field Zp (see A. 52 1, 
so E is finite. 

Step 5. Let A be the kernel of the induced homomorphism (f)p : SL(i?, Z) —>■ 
Sh{£, E) . Then A is torsion free. Let 7 be an element of finite order in A. Then 
trace ((/)p (7)) = trace(Id) = £ (modp), 

so p I {£ — trace(7)). Thus, from Step and the fact that p > 2£, we see that 
trace(7) — £. Since the £ eigenvalues of 7 are roots of unity, and trace(7) is 
the sum of these eigenvalues, we conclude that 1 is the only eigenvalue of 7. 
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Since 7*^ = Id, we know that 7 is elliptic (hence, diagonalizable over C), so this 
implies 7 = Id, as desired. □ 

If 7''' = Id, then every eigenvalue of 7 must be a k^^ root of unity. If, in 
addition, 7 =/= Id, then at least one of these roots of unity must be nontrivial. 
Thus, the following is a strengthening of Theorem |4.60[ 

(4.61) Theorem. There is a finite-index subgroup T' ofT, such that no eigen- 
value of any element ofT' is a nontrivial root of unity. 

Proof Assume T = SL{£,Z). Let 

• n be some (large) natural number, 

• r„ be the principal congruence subgroup of T of level n, 

• w be a nontrivial k^^ root of unity, for some k, 

• 7 be an element of r„, such that uj is an eigenvalue of 7, 

• r = 7-Id, 

• Q(x) he the characteristic polynomial of T, and 

• A^cj— 1, soAisa nonzero eigenvalue of T. 

Since 7 G r„, we know that n\T, so Q{x) = + nR{x), for some integral 
polynomial R{x). Since Q(A) = 0, we conclude that A^ = n(, for some ( £ Z[A]. 
Thus, A^ is divisible by n, in the ring of algebraic integers. 

The proof can be completed by noting that any particular nonzero algebraic 
integer is divisible by only finitely many natural numbers, and there are only 
finitely many roots of unity that satisfy a monic integral polynomial of degree £. 
See Exercise [Ts] for a slightly different argument. □ 

(4.62) Remark. 1) Arguing more carefully, one can obtain a finite-index sub- 
group r' with the stronger property that, for every 7 G F', the multiplica- 
tive group generated by the (complex) eigenvalues of 7 docs not contain 
any nontrivial roots of unity. Such a subgroup is sometimes called net 
(after the frcnch for "nice," apparently). 

2) The results of this section remain valid if T is replaced with any finitely 
generated, linear group A. The general statement is that if F is any field 
of characteristic zero, then any finitely generated subgroup of SL(£, F) 
has a subgroup of finite index that is torsion-free (or, more precisely, net). 

The proof of Theorem |4.60| shows that T has nontrivial, proper, normal 
subgroups, so T is not simple. One may note that the normal subgroups con- 
structed there all have finite index; in fact, it is often the case that every 



normal subgroup of T has finite index (see 13.1 1. Moreover, it is often the case 
that all of the normal subgroups of finite index are essentially of the type con- 
structed in the course of the proof (this is known as the "Congruence Subgroup 
Property" ) . 

(4.63) Warning. The hypothesis that G is linear cannot be omitted from The- 
orem 4.60 For example, the group SL(4, M) has a double cover, which we call H. 
The inverse image of SL(4, Z) in iJ is a lattice A in H. It can be shown that 
every finite-index subgroup of A contains an element of order 2, so no subgroup 
of finite index is torsion free. 
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Exercises for §41 

^1. Show that SL{£, ■) is a (covariant) functor from the category of rings with 
identity to the category of groups. That is, show: 

a) if A is any ring with identity, then SL(^, A) is a group; 

b) for every ring homomorphism (jj: A ^ B (with 0(1) = 1), there is a 
corresponding group homomorphism 0* : SL(£, A) — > SL(£, B); and 

c) \f(j>: A ^ B and B ^ C are ring homomorphisms (with 0(1) — 1 
and V'(l) = 1), then {ij} o 0)^ = <t>*- 

#2. Suppose A and i? are rings with identity, (p: A^ B is a, ring homomor- 
phism (with 0(1) = 1), and / is an ideal of B. Show, in the notation of 
Exercise [T] that 

a) 1 + / is a subring of B; 

b) SL(^, 1 + /) is a normal subgroup of SL(^, B); and 

c) (SL(^, 1 + /)) is a normal subgroup of SL(£, A). 

^3. Show that if _B is a finite ring with identity, then SL{£, B) is finite. Use 
this fact to show, for every positive integer n, that if r„ denotes the 
principal congruence subgroup of SL(^,Z) of level n (cf. Case [l] of the 



proof of Theorem 4.601, then r„ has finite index in SL(^, 



#4. Show that if F has a nontrivial element of finite order, then F has an 
element of prime order. 



#5. In the notation of Case [T| of the proof of Theorem 
not torsion free. Where does the proof of Theorem 



4.60 



4.60 



show that F2 is 
fail? 



^Q. Show that if A is a finitely generated subgroup of SL(^, C), then there is 
a finitely generated subring B of C, such that A C SL(^, B). 

[Hint: Let B be the subring of C generated by the matrix entries of the generators 
of A.] 

#7. Show that F is residually finite. That is, for every 7 G F \ {e}, show that 
there is a finite-index, normal subgroup F' of F, such that 7 ^ F'. (In 
particular, if F is infinite, then F is not a simple group.) 

#8. Show that there is a sequence Ni,N2, ... of subgroups of F, such that 

a) Ni_D N2Z) 

b) each N^ is a finite-index, normal subgroup of F, and 

c) TVi n iV2 n • • • = {e}. 

[Hint: Use Exercise [t]] 

^9. Prove Proposition |4.51[ replacing the assumption that J- is open with 
the weaker assumption that J- is in the interior of Usgss^ (where S is 



as defined in the proof of Proposition 4.51 1 



#10. Show that the relation ~ defined in the proof of Proposition 4.54 
equivalence relation. 



#11. In the notation of the proof of Proposition 4.54| show that if ij{fN, y) e 
then {fN,y) ^ {f'N,y'), for some /' G ker(0) and some y' € JF. 

[Hint: We have ^{f) e S, because <t>U~^y e T] 
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#12. In the notation of the proof of Proposition |4.54[ show that the inverse 
image of J^f in (F/N) x is 

U,es{ixsfN/N) X (TnsT)), 

which is open. 



#13. In the notation of the proof of Proposition 4.54 show that if JF/ n JFg ^ 0, 
and / e ker(0), then f e N. 

[Hint: If {fN,yi) ~ (N,y2), then there is some s £ S with XsN = fN. Since / e 
ker(0), we have s = 4>{^s) = 4'{f) = £■] 



#14. Show that the set Y defined in the proof of Proposition 4.54 is connected. 

[Hint: For si, . . . , Sr S S, define J^j = {xs^ ■ ■ ■ Xs-^N} X J^. Show there exist a G .7-} 
and b £ J^j+i, such that a ~ b.] 

#15. Suppose w is a nontrivial root of unity, n,£ £ Z+ , and C S Z + Zui + • • ■ + 
Zuj^-\ such that (w - 1)^ = <. Show that n < 2(^+i)'. 

[ffint; Let F be the Galois closure of the field extension Q(cij) of Q generated by u>, 
and define TV: F ^ Q by N{x) = UasGa.l{F/Q) '^(^)- Then N{uj - 1)* = n''N{Q, and 
|iV(a; - 1)1 < 2'' < 2^', where d is the degree of F over Q.] 



§4 J. r has a nonabelian free subgroup 

In this section, we describe the main ideas in the proof of the following impor- 
tant result. 

(4.64) Theorem (Tits Alternative). If A is a subgroup ofSL{£,M.), then either 

1) A contains a nonabelian free subgroup; or 

2) A has a solvable subgroup of finite index. 



Since F is not solvable (see Exercise 4F#3 1 , the following is an immediate 
corollary. 

(4.65) Corollary. If G is not compact, thenV contains a nonabelian free sub- 
group. 

(4.66) Definition. Let us say that a homeomorphism </) of a topological space 
M is (A^ , B , A^)- contracting if A~ , B and A'^ are nonempty, disjoint, open 
subsets of M, such that <j){B U A+) C A+ and <j)^^{B U A") C A'. 

In a typical example, A^ and v4+ are small neighborhoods of points p~ 
and p+, such that (p collapses a large open subset of M into A'^, and 
collapses a large open subset of M into A~ (see Fig. 4.11. 



(4.67) Example. Let 

• M be the real projective line P(M^), 
"2 1 

1/2 

A" be any (small) neighborhood of p^ = [0 



7 ^ 



e SL(2,M), 



m 



• A^ be any (small) neighborhood of p+ = [1 : 0] in 

• i? be any precompact, open subset of P(M^) \ {p^ ,p^} 



^), and 
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For any {x, y) G with x 0, we have 

7"[x : y] = [2"x : 2-"y] = [1 : 2-'-y/x] ^ [1 : 0] - p+ 
as n — > cxD, and the convergence is uniform on compact subsets. Similarly, 
7~"[a; : y] — > p~ as n — > oo. Thus, for sufficiently large n, the homeomorphism 
7" is (^~,B,A+)-contracting on P(R'^). 

More generally, if 7 is any nontrivial, hyperbolic element of SL(2,IR), then 
7" is {A~ , B, ^+)-contracting on P(M^), for some appropriate choice of A^ , B, 
and j4+ (see Exercise [ij . 

The following is easy to prove by induction on n. 

(4.68) Lemma. If (p is {A^ , B , A'^)- contracting, then 

1) (j)'^{B) C A+ for alln> 0, 

2) (l)''{B) C A- for all n<0, 

3) (j)^{B) (ZA-\JA+ for all n^Q. 



The following lemma is the key to the proof of Theorem 4.64 



(4.69) Lemma (Ping-Pong Lemma). Suppose 

• (f) and are homeomorphisms of a topological space M ; 

• A~ , A'^ , B^ , and B^ are nonempty, pairwise- disjoint, open subsets 
ofM, 

• (j) is (A^ , B , A'^) -contracting, where B = B^ U B^ ; and 

• tp is (B~ , A, B^)- contracting, where A = A^ U 

Then (p and ip have no nontrivial relations; thus {(/), ijj) is free. 

Proof. Consider a word of the form w — cp^-'^-ip^^ . . . 0™'=?/;"'', with each nij 
and Hj nonzero. We wish to show w ^ e. 
From Lemma 4.68 3 1, we have 

0"^ (B) C A and V"^ {A) d B, for j = 1 , 2, . . . , fc. 
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Therefore 



^mfc^n.(^) C A, 
/>"''V"'"(^) C B, 

and so on: points bounce back and forth between A and B. (Thus, the colloquial 
name of the lemma.) In the end, we see that ■w{A) C A. 



Assume, for definiteness, that mi > 0. Then, by applying 4.68 1 1 in the last 



step, instead of 4.68 3 1, we obtain the more precise conclusion that w{A) C A+. 
Since A ^ A^ (recall that A~ is disjoint from A'^), we conclude that w e, 
as desired. □ 

(4.70) Corollary. //71 and ^2 o-re two nontrivial hyperbolic elements o/SL(2,]R) 
that have no common eigenvector, then, for sufficiently large n G Z^, the group 
((71)", (72)") ^sfree. 

Proof. Let 

• Vj and Wj be linearly independent eigenvectors of 7^ , with eigenvalues Xj 
and 1/Aj, such that Xj > I, 

• yl+ and A^ be small neighborhoods of [vi] and [wi] in P(M^), and 

• B~^ and -B~ be small neighborhoods of [V2] and [1x^2] in P(IR^). 

By the same argument as in Example |4.67| we see that if n is sufficiently large, 
then 

• (71)" is {A-,B- U B+,A+)-contracting, and 

• (72)" is {B-,A- U ^+,B+)-contracting 

(see Exercise[T]). Thus, the Ping-Pong Lemma (4.691 implies that ((71)", (72)") 
is free. □ 



We can now give a direct proof of Corollary 4.65 in the special case where 
G = SL(2,M). 

(4.71) Corollary. If G = SL(2,]R), then T contains a nonabelian, free sub- 
group. 

Proof. By passing to a subgroup of finite index, we may assume that F is 
torsion free (see |4.60" l. Hence, F has no elliptic elements. Not every element 
of F is unipotent (see Exercise 4F#7), so we conclude that some nontrivial 
element 71 of F is hyperbolic. 

Let V and w be linearly independent eigenvectors of 71. The Borel Density 



Theorem (4.44) implies that there is some 7 G F, such that {'yv,^w} n {M.v U 
Kw) = (see Exercise [2]) . Let 72 — 771 7^^, so that 72 is a hyperbolic element 
of F with eigenvectors 7W and 7U;. 



From Corollary 4.70 we conclude that ((71)", (72)") is a nonabelian, free 
subgroup of F, for some n e Z+. □ 



The same ideas work in general: 
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Idea of direct proof of Corollary \4.65\ Assume G C SL(f,R). Choose some 
nontrivial, hyperbolic element 71 of F, with eigenvalues Ai > A2 > • ■ • > Xi. We 
may assume, without loss of generality, that Ai > A2. (If the eigenvalue Ai has 
multiplicity d, then we may pass to the d^^ exterior power A'^(M^), to obtain a 
representation in which the largest eigenvalue of 71 is simple.) 

Let us assume that the smallest eigenvalue Af is also simple; that is, Xi < 
Xi-i. (One can show that this is a generic condition in G, so it can be achieved 
by replacing 71 with some other element of F.) 

Let V be an eigenvector corresponding to the eigenvalue Ai of 71, and let 
w be an eigenvector for the eigenvalue Xi. Assume, to simplify the notation, 
that all of the eigenspaces of 71 are orthogonal to each other. Then, for any 
a; e M'^ \ v-^, we have (7i)"[2;] — > H in P(M^), as 71 ^ 00 (see Exercise [s]) . 
Similarly, if x ^ w^, then (7i)~"[2;] [w]. 

We may assume, by replacing with a minimal G-invariant subspace, that 
G is irreducible in SL(^, K). Then the Borel Density Theorem implies that there 
exists 7 e F, such that {7W, 7^} n (Rv U Rw) = 0. 

Then, for any small neighborhoods A~ , A+, , and 5+ of [v], [uu], [yv], 
and [jw], and any sufficiently large n, the Ping-Pong Lemma implies that 
((71)", (7717"')") is free. □ 



(4.72) Remark. The proof of Theorem 4.64 is similar, but involves additional 
complications. 

1) In order to replace with an irreducible subspace W, it is necessary 
that dim W > 1 (otherwise, there do not exist two linearly independent 
eigenvectors v and w) . Unfortunately, the minimal A-invariant subspaces 
may be 1-dimensional. After modding these out, the minimal subspaces 
in the quotient may also be 1-dimensional, and so on. In this case, the 
group A consists entirely of upper-triangular matrices (after a change of 
basis), so A is solvable. 

2) The subgroup A may not have any hyperbolic elements. Even worse, it 
may be the case that 1 is the absolute value of every eigenvalue of every 
element of A. (For example, A may be a subgroup of the compact group 
SO(n), so that every element of A is elliptic.) In this case, one replaces the 
usual absolute value with an appropriate p-adic norm. Not all eigenvalues 



are roots of unity (cf. 4.611, so Algebraic Number Theory tells us that 
some element of A has an eigenvalue whose p-adic norm is greater than 1. 
One then uses this eigenvalue, and the corresponding eigenvector, just as 
we used Ai and the corresponding eigenvector v. 

Exercises for §4 J 

^1. In the notation of the proof of Corollary 4.70 show that if A^ , B~ , 
and are disjoint, then, for all large n, the homeomorphism (71)" is 
iA-,B- U B+, A+)-contracting on P(M.'^). 



#2. Assume that G is irreducible in SL(£, M) (see Definition 3.121, and that 
F projects densely into the maximal compact factor of G. If is a finite 
subset of \ {0}, and W is a finite set of proper subspaces of M^, show 



68 



CHAPTER 4. BASIC PROPERTIES OF LATTICES 



that there exists 7 G F, such that 

[Hint: For v 1^ F and £ W, the set 

Av,w = {9eG|c/DeW} 

is Zariski closed, so IJ^ is Zariski closed. Apply the Borel Density Theorem 

and Exercise [3E#7| ] 

#3. Let 

• 7 be a hyperboHc element of SL(£, M), with eigenvalues Ai > A2 > 
• • • > A,, 

• w be an eigenvector of 7 corresponding to the eigenvalue Ai, and 

• W he the sum of the other eigenspaces. 

Show that if X G P(K^) \ [W], then 7"a; ^ [w] as 71 — + 00. Furthermore, 
the convergence is uniform on compact subsets. 



Notes 



Raghunathan's book [T5] is the standard reference for the basic properties of 
lattices. It contains almost all of the material in this chapter, except the Tits 
Alternative 



The Borel Density Theorem (4.39 ) was proved by Borel |2]. It is discussed in 
[To] , [12], and [15j. Several authors have published generalizations or alternative 
proofs (for example, [H [SI IT^). 

Our presentation of Propositions 4.51 and 4.54 is based on [11, pp. 195-199]. 



A proof of Remark 4.55 1 can also be found there. 

A proof of Theorem |4.57| for the case where T is arithmetic can be found in 
[3] or [nj Thm. 4.2, p. 195]. For the case where Q-rankF = 1. see [7] or [T2| 
Cor. 13.20, p. 210 ]. 

Theorem 4.60| and Remark 4.62 are proved in [I^ and [3]. Our alternate 
proof of Theorem 4.60 is excerpted from the elementary proof in [T]. 

The Tits Alternative (4.64) was proved by Tits [IS]. A nice introduction 
(and a proof of some special cases) can be found in [8j . 

For an introduction to the Congruence Subgroup Property, see [9] or {not 
written yet). 



Warning 4.63 is due to P. Deligne [5]- 
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Chapter 5 



What is an Arithmetic Lattice? 



§5A. Definition of arithmetic lattices 

If G is a subgroup of SL(^, M), then the basic example of an arithmetic lattice 
is obtained by setting T — G O SL(€, Z); that is, by taking the integer points 
of G. However, in order for the integer points to form a lattice, G needs to 
be well-placed with respect to SL(£, Z). (If we replace G by a conjugate under 
some terrible irrational matrix, perhaps G H SL(£, Z) would become trivial 
(see Exercise [T]).) The following example is an elementary illustration of this 
idea. 

(5.1) Proposition. Let W be a subspace ofM.^. The following are equivalent: 

1) W D Z" is a cocompact lattice in W ; 

2) W is spanned by W (1 Z"; 

3) WnQ'^ is dense in W; 

4-) W can be defined by a set of linear equations with rational coefficients. 

Proof. Let k = dim W . 

Let V be the M-span of 1^ n Z^ Then W/V, being a vector space 
over M, is homeomorphic to M'', for some d. On the other hand, we know that 
n Z^ C V, and that W/{W nZ^) is compact, so W/V is compact. Hence 
d^Q,soV = W. 

([2]=Q There is a hnear isomorphism T-.U.^ ^ W, such that r(Z'=) = 
W n Z^. Since IR*=/Z'^ is compact, we conclude that W/{W Z^) is compact. 

([2]=^ Let {£1, . . . ,efc} be the standard basis of Because W DQ'^ D 
W nZ^ contains a basis of W, there is a linear isomorphism T: M'^ ^ W, such 
that T{ej) G W D Q'^ for j ^ 1, . . . ,k; then r(Q''') cWnQ^. Because is 
dense in K'', and T is continuous, we know that T(Q'^) is dense in W. 

The Standing Assumptions | |3A| are in effect, so, as always, F is a lattice in the 
semisimple Lie group G. 

Copyright © 2001-2008 Dave Witte Morris. All rights reserved. 
Permission to make copies of these lecture notes for educational or scientific use, including 
multiple copies for classroom or seminar teaching, is granted (without fee), provided that 
any fees charged for the copies are only sufficient to recover the reasonable copying costs, 
and that all copies include this copyright notice. Specific written permission of the author is 
required to reproduce or distribute this book (in whole or in part) for profit or commercial 
advantage. 
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([3] ^£4]) Because W n is dense in W, we see that W-^ is defined by a 
system of linear equations with rational coeSicients. (Namely, for each vector Wj 
in some basis of W (IQ^ , we write the equation x-wj =0.) Thus, from ([4|^[^, 
we conclude that there is a basis vi,. . . ,Vm of W-'-, such that each Vj G Q^- 



(W ) is defined by the system of equations vi 



0, 



Then W 

V2 ■ X — 0. 

([4] =>| 2| By assumption, W is the solution space of a system of linear 
equations whose coeSicients belong to Q. By elementary linear algebra (row 
reductions), we may find a basis for W that consists entirely of vectors in Q^. 
Multiplying by a scalar to clear the denominators, we may assume that the 
basis consists entirely of vectors in Z^. □ 

With the preceding example in mind, we make the following definition. 



(5.2) Definition (cf. 3.29 and 3.341. Let H he a, closed subgroup of SL(^,M). 



We say H is defined over Q (or that H is a, Q-subgroup) if there is a subset Q 
of Q[a;i_i, . . . , Xi^i], such that 

• Var(Q) = '{gG SL{£, M) | Q(.g) = 0, Vg e Q } is a subgroup of SL(£, M); 

• H° = Var(Q)°; and 

• H has only finitely many components. 

(In other words, H is commensurable with Var(Q), for some set Q of Q- 
polynomials. 

(5.3) Example. 

• SL(^,M) is defined over Q. Let Q = 0. 

• If 71 < £, we may embed SL(n,M) in the top left corner of SL(i',IR). Let 

Q = {xij — $1 I max{i, j} > n}. 

• For any A £ SL(^,Q), 

{g e SL{£,R) \ gAg'^ ^ A} 

is defined over Q; let 



l<i,j<m + n 



Q — \ ^ ^ ^i,pAp^q 

I l<p.q<m+n 

In particular, SO(m, n), under its usual embedding in SL(to + n,IR), is 
defined over Q. 

SL(n,C), under is natural embedding in SL(2n,M) is defined over Q 



(cf. 3.30 4 1) 



(5.4) Remark. 

• There is always a subset Q of 



such that G is commen- 
surable with Var(Q) (see 3.361; that is, G is defined over M. However, it 



may not be possible to find a set Q that consists entirely of polynomials 
whose coefficients are rational, so G may not be defined over Q. 
If G is defined over Q, then the set Q of Definition |5.2| can be chosen to 
be finite (because the ring Q[a:ia, 



, xi/] is Noethcrian) . 
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(5.5) Proposition. G is isogenous to a group that is defined overQ. 

Proof. It is easy to handle direct products, so the crucial case is when G is sim- 
ple. This is easy if G is classical. Indeed, the groups in Examples |3.22| and |3.23| 
are defined over Q (after identifying SL(^, C) and SL(f,EII) with appropriate 
subgroups of SL(2^, M) and SL(4^, E), in a natural way). 

For the general case, one notes that AdG is a finite-index subgroup of 



Aut(0) (see A. 30 1, so it suffices to find a basis of 0, for which the structure 
constants of the Lie algebra are rational. This is not a terribly difficult exercise 
for someone familiar with exceptional groups, but we omit the details. □ 

(5.6) Notation. Assume G C SL(^, C). For any subring A of C (containing 1), 
let Ga — G n SL{£, A). That is, Ga is the subgroup consisting of the elements 
of G whose matrix entries all belong to A. 

(5.7) Remark. Let (p: SL(n,C) SL(2n,M) be the natural embedding. Then 

<^(SL(n,C))Q = 0(SL(n,QW)). 

Thus, if we think of SL(n, C) as a Lie group over M, then SL(n,Q[i]) represents 
the "Q-points" of SL(n,C). 

The following result provides an alternate point of view on being defined 



(5.8) Proposition. Let H be a connected subgroup o/SL(^, M) that is almost 
Zariski closed. The group H is defined over Q if and only if Hq is dense in H. 



(5.9) Warning. Proposition |5 . 8 1 requires the assumption that H is connected; 
there are subgroups H of SL(^, M), such that H is defined over Q, but Hq is 
not dense in H. For example, let 

H={he S0(2) I /i* =Id}. 
We omit the proof of the following fundamental theorem (although some 



discussion will be given in Chapter 14 1. Instead, we will accept this as one of 



the axioms of the theory of arithmetic groups. 

(5.10) Theorem. If G is defined over Q, then Gz is a lattice in G. 



(5.11) Example. Let us mention some standard cases of Theorem 5.10 

1) SL(2,Z) is a lattice in SL(2,M). (We proved this in Example [l"22f ) 

2) SL(n,Z) is a lattice in SL(n,M). 

3) SO(m,n)z is a lattice in SO(TO,n). 

4) SL(n,Z[i]) is a lattice in SL(n,C) (cf.|57|. 



(5.12) Example. As an additional example, let G — S0(7xf — X2 — x^) 



2\o 



S0(1, 2). Then Theorem 5.10 implies that Gj, is a lattice in G. This illustrates 
that the theorem is a highly nontrivial result. For example, in this case, it may 
not even be obvious to the reader that is infinite. 
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(5.13) Warning. Theorem 5.10 requires our standing assumption that G is 
semisimple; there are subgroups H of SL(^, R), such that H is defined over Q, 
but Hz is not a lattice in H. For example, if H is the group of diagonal matrices 
in SL(2,]R), then Hz is finite, not a lattice. 



(5.14) Remark. The converse of Theorem 5.10 holds when G has no compact 
factors (see Exercise [4]) . 

Combining Proposition |5.5| with Theorem |5.10| yields the following impor- 
tant conclusion: 

(5.15) Corollary. G has a lattice. 

In fact, if G is not compact, then G has both cocompact and noncocompact 



lattices (see 8.19) 



A lattice of the form Gz is said to be arithmetic. However, for the following 
reasons, a somewhat more general class of lattices is also said to be arithmetic. 
The idea is that there are some obvious modifications of Gz that are also 
lattices, and any subgroup that is obviously a lattice will be called an arithmetic 
lattice. 

• If 0: Gi — > G2 is an isomorphism, and Fi is an arithmetic lattice in Gi, 
then we wish to be able to say that 0(Fi) is an arithmetic lattice in G2. 

• When G is noncompact, we wish to ignore compact groups; that is, mod- 
ding out a compact subgroup should not affect arithmeticity. So we wish 
to be able to say that if is a compact normal subgroup of G, and F is 
a lattice in G, then F is arithmetic if and only if TK/K is an arithmetic 
lattice in G/K 

• Arithmeticity should be independent of commensurability. 
The following formal definition implements these considerations. 

(5.16) Definition. F is an arithmetic lattice in G if and only if there exist 

• a closed, connected, semisimple subgroup G' of some SL(£, M), such that 
G' is defined over Q, 

• compact normal subgroups K and K' of G and G', respectively, and 

• an isomorphism 0: G/K G' /K\ 

such that <j}{T) is commensurable with G^, where F and G^ are the images of F 
and G^ in G/K and G' /K' , respectively. 



(5.17) Remark. 



must 



1) If G has no compact factors, then the subgroup K in Definition 5.16 
be finite. 

2) If r is irreducible and F\G is not compact, then the subgroup K' may 



be taken to be trivial. (This is a consequence of Corollary 5.49 ) 



The remark shows that, in many cases, the annoying compact subgroups 
can be eliminated from Definition 15.161 

(5.18) Proposition. // 

• G is linear and has no compact factors, 
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• T is arithmetic and irreducible, and 

• T\G is not compact, 
then there exist 

1) a closed, connected, semisimple subgroup G' of some SL(f,IR), such that 
G' is defined over Q, and 

2) an isogeny (j>: G G' , 

such that (j}{G'j) is commensurable with T. 

However, if F is cocompact, then anontrivial (connected) compact group K' 
may be required (even if G has no compact factors) . We will see many examples 
of this phenomenon, starting with Proposition |5.4l"] 

(5.19) Remark. Up to conjugacy, there are only countably many arithmetic lat- 
tices in G, because there are only countably many finite subsets of Q[a;i^i, . . . , xe^i 

(5.20) Other terminology. Our definition of arithmetic is from a Lie theo- 
rist's viewpoint, where T is assumed to be embedded in some Lie group G. 
Algebraic group theorists have a more strict definition, which requires F to be 
commensurable with Gz- arbitrary isomorphisms are not allowed, and compact 
subgroups cannot be ignored. At the other extreme, abstract group theorists 
use a much looser definition, which completely ignores G: if an abstract group A 
is virtually isomorphic to a group that is arithmetic in our sense, then they 
will say that A is arithmetic. 

Exercises for §5A 

#1. Show that if 

• G is connected, 

• G C SL(f,M), and - Id ^ G, 

then there exists h e SL(^,IR), such that {h'^Gh) n SL(f,Z) is trivial. 

[Hint: For each nontrivial 7 £ SL(£, Z), let 

= {/i e SL(£,M) I h-yh-'^ e G}. 
Then each is nowhere dense in SL(£,K) (see Exercise |3E#4b"| .] 



fj^2. Prove (-^) of Proposition 5.8 



41^2). For H as in Warning |5.9[ show that is not dense in H. 

#4. Show that if G C SL(€, M), G has no compact factors, and Gz is a lattice 
in G, then G is defined over Q. [Hint: Let 

I^{QeC[xi^i,...,xtA |g(Gz) = o}. 

Then / is an ideal in C[xi_i, . . . ,xgA, and we have cr(/) = /, for every 
field automorphism a of C. Thus, / is generated (as an ideal) by Q = 
/ n Q[a;i.i, . . . , a;^^^]. Then Var(Q) = Var(/). From the Borel Density 



Theorem (4.441, we see that G C Var(/). Theorem 3.36 implies that G 



has finite index in Var(/).] 

#5. Show that if 

• G C SL(^,M), and 

• Gk is Zariski dense in G, 
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then Gz is a lattice in G. 

[Hint: It suffices to show that G is defined over Q.] 

#6. Show that if 

• G has no compact factors; 

• Fi and r2 are arithmetic lattices in G; and 

• Fi n r2 is Zariski dense in G, 
then Fi is commensurable to F2. 

[Hint: If (f>j : G ^ Hj is an isomorphism, such that <f>j(rj) = (Hj)j^, define (f>: G ^ 
Hi X H2 by if>{g) = {if>i{g), (t>2(g)) . Then 0(G)z = <f>[Tinr2) is Zariski dense in <f>{G), 
so Fi n r2 is a lattice in G (see Exercise pll.] 



§5B. Margulis Arithmeticity Theorem 

The following astonishing theorem shows that taking integer points is usually 



the only way to make a lattice. (See §12C for a sketch of the proof.) 



(5.21) Theorem (Margulis Arithmeticity Theorem). // 

• G is not isogenous to SO(l,n) x K or SU(l,n) x K, for any compact 
group K , and 

• F is irreducible, 
then F is arithmetic. 

(5.22) Warning. Unfortunately, 

• SL(2,M) is isogenous to SO (1,2), and 

• SL(2,C) is isogenous to S0(l,3), 

so the arithmeticity theorem does not apply to these two important groups. 



(5.23) Remark. The conclusion of Theorem 5.21 can be strengthened: the sub- 



group K of Definition 5.16| can be taken to be finite. More precisely, if G and F 



are as in Theorem 5.21 and G is noncompact and has trivial center, then there 
exist 

• a closed, connected, semisimple subgroup G' of some SL(I', M), such that 
G' is defined over Q; and 

• a surjective (continuous) homomorphism (p: G' ^ G\ 
such that 

1) (t>{G'j) is commensurable with F; and 

2) the kernel of (p is compact. 

For any G, it is possible to give a reasonably complete description of the 



arithmetic lattices in G (up to conjugacy and commensurability) : fig. 15.2 (on 
p. 2541 essentially provides a list of all the irreducible arithmetic lattices in 
almost all of the classical groups. (Some examples are worked out in fair detail 
in 



Chapter 6 ) Thus, for most groups, the arithmeticity theorem essentially 
provides a list of all the lattices in G. 

Furthermore, knowing that F is arithmetic provides a foothold to use alge- 
braic and number-theoretic techniques to explore the detailed structure of F. 
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For example, the proof of Theorem |4.60| is easy if T is arithmetic. A more im- 
portant example is that (apparently) the only known proof that every lattice 
is finitely presented (see 4.571 relies on the fact that if T is irreducible and 
M-rankG > 1, then F is arithmetic (see 5.21 1. 



(5.24) Remark. It is known that there are nonarithmetic lattices in S0(1, n) for 



every n (see 6.361, but we do not have any theory to describe all the possible 
nonarithmetic lattices in SO(l,n) when n > 3. Also, nonarithmetic lattices 
have been constructed in SU(l,n) for n e {1,2,3}, but (apparently) it is still 
not known whether they exist when n> A. 

(5.25) Remark. It is easy to see that if G is defined over Q, then Gq com- 
mensurates Gz (cf. Exercise 4B#2|. This implies that if F is arithmetic, and 



G is connected and has no compact factors, then CommG'(Gz) is dense in G 
(see Proposition |5.8[ ). 

Margulis proved the converse. That is, if G has no compact factors, then 

F is arithmetic iff CommG(F) is dense in G. 

This is known as the Commensurability Criterion for Arithmeticity. 

(5.26) Definition. G is isotypic if all of its simple factors are of the same type 
{An, Bn, Cn, Dn, En, F4, Or G2, scc fig. B.l and Proposition B.4|. 



For example, SL(2, M) x SL(3, M) is not isotypic, because SL(2, M) is of type 
Ai, but SF(3,M) is of type A2. Similarly, SF(5, E) x S0(2, 3) is not isotypic, be- 
cause SL(5, K) is of type ^4, but S0(2, 3) is of type B2. Thus, the following con- 
sequence of the arithmeticity theorem implies that neither SL(2,M) x SL(3,M) 
nor SL(5,K) x S0(2, 3) has an irreducible lattice. 

(5.27) Theorem. Assume that G has no compact factors. The group G has an 
irreducible lattice if and only if G is isotypic. 



Proof. (<;=) If G is classical and isotypic, then §15D will show how to construct 
a fairly explicit irreducible lattice in G, by applying Proposition |5.45[ In the 
general case, this is a consequence of the Borcl-Hardcr Theorem in Galois 
cohomology, and that is a subject we will not reach in this introductory text. 

(=J>) Suppose F is an irreducible lattice in G. We may assume that G is 
not simple (otherwise, the desired conclusion is trivially true), so G is neither 
SO(l,n) nor SU(1 
we know that F 



n). Thus, from the Margulis Arithmeticity Theorem (5.21 1 
is arithmetic 



Then, 



since F is irreducible, the conclusion 
follows from the theory of arithmetic groups (see 5.511. Briefiy, the only way 



to construct an irreducible arithmetic lattice is by applying Proposition |5.45| 
Thus, there is a simple subgroup G' of some SL(^, E), such that (modulo some 
finite groups) 

• G' is defined over some number field F, 

• F is isomorphic to Gq, where O is the ring of integers of F, and 

• G is isomorphic to Yl„^s°°(^')'^ ■ 



Since any Galois conjugate (G')'^ of G' is of the same type as G' (see 5.53 1, the 
conclusion follows. □ 
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(5.28) Remark. By using Remark 5.23 one can show that Theorem 5.27 re- 
mains valid under the weaker hypothesis that G is not isogenous to S0(1, n)xK 
or SU(l,n) X K, for any nontrivial, connected compact group K (see Exer- 
cise [2]). 

The following provides examples of nonisotypic groups that have irreducible 
lattices. Thus, some restriction on G is necessary in Theorem |5.27| 

(5.29) Example. S0(l,2) x K has an irreducible lattice, for any connected, 
compact Lie group K (cf. Exercise 4C#2 1 . 



X SL(n,IR) has an irreducible lattice 



Exercises for §5B 

#1. Show, for m, n > 2, that SL(m, 
if and only if m = n. 

#2. Suppose G is not isogenous to SO(l,n) x X or SU(l,n) x K, for any 
nontrivial, connected compact group K. Show that if G has an irreducible 
lattice, then G i s isot ypic. 

[Hint: Use Remark |5.23| in the proof of Thcorcm |5.27[ ] 

"VP 



#3. Show, for all p e Z+, that 



commensurates SL ( 2 , Z ) . 



Conclude, for G 
with Go. 



i/Vp\ 

SL(2,M), that Commg(Gz) is not commensurable 



#4. Show, for G — SL(3, M), that Comm(3(G2) is not commensurable with Gq. 

[Hint: See Exercise [3]] 

#5. Show that if G is simple and F is not arithmetic, then F, No{T), and 
Comm(3(F) are commensurable with each other. 

#6. Suppose A is a subgroup of SL(n,Q), and fc is a positive integer, such 
that kX G Mat„xn(^) for every X £ A. Show that A n SL(n,Z) has finite 
index in A. 

[Hint: If k-y = kX (mod k), then ^X^'^ e Mat„xn(Z).] 

#7. (In fact, if G has no compact factors, and the complexification G ® C 

Gf 



(see Notation 15.21 has trivial center, then CommG(Gz) 



al- 
though this is not obvious.) Give an example of a centerfree group where 
CommG(Gz) Gq. 

"o" l/l^ eCommsL(2,K)(SL(2,Z)).] 



[Hint: Show 



§5C. Unipotent elements of noncocompact lattices 

(5.30) Proposition (Godement Compactness Criterion). Assume G is defined 
overQ. The homogeneous space Gz\G is compact if and only ifGz has no non- 
trivial unipotent elements. 



Proof. (=>) This is the easy direction (see 4.311. 

{^) We prove the contrapositive: suppose Gz\G is not compact. (We wish 
to show that Gz has a nontrivial unipotent element.) From Proposition 4.33 



5C. UNIPOTENT ELEMENTS OF NONCOCOMPACT LATTICES 79 



(and the fact that Gz is a lattice in G (see 5.10)), we know that there exist 
nontrivial 7 S Gz and g G G, such that 7^ « Id. Because the characteris- 
tic polynomial of a matrix is a continuous function of the matrix entries of 
the matrix, we conclude that the characteristic polynomial of 7^ is approxi- 
mately (a; — 1)^ (the characteristic polynomial of Id). On the other hand, similar 
matrices have the same characteristic polynomial, so this means that the char- 
acteristic polynomial of 7 is approximately {x — 1)^. Now all the coefficients of 
the characteristic polynomial of 7 are integers (because 7 is an integer matrix), 
so the only way this polynomial can be close to (x — 1)^ is by being exactly 
equal to {x — 1)^. Thus, the characteristic polynomial of 7 is {x — 1)^, so 7 is 
unipotent. □ 

The following corollary is a slight restatement of the result. The assumption 
that r is arithmetic can be removed (although we will not prove this). On the 
other hand, the assumption that G has no compact factors cannot be eliminated 
(see Exercise [1]) . 

(5.31) Theorem. Assume thatV is arithmetic, and that G has no compact fac- 
tors. The homogeneous space T\G is compact if and only ifT has no nontrivial 
unipotent elements. 

The above proof of Proposition |5.30| relies on the fact that Gz is a lattice 
in G, which will not be proved in this volume. Thus, the reader may be inter- 
ested in the following example, which illustrates that the cocompactness of T 
can sometimes be proved quite easily from the Mahler Compactness Criterion 



(4.341 



(5.32) Proposition. If B(x,y) is an anisotropic, symmetric, bilinear form 
on , then SO{B)z is cocompact in SO(-B)r. 

Proof Let T = SO{B)z and G = SO(S)r. (Our proof will not use the fact 
that r is a lattice in G.) 

Step 1. The image of G in SL(£, M)/ SL(^, Z) is precompact. Let 

• {9n\ be a sequence of elements of G and 

• {vn} be a sequence of elements of \ {0}. 

Suppose that g„w„ — > 0. (This will lead to a contradiction, so the desired 



conclusion follows from the Mahler Compactness Criterion (4.341.) 

Replacing B by an integer multiple to clear the denominators, we may 
assume B{Z^, ll) C Z. Then, since B{v, w) ^ for all nonzero v G Z^, we have 
\B{vmVn)\ > 1 for all n. Therefore 

1 < \B{Vn,Vn)\ = \B{gnVn,gnVn)\ ^ \B{0,0)\ = 0. 

This is a contradiction. 

Step 2. The image of G in SL(^, M)/ SL(£, Z) is closed. Suppose g„7n h G 
SL(^,M), with 5„ e G and 7„ € SL(^,Z). (We wish to show h&G SL(£,Z).) 

Let {vi, • • • , v^} be the standard basis of (so each Vj E Z^). Replacing B 
by an integer multiple to clear the denominators, we may assume i3(Z^,Z^) C 
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Z. Then 
We also have 

-B(7„Uj,7„Ufe) = B{gnj„Vj,gnjnVk) B{hvj,hvk), 
so we conclude that B{'jnVj,^nVk) — B(hvj,hvk) for any sufficiently large n. 
Therefore e SO{B) = G, so /i e G7„ C G SL(f,Z). 

Step 3. Completion of the proof. Define 0: G/F ^ SL(€, M)/ SL(^, Z) by 
0(g,r) = gSL(^,Z). By combining Steps [T] and [2) we see that the image of 6 is 
compact. Thus, it suffices to show that (/> is a homeomorphism onto its image. 

Given a sequence in G, such that {(l){gn^)} converges, we wish to show 
that {gn^} converges. There is a sequence {jn} in SL(^,Z), and some h & G, 
such that 5n7n h. The proof of Step |2] shows, for all large n, that h £ Gjn- 
Then 7„ G Gh — G, so 7„ e Gz = T. Therefore, {(7„r} converges (to hT), as 
desired. □ 

Exercises for §5C 

#1. Show that there is a noncocompact lattice T in SL(2,M) x S0(3), such 
that no nontrivial element of T is unipotent. 

#2. Suppose G C SL(£,M) is defined over Q. 

a) Show that if is a closed, normal subgroup of G, and N is defined 
over Q, then GzN is closed in G. 

b) Show that Gx is irreducible if and only if no proper, closed, con- 
nected, normal subgroup of G is defined over Q. (That is, if and 
only if G is Q-simple.) 

c) Let H be the Zariski closure of the subgroup generated by the unipo- 
tent elements of Gj,. Show that H is defined over O. 



d) Prove Corollary 5.49 without using Proposition 5.48 or any other 



results on Restriction of Scalars. 



§5D. How to make an arithmetic lattice 

The definition that (modulo commensurability, isogenics, and compact factors) 
an arithmetic lattice must be the Z-points of G has the virtue of being concrete. 
However, this concreteness imposes a certain lack of flexibility. (Essentially, we 
have limited ourselves to the standard basis of the vector space R", ignoring the 
possibility that some other basis might be more convenient in some situations.) 
Let us now describe a more abstract viewpoint that makes the construction of 
general arithmetic lattices more transparent. (In particular, this approach will 



be used in ^ 5E ) For any real vector space V, we describe analogues of the 



subgroups and Q'^ of W (see 5.35 ; ll) 



(5.33) Definition. Let be a real vector space. 

• A Q-subspace Vq of is a Q-form of V if the M-linear map Vq^qE V 
defined by t (E" w 1^ <f is an isomorphism (see Exercise [T]) . 
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• A polynomial / on y is defined over Q (with respect to the Q-form Vq) 
if /(Vq) C Q (see Exercise |2|. 

• A finitely generated subgroup C of the additive group of Vq is a vector- 
space lattice in V^ if the Q-linear map Q^z/I Vq defined by tiS)V '—^ tv 
is an isomorphism (see Exercise [3| . 

• The Q-form Vq on V^ determines a corresponding Q-form on the real 
vector space End(V^) by 

End(V^)Q = {Ae End(V^) | A{Vfi) C Vq } 

(see Exercise [s]) . 

• A function Q on a real vector space is a polynomial if for some (hence, 
every) K-linear isomorphism (p: M.^ = W, the composition / o is a 
polynomial function on R^. 

• A virtually connected subgroup H of SL(V^) is defined over Q (with re- 
spect to the Q-form Vq) if there exists a set Q of polynomials on End(V^), 
such that 

o every Q e Q is defined over Q (with respect to the Q-form Vq), 
o Var(Q) ^ {g e SL{V) \ Q{g) = for all Q e Q } is a subgroup of 

SL(V^); and 
o F° = Var(Q)°. 

(5.34) Remark. 

• Suppose G C SL(£,]R). For the standard Q-form Q^ on R\ we see that 
G is defined over Q in terms of Definition |5.33| if and only if it is defined 
over Q in terms of Definition |5.2[ 

• The term vector-space lattice is not standard. Authors usually simply 
call C a lattice in Vo, but this could cause confusion, because C is not a 



lattice in Vq, in the sense of Definition 4.8 (although it is a lattice in V^) 



Let us first note that a Q-form Vq and vector-space lattice C simply repre- 
sent Q^ and if- , under some identification of V with M^. 

(5.35) Lemma. Let V be an £-dimensional real vector space. 

1) IfVqisa Q-form ofV, then there is a R-linear isomorphism cj): V ^ M.^ , 
such that (/'(Vq) = Q^. Furthermore, if C is any vector-space lattice in Vq, 
then (f> may be chosen so that 4>{C) = Z^. 

2) A polynomial f on is defined over Q {with respect to the Q-form Q^) 
if and only if every coefficient of f is rational (see Exercise^. 

Second, let us note that any two vector-space lattices in V^ are commensu- 
rable (see Exercise [6]) : 

(5.36) Lemma. If Ci and C2 are two vector-space lattices in Vq, then there is 
some nonzero p G Z, such that pCi C £2 md pC2 C Ci. 

It is now easy to prove the following more abstract characterization of arith- 
metic lattices (see Exercises [t] and [s]) . 
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(5.37) Proposition. Suppose G C GL{V), and G is defined over Q, with re- 
spect to the Q-form Vq. 

1) If C is any vector-space lattice in Vq, then 

Gc^{geG\gC^C} 
is an arithmetic subgroup of G. 

2) If Ci and £2 (w^e any two vector-space lattices in Vq, then Gci and Gci 
are commensurable. 



From Proposition 5.37 2 1, we see that the arithmetic subgroup Gc is es- 
sentially determined by the Q-form Vq, and does not really depend on the 
particular choice of the vector-space lattice £. 

Exercises for §5D 

#1. Show that a Q-subspace Vq of V is a Q-form if an only if there is a 
subset B of Vq, such that B is both a Q-basis of Vq and an M-basis of V. 

#2. For the standard Q-form Q^ of M^, show that a polynomial is defined 
over Q if and only if all of its coefficients are rational. 

#3. Show that a subgroup £ of Vq is a vector-space lattice in V(j if and only 
if there is a Q-basis B of Vq, such that C is the additive abeHan subgroup 
of Vq generated by B. 

#4. Let V he a real vector space of dimension i, and let £ be a discrete 
subgroup of the additive group of V. 

a) Show that £ is a finitely generated, abelian group of rank < £, with 
equality if and only if the K-span of £ is V. 

b) Show that if the rank of £ is £, then the Q-span of £ is a Q-form 
of V, and £ is a vector-space lattice in Vq. 

[Hint: Induction on £. For A £ £, show that the image of C in V/(M.C) is discrete.] 

#5. Verify that if Vq is a Q-form of V, then End(y)Q is a Q-form of End{V). 
^6. Prove Lemma [5. 36 1 and conclude that Ai and A2 are commensurable. 



7^7. Prove Proposition 5.37 1 1. [Hint: Use Lemma 5.35 ] 



jfS. Prove Proposition 5.37 2 1. [Hint: Use Lemma 5.36 ] 



§5E. Restriction of scalars 

We know that SL(2,Z) is an arithmetic lattice in SL(2,M). In this section, we 
explain tha t SL( 2,Z[\/2]) is an arithmetic lattice in SL(2,M) x SL(2,M) (see 



Proposition 5.401. More generally, if O is the ring of algebraic integers in some 
algebraic number field F, and G is defined over F, then Gq is an arithmetic 
lattice in a certain group G' related to G. 

(5.38) Remark. In practice, we do not require O to be the entire ring of alge- 
braic integers in F: it suffices for O to have finite index in the ring of integers 
(as an additive group); equivalently, the Q-span of O should be all of F, or, in 
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other words, the ring O should be a vector- space lattice in F. (A vector-space 
lattice in F that is also a subring is called an order in F.) 

Any complex vector space can be thought of as a real vector space (of twice 
the dimension). Similarly, any complex Lie group can be thought of as a real 

group (of twice the dimension). Restriction of scalars is the generalization of 
this idea to any field extension F/k, not just C/M. This yields a general method 
to construct arithmetic lattices. 

(5.39) Example. Let 

• F = q{V2), 

• = Z[V2], and 

• a he the nontrivial Galois automorphism of F, 
and define a ring homomorphism A : F — > by 

A(.t) = {x,aix)). 

It is easy to show that A(0) is discrete in R^. Namely, for x & O, the product of 
the coordinates of A(a;) is the product x ■ a{x) of all the Galois conjugates of x. 
This is the norm of the algebraic number x. Because x is an algebraic integer, 
its norm is an ordinary integer; hence, its norm is bounded away from 0. So it 
is impossible for both coordinates of A(a;) to be small simultaneously. 

More generally, if O is the ring of integers of any number field F, this same 
argument shows that if we let {(Ti, . . . ,ar} be the set of all embeddings of O 
in C, and define A: O ^ C by 

A(a;) = {a-i_{x),...,ar{x)), 

then A(0) is a discrete subring of C. So A(r) is a discrete subgroup of 
SL{i,Cy, for any subgroup T of SL(^, O). 

The main goal of this section is to show, in the special case that F = Gq, 
and G is defined over F, that the discrete group A(r) is actually an arithmetic 
lattice in a certain subgroup of SL{£, C)*". 

To illustrate, let us show that SL(2, Z[-\/2]) is isomorphic to an irreducible, 
arithmetic lattice in SL(2,M) x SL(2,M). 

(5.40) Proposition. Let 

• r = SL(2,Z[\/2]), 

• G = SL(2,IR) X SL(2,M), and 

• a be the conjugation on Q[\/2] {so f7(a + bV^) = a — b\f2, for a,b G Q), 
and define A: T ^ G by A(7) = (7, £7(7)) . 

Then A(r) is an irreducible, arithmetic lattice in G. 

Proof. Let F = Q{V^) and O = Then F is a 2-dimensional vector space 

over Q, and O is a vector-space lattice in F. 

Since {(1, 1), (V2, -^2)} is both a Q-basis of A(F) and an M-basis of M^, 
we see that A(F) is a Q-form of M^. Therefore, 

A(F2) = { {u,a{u)) GF^lueF^} 

is a Q-form of M^, and A(C^) is a vector-space lattice in A{F^). 
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Now G is defined over Q (see Exercise |2j) , so Ga(o2) is an arithmetic lattice 
in G. It is not difficult to see that G'a(o2) — ^(r) (see Exercise|3]). Furthermore, 
because A(r) n (SL(2,IR) x e) is trivial, we see that the lattice A(r) must be 



irreducible in G (see |4.24). □ 



More generally, the proof of Proposition 5.40 shows that if G is defined 
over Q, then G^jy^] is isomorphic to an irreducible lattice in G x G. 
Here is another sample application of the method. 

(5.41) Proposition. Let G ^ SO{x^ + ~ V2z^)° = S0(l,2)°. Then G^^^^ 
is a cocompact, arithmetic lattice in G. 

Proof. As above, let a be the conjugation on Q(\/2). Let T = G^^^y 

Let K' = SO{x^ + y^ + \/2z2) ^ S0(3), so a{T) C K'; thus, we may define 
A: r ^ G X if' by A(7) = (7,^(7)). (Note that a(T) G.) Then the above 
proof shows that A(r) is an arithmetic lattice in G x K'. (See Exercise |4]for the 
technical point of verifying that Gx K' is defined over Q.) Since K' is compact, 
we see, by modding out K' , that F is an arithmetic lattice in G. (This type 
of example is the reason for including the compact normal subgroup K' in 



Definition 5.16 ) 



Let 7 be any nontrivial element of F. Since CF{"f) € K' , and compact groups 



have no nontrivial unipotent elements (see 7.40), we know that 17(7) is not 



unipotent. Thus, ct(7) has some eigenvalue A ^ 1. Hence, 7 has the eigenvalue 



a~^{X) ^ 1, so 7 is not unipotent. Therefore, Godement's Criterion (5.301 im- 
plies that r is cocompact. Alternatively, this conclusion can easily be obtained 
directly from the Mahler Compactness Criterion (4.34) (see Exercise |6]) . □ 



Let us consider one final example before stating the general result. 

(5.42) Proposition. Let 
. F-Q(^), 

• = Z[^], 

• F = SL(2,0), and 

• G = SL(2,E) X SL(2,M) x SL(2,C). 

Then F is isomorphic to an irreducible, arithmetic lattice in G. 

Proof. For convenience, let y^. There are exactly 4 distinct embeddings 
Co, fi, ^2, 0-3 of F in C (corresponding to the 4 roots of — 2 = 0); they are 
determined by: 

• (To (a) = a (so (To = Id); 

• 0-1(0!) — —a; 

• 0-2(0!) = ia; 

• 0-3(0) = —ia. 

Define A:i^^M®E®Cby A(a;) = (a;, 0-1(2:), 0-2 (x)). Then, arguing much 
as before, we see that A{F'^) is a Q-form of ® ® C^, G is defined over Q, 
and Ga(o2) = A(F). □ 

These examples illustrate all the ingredients of the following general result. 
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(5.43) Definition. Let F be a finite extension of Q (that is, an algebraic num- 
ber field). 

• Two distinct embeddings cti, (T2 : F ~^ C are equivalent if (Ti{x) ~ cr2{x), 
for allx € F (where z denotes the usual complex conjugate of the complex 
number z). 

• A place of F is an equivalence class of embeddings (see 5.44 1. Thus, each 



F„ = 



place consists of either one or two embeddings of F: a real place consists 
of only one embedding (with a{F) C M); a complex place consists of two 
embeddings (with a{F) (f_ K). 

• We let 5*°° ~ {places of i^}, or, abusing notation, we assume that 5°° 
is a set of embeddings, consisting of exactly one embedding from each 
place. 

• For a £ S°°, we let 

if (7 is real, 
if a is complex. 

Note that cr(F) is dense in F^, so is often called the completion of F 
at the place a. 

• For Q C F„[xi^i, . . . ,xej], let 

Var;^„(Q) - {.g e SL(£,F<,) | Qig) = 0, VQ G Q}. 

Thus, for Fa- = M, we have VarR(Q) = Var(Q), and Varc(Q) is analogous, 
using the field C in place of M. 

• Suppose G C SL{£, M), and G is defined over F, so there is some subset Q 
of F[xi,i, ■ ■ ■ , xe^e], such that G = Var(Q)°. For any place a of F, let 

G- = Var^^^(fT(Q))°. 
Then G"^, the Galois conjugate of G by cr, is defined over cr{F). 

(5.44) Remark. We consider only the infinite (or archimedean) places; that is 
the reason for the superscript 00 on 5'°°. We are ignoring the finite (or nonar- 
chimedean, or p-adic) places, although they are of fundamental importance in 
number theory, and, therefore, in deeper aspects of the theory of arithmetic 
groups. For example, superrigidity at the finite places plays a crucial role in 



the proof of the Margulis Arithmeticity Theorem (see §12Cl 



(5.45) Proposition. If G C SL(^, M) is defined over an algebraic number 
field F G M., and O is the ring of integers of F , then Gq embeds as an arith- 
metic lattice in 

n G^ 

via the natural embedding A : 7 i— )■ (17(7)) ^^^^^ . 

Furthermore, if G is simple, then the lattice is irreducible. 



The argument in the last paragraph of the proof of Proposition 5.41 shows 
the following: 
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(5.46) Corollary. If is compact, for some a G S°° , then A{Ga) is cocom- 
pact. 



(5.47) Remark. Proposition 5.45 is stated only for real groups, but the same 
conclusions hold if 

• Gc SL(^,C), 

• F is an algebraic number field, such that F (^M., and 



• G is defined over F, as an algebraic group over C (see Notation 15.21; 
that is, there is a subset Q of F[a;i,i, . . . , xe^e], such that G — Varc(Q)°. 
For example, 

1) SO(n, Z [i, ^2 ] ) embeds as an irreducible arithmetic lattice in SO(n, C) x 
SO(n,C), and 

2) SO (n, Z \J\-\f2 ) embeds as an irreducible arithmetic lattice in 
SO(?i,C) X SO(n,M) X SO(n,M). 

The following converse shows that restriction of scalars is the only way to 
construct an irreducible, arithmetic lattice. 

(5.48) Proposition. If T = Gz is an irreducible lattice in G, and G is not 

compact, then there exist 

1) an algebraic number field F, with completion F^o (= K or C), 

2) a connected, simple subgroup H o/SL(£, i^oo), for some £, such that H is 
defined over F {as an algebraic group over Foo), and 

3) an isogeny 

0: n H'^^G, 
such that 0(A(iJci)) is commensurable with T . 

Proof. It is easier to work with the algebraically closed field C, instead of M, 
so, to avoid minor comphcations, let us assume that G C SL(£, C) is defined 
over Q[i] (as an algebraic group over C), and that F = Gz[j]. This assumption 
results in a loss of generality, but similar ideas apply in general. 

Write G = Gi X • • • X Gr, where each Gi is simple. Let H = Gi. We remark 
that if r = 1, then the desired conclusion is obvious: let F = Q[i], and let (p be 
the identity map. 

Let S be the Galois group of C over Q[j]. Because G is defined over Q[i], 
we have cr(G) = G for every cr g S. Hence, a must permute the simple factors 
{Gi, . . . , Gr}. 

We claim that E acts transitively on {Gi, . . . , G^}. To see this, suppose, for 
example, that r — b, and that {Gi, G2} is invariant under E. Then ^ = Gi x G2 
is invariant under E, so A is defined over Q[?]. Similarly, A' = G3 x G4 x G5 is 
also defined over Q[?]. Then and ^^[i] ^'^^ lattices in A and A' , respectively, 
so F = Gz[i] ~ X reducible. This is a contradiction. 

Let 

El = {ae E I a(Gi) = Gi} 
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be the stabilizer of Gi, and let 

F = {zeC \ (j{z) = z, Vcr e El } 
be the fixed field of Ei. Because E is transitive on a set of r elements, we know 
that El is a subgroup of index r in E, so Galois Theory tells us that F is an 
extension of Q[i] of degree r. 

Since Ei is the Galois group of C over F, and cr(Gi) = Gi for all a e Ei, 
we see that Gi is defined over F. 

Let (Ti, . . . , iJr be coset representatives of Ei in E. Then cti . . . , fXrl^F £^re 
the r places of F and, after renumbering, we have Gj — aj{Gi). So (with 
H = Gi), we have 

Yl H" = H"'^'' X ■ ■ ■ X H"'-^'' ^ cri(Gi) X • • • X CT^(Gi) = Gi x • • • x G^ = G. 

Let (p be the identity map. 

For h e Hp, let A'{h) = Hj^i '^jW. Then a{A'{h)) = A'(/i) for all cr e E, 
so A'{h) g Gqjj]. In fact, it is not difficult to see that A' (Hp) — Gqj^], and 
then one can verify that A'{Hq) « Gz[i] = T, so (I)(^A{Hq) is commensurable 

with r. □ 

Combining Proposition |5 . 48 1 with Corollary |5 . 46 1 yields the following result. 

(5.49) Corollary. IfGz is an irreducible lattice in G, and G/Gj, is not cocom- 
pact, then G has no compact factors. 

By applying the definition of an arithmetic lattice, we obtain the following 
conclusion from Proposition |5.48[ 

(5.50) Corollary. // 

• T is an irreducible, arithmetic lattice in G, and 

• G is linear and has no compact factors, 
then there exist 

1) an algebraic number field F, with completion F^o (= K or C), 

2) a connected, simple subgroup H o/SL(£, i^oo); for some £, such that H is 
defined over F (as an algebraic group over Fao), and 

3) a continuous surjection 

0: n H'^^G, 

with compact kernel, 
such that (/)(A(iJ(3)) is commensurable with T . 

(5.51) Corollary. // Gz is an irreducible lattice in G, and G is not compact, 
then G is isotypic. 

Proof. From Proposition |5.48[ we see that G is isomorphic to the product of 
Galois conjugates of a simple group H. Since all of these Galois conjugates are 
of the same type (see 5.52 and B.7), the desired conclusion follows. □ 

(5.52) Lemma. // 
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• G is defined over an algebraic number field C M, and 

• a is an embedding of F in M, 
then G (g) C is isogenous to G"^ ® C. 

Proof. Extend a to an automorphism a of C. Then (t(G (8) C) = (8) C, so 
it is clear that G (8) C is isomorphic to G'^ 8) C. Unfortunately, however, the 
automorphism a is not continuous (not even measurable) unless it happens to 
be the usual complex conjugation, so we have only an isomorphism of abstract 
groups, not an isomorphism of Lie groups. Thus, although this observation is 
suggestive, it is not a proof. 

It is easier to give a rigorous proof at the Lie algebra level: we will show 
that Q (8)R C is isomorphic to Q'^ (g)R C. Let {vi, . . . , -y„} be a basis of Qp, and 
^•^t {'^j k}^k e=i t>e the structure constants with respect to this basis, that is. 



Because G is isogenous to a group that is defined over Q (see 5.5), there is a 
basis {ui, . . . ,Un} of g with rational structure constants. Write 



Vk 



with each a^, G C, and define 



a{ai)ui. 



Then , . . . , is a basis of 0(8)rC whose structure constants are {cr{cj k)}^ k i-i' 
These are obviously the structure constants of g"' , so Q (8)r C is isomorphic to 
0'' (Sir C, as desired. □ 

The same proof yields the following generalization that does not require F 
or a{F) to be contained in M. 

(5.53) Lemma. // 

• G is defined over an algebraic number field F (as an algebraic group 
over Fac), and 

• a is an embedding of F in C, 
then G and G" have the same type. 



More precisely, G<S>f^ C is isogenous to C <S)f^ C (see Notation 15.2). 



(5.54) Remark. 1) See Exercise |9] for an example of a Lie group H, defined 
over an algebraic number field F d R, and an embedding ct of _F in M, 
such that H (E)C is not isogenous to H"' (g) C. 



2) The proof of (5.521 (or 5.531 used our standing assumption that G is 
semisimple only to show that G is isogenous to a group that is defined 
over Q. 
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End(M'')Q = 



A,BeMat2x2(i^) 



Thus, for any T E End(M4)Q, we may write T = 



with 



Exercises for §5E 

^1. In the notation of the proof of Proposition |5.40[ show, for the Q-form 
A{F'^) of K'', that 

'A B ' 

a{B) a{A)_ 

[Hint: Since the F-span of A(i^2) jg pi^ j^^ve End(M'*)Q C Mat4x4(F). 

\A B 
C D 

A,B,C,D e Mat2x2(-F). Now use the fact that, for all u g F^, we 
have T{u) = (v, o-(w)), for some v G F"^.] 

7^2. In the notation of the proof of Proposition |5.40| let 

Q = { + Xi+2.j, Xi,j+2Xi+2,j I 1 < i,i < 2}. 

a) Use the conclusion of Exercise [l] to show that each Q e Q is defined 
over Q. 

b) Show that Var(Q)° = SL(2,M) x SL(2,M). 

#3. In the notation of the proof of Proposition |5.40| use Exercise [l] to show 
that G'a(o2) = A(r). 

#4. Let F, O, a, and A be as in the proof of Proposition |5.40| 

If G C SL(^, K), and G is defined over F, show that G x G is defined 
over Q (with respect to the Q-form on End(M^^) induced by the Q-form 
A(F^) on R2^. 

[Hint: For each Q G Q[2;i,i, . . . ,X£^i], let us define a corresponding poly- 
nomial Q+ G Q[a;f+i,£+i, . . . , X2e,2i] by replacing every occurrence of each 
variable Xij with a;£+i,£+j. For example, if £ = 2, then 

{xj -^ + Xx^2X2.\ - 32:1^X2,2)'^ = 3 + 0:3,4X4,3 - 3x3,3X4,4. 

Then, for some set Qo C Q[xi.i, . . . , xi,i\ that defines G as a subgroup of 
SL(^,M), let 

Qi = { Q + ^t(Q+), Q^t(Q+) I g e Qo }. 

A natural generalization of Exercise [2] shows that SL(£, M) x SL(£,1R) is 
defined over Q: let Q2 be the corresponding set of Q-polynomials. Now 
define Q = Qi U Q2-] 

#5. Suppose O is the ring of integers of an algebraic number field F . 

a) Show A(C') is discrete in ^^^gaa Fa- 

b) Show A(F) is a Q-form of 0^gsoo F„. 

c) Show A(C') is a vector-space lattice in A(F). 

#6. Let 

• B(y, vS) — v\W\ + V2W2 — a/2w3W3, for v,w € M^, 

• G-: SO(B)°, 

• G* = G X G'^, 

• r = ^^[72]' and 



r* = A(r). 
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Show: 

a) The image of G* in SL(6, M) / SL(6, K)^(-c)3') is preconipact (by using 
the Mahler Compactness Criterion). 

b) The image of G* in SL(6, M)/ SL(6, M)a(o3) is closed. 

c) G*/r* is compact. 

d) G/r is compact (without using the fact that F is a lattice in G). 

[Hint: This is similar to Proposition |5.32| ] 

#7. Suppose F is a real algebraic number field. Show that Ilo-es^" SL(^, F„) 
is defined over Q, with respect to the Q-form on EndR(0^ggoo (F(j)^) 
induced by the Q-form A{F'^) on 0^gs=o(Fa)^. 

[Hint: This is a generalization of Exercisep] The proof there is based on the elementary 
symmetric functions of two variables; Pi(ai, 02) = ai + 02 and P2(ai, 12) = aia2- For 
the general case, use symmetric functions of d variables, where d is the degree of F 
over Q.] 

#8. Suppose G C SL(i?, M), and G is defined over a real algebraic num- 
ber field F. Show that Ilcresoo defined over Q, with respect 
to the Q-form on EndK(0^gg^ (F^)^) induced by the Q-form A(F^) 
on ®,^s-{F,Y. 

[Hint: This is a generalization of Exercise [4] See the hint to Exercise [?]] 

#9. For a e C \ {0, —1}, let l)^ be the 7-dimensional, nilpotent Lie algebra 
over C, generated by {xi,X2,X3}, such that 

• [f)a,a;i,a:i] = [^a,X2,X2] = [^cXs,^^] = 0; and 

• [X2,X3,Xi] = a[xi,X2,X3]. 

a) Show that [X3, xi, X2] = —(1 + a)[xi,X2, x^]. 

b) For h £ [)a, show that [[)a,h,h] = if and only if there exists 
X e {xi, X2, X3} and t G C, such that h £ tx + [i)a, i)a]- 

c) Show that [)q, = f)^ if and only if 

^fl, , 1 a 1 + a} 

/3e <^a,-,-(l + a),--— ,-— — , \. 

{a 1 + a I + a ] 

d) Show that if the degree of Q(a) over Q is at least 7, then there is an 
embedding a of Q(a) in C, such that is not isomorphic to {^aY ■ 

#10. In the notation of Exercise |9] show that if the degree of Q(q!) over Q is 
at least 7, then fj^ is not isomorphic to any Lie algebra that is defined 
over Q. 

#11. In the notation of Exercise [9] show, for a = -\/2 — (1/2), that f)^ is 
isomorphic to a Lie algebra that is defined over Q. 

[Hint: Let yi = x\ + X2 and y2 = (xi — X2)/\/2. Show that the Q-subalgebra of f)a 
generated by {j/i, 2/21^^3} is a Q-form of \)a-] 

#12. Show, for all natural numbers p and q, that there exist 

• a lattice F in SO(p -t- q) and 

• a homomorphism p: F — > SO(p 4- q), 
such that p(F) is dense in S0(j3+ q). 
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Notes 

The Margulis Arithmcticity Theorem (5.211 was proved by Margulis [TTl [T5] 



under the assumption that M-rankG > 2. (Proofs also appear in [TH Thm. A, 
p. 298] and [19j.) Much later, the superrigidity theorems of Corlette [5] and 
Gromov-Schoen [S] extended this to all groups except SO(l,n) and SU(l,7i). 
We remark that these proofs rely on the fact that T is finitely generated; 
Venkataramana |17j showed how to avoid using this assumption. 

It was known quite classically that there are nonarithmetic lattices in 
S0(l,2) (or, in other words, in SL(2,M)). This was extended to SO(l,n), for 
n < 5,hy Makarov [10 and Vinberg [18 . More recently, nonarithmetic lattices 
were constructed by Gromov and Piatetski-Shapiro |7] for every n (see |6.36 1 



Nonarithmetic lattices in SU(1, n) were constructed by Mostow |TS] for n = 2, 
and by Deligne and Mostow [6 for n = 3. These results on SO(l,n) and 
SU(l,n) are presented briefly in [14, App. C, pp. 353-368]. 



Proposition 5.5 is a weak version of a theorem of Borel [5] (a proof also 



appears in [16j Chap. 14]). 

The Commensurability Criterion (5.25) was proved by Margulis [H]. It 
appears in [1], [T^, and [19]. 

The theorem of Borel and Harder mentioned in the proof of Theorem |5.27| 
appears in [3]. 

The fact that all noncocompact lattices have unipotent elements (that is, the 
generalization of Theorem |5.31| to the nonarithmetic case) is due to D. Kazhdan 
and G. A. Margulis [S] (or seeg] or [H Cor. 11.13, p. 180]). 
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Chapter 6 



Examples of Lattices 



§6A. Arithmetic lattices in SL(2,]R) 

SL(2,Z) is the obvious example of an arithmetic lattice in SL(2,M). Later in 



this section (see 6.8), we will show that (up to commensurability and conju- 
gates) it is the only one that is not cocompact. In contrast, there are infinitely 
many cocompact, arithmetic lattices. They can be constructed by either of 
two methods. Perhaps the easiest way is to note that SL(2,IR) is isogenous to 
S0(2,l). 

(6.1) Example. 

1) Fix positive integers a and b, and let 

G = S0(ax2 + hy^ - z^]R)° ^ S0(2, 1)°. 
If (0, 0, 0) is the only integer solution of the Diophantine equation ax"^ + 



by — z , then Gz is a cocompact, arithmetic lattice in G (see 5.321. See 



Exercise [T] for some examples of a and b satisfying the hypotheses 



2) Restriction of Scalars (see §5E I allows us to use algebraic number fields 
other than Q. Let 

• 7^ Q be a totally real algebraic number field (that is, an algebraic 
number field with no complex places); 

• a,b , such that cr(a) and a(b) are negative, for every place 
a^Id; 

• O be the ring of integers of F; and 

• G = S0(aj;2 + by^ ~ z^; R)° ^ S0(2, 1)°. 



Then Go is a cocompact, arithmetic lattice in G (cf. 5.41 or see 5.45 
and 5.461. See Exercise |2] for an example of F, a, and b satisfying the 



hypotheses. 



The Standing Assumptions ijSAjl are in effect, so, as always, F is a lattice in the 
semisimple Lie group G. 

Copyright © 2001-2008 Dave Witte Morris. All rights reserved. 
Permission to make copies of these lecture notes for educational or scientific use, including 
multiple copies for classroom or seminar teaching, is granted (without fee), provided that 
any fees charged for the copies are only sufficient to recover the reasonable copying costs, 
and that all copies include this copyright notice. Specific written permission of the author is 
required to reproduce or distribute this book (in whole or in part) for profit or commercial 
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3) In both ([T]) and Q, the group G is conjugate to S0(2, 1)°, via the diag- 
onal matrix 

g = diag(Va, V^l)- 

Thus, g~^{Gz)g or g~^{Ga)g is a cocompact, arithmetic lattice in 
S0(2,l). 

(6.2) Remark. For a and b as in [eip, (0,0,0) is the only solution in of 



the equation ax^ + by^ — (see Exercise [6|. Therefore, Example 6.1 T]) and 
Example 6.1 2| could easily be combined into a single construction, but we 
separated them for pedagogical reasons. 

A proof of the following proposition can be found later in the section 
(see 6.7). 



(6.3) Proposition. The lattices constructed in Example 6.1 are the only co- 
compact, arithmetic lattices in S0(2, 1) {up to commensurability and conju- 
gates) . 

More precisely, any cocompact, arithmetic lattice in S0(2, 1) is conjugate 
to a lattice that is commensurable with a lattice constructed in Example \6.1\ 



The other standard approach is based on quaternion algebras (see Defini- 



tion 



6.561. 



(6.4) Proposition. Fix positive integers a and b, and let 

G = SL{1, Da,bm) ={ge Da,bm \ N,ed(5) - 1 }• 

Then: 

1) G^^^ SL(2,M); 

2) Gz — SL(1, Da.bC^)) is an arithmetic lattice in G; and 

3) the following are equivalent: 

a) Gz is cocompact in G; 

b) (0,0,0,0) is the only integer solution of the Diophantine equation 



w — ax — by^ + abz^ = 0; 
c) Da,h{Q) is a division algebra. 

Proof. ([T|) Define an M-linear bijection (f> : Da.b 



(l)=Id, 



(0 











1 
b 



Mat2x2( 



by 


-b^/a 







It is straightforward to check that (f) preserves multiplication, so ^ is a ring 
isomorphism. 

For g ~ w + xi yj zk Cz Da.ti^), we have 
det((/)(g)) = {w-\-xy/a){w—xy/a) — {y+zy/a){by--bzy/a) — w^—ax^^by'^+abz'^ — Ni- 

Therefore, <j){G) = SL(2,M). 

^ For g e G, define Tg-. Da,b{M.) Da,b{M.) by Tg{v) = gv. Then Tg is 
M- linear. 

For 7 e L'a.h(K), we have T^{Da,b{1)) C Da^bC^) if and only if 7 e Dafii"^). 
So Gz = G n Z3a.b(Z) is an arithmetic lattice in G. 
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(3c ^ Sal We prove the contrapositive. Suppose Gz is not cocompact. Then 



it has a nontrivial unipotent element 7 (see 5.301. So 1 is an eigenvalue of T, 



that is, there is some nonzero v G Da^bC^), such that T^{v) — v. By definition 
of T-y, this means jv — v. Hence (7 — l)v = 0. Since 7^1 and v ^ 0, this 



implies -Da.fc(Q) has zero divisors, so it is not a division algebra. 

(3b <^ 3c I This is a concrete restatement of the fact that Z>a,6 
sion algebra if and only if Nrcd(<7) 0, for all nonzero g S -Da,b(Q) 
3c I We prove the contrapositive. Suppo se Dg i, 
= Mat2x2 



(Q) is a divi- 
(see|15E#2|. 



(3a 



is not a division al- 
(see Exercise [a6#6|. So SL(1, ^^^^(Z)) « 



gebra. Then D„,b((Q 

SL(2,Z) is not cocompact. (It has nontrivial unipotent elements.) 

The following can be proved similarly (see Exercise |3|. 



□ 



(6.5) Proposition. Let 

• F =/= Q be a totally real algebraic number field; 
u O be the ring of integers of F; 

• a,b € O, such that a and b are positive, but <j(a) and a(b) are negative, 
for every place a 7^ Id; and 

Then: 

1) G = SL(2,M); and 

Go — SL(1, _Dq (((C*)) is a cocompact, arithmetic lattice in G. 



are 



(6.6) Proposition. The lattices constructed in Propositions 6.4 and 6.5 
the only cocompact, arithmetic lattices in SL(2,M) {up to commensurability 
and conjugates) . 

Proof. This can be proved directly, but let us derive it as a corollary of Proposi- 

we wish to 



6.3 For each lattice T in S0(2, 1), constructed in Example 6.1 



constructed in Proposition 6.4 
> S0(2,l), such that (/)(r') is 



tion 

show, for some arithmetic lattice F' in SL(2, 
or |6.5[ that there is an isogeny 0: SF(2,]R) 
commensurable with F. 

([ij First, let us show that every lattice of type 6.1 T|) appears in (6.4). Given 
positive integers a and 6, such that (0,0,0) is the only rational solution of the 
equation ax^ + by'^ — , let 

G = SF(l,i?,,b(M)) ^SF(2,M). 

One can show that (0, 0, 0, 0) is the only rational solution of the equation w"^ — 
by^ + abz^ = (see Exercise [4|, so Gz is a cocompact, arithmetic lattice 



in G {seepA\. 

As a subspace of Da.b(R), the Fie algebra g of G is 
Q^{v£Da,biR) \ Rcv = 0} 
(see Exercise [5]) . For g G G and w G 0, we have (Ad^ g){v) — gvg^^, so Nfcd |g 
is a quadratic form on Q that is invariant under Ad Gf. For v = xi+yj+zk g Q, 
we have 

Nrcd('y) — —ax^ — by^ + abz} . 
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After the change of variables x ^ hy and y ^ ax, this b ecom es —ab{ax'^ + 
by^ ~ z^), which is a scalar multiple of the quadratic form in |6.l[ [T|). Thus, after 
identifying Q with K'^ by an appropriate choice of basis, the lattice constructed 
6.1[T|) (for the given values of a and b) is commensurable with Adg Gz 
"pTsii 



Similarly, every lattice of type 6.1 T| appears in (6.5 1 (see Exercise [7|.n 



(6.7) Proof of Proposition 6.3, Let F be a cocompact, arithmetic lattice in 



S0(2, 1). Ignoring the technical problem that not all automorphisms are inner 
(cf. ??), it suffices to show that there is an automorphism a of S0(2, 1), such 



that Q;(r) is commensurable with one of the lattices constructed in Example 6.1 



Step 1. There are 

• an algebraic number field F dR, with ring of integers O, 

• asymmetric, bilinear form B(x,y) on F^ , and 

• an isogeny (jj: SO(B; M) -> S0(2, 1)°, 

such that (j)(SO{B; O)) is commensurable with T . We give two proofs. 

First, let us note that this is immediate from fig. 15.2 (on p. 2541. There 
are two possibihties listed for SO{p, q), but p + q = 1 + 2 = 3 is odd in our case, 
so only one of the listings is relevant: F must be SO(i?; O), for some algebraic 
number field F C M. 

Second, let us give a direct proof that does not rely on the results of jChap- 



ter 15 Because all (irreducible) arithmetic lattices are obtained by Restriction 



of Scalars (see 5.50), we know that there are 

• an algebraic number field F C M, with ring of integers O, 

• a simple Lie group H C SL(^, M) that is defined over F, and 

• an isogeny cf): H ^ S0(2, 1)°, 

such that 4>{Ho) is commensurable with F. All that remains is to show that we 
may identify Hp with SO(i?; F), for some symmetric bilinear form B on F^ . 
The Killing form 

k(u, v) — trace((adf, tt)(adf, w)) 

is a symmetric, bilinear form on the Lie algebra (). It is invariant under Ad H , so 
Adn is an isogeny from H to SO(k; M). Pretending that Adn is an isomorphism, 
not just an isogeny, we may identify H with SO(k; M). Note that K(f)F, ^f) C 
F, so, by identifying f)^ with F^ , we may think of /v clS cl bilinear form on F^ . 



Step 2. We may assume that B{x,x) = ax\ + bx^ — x\ for some a,b G F^ 
{cf. 15.64.1) and 15.72). By choosing an orthogonal basis, we may assume 
B{x,x) = axf + bx^ + cxj. Since SO(B;M) « S0(2, 1), we know that ±B{x,x) 
is a signature (2,1). So we may assume a,b,—c € F~^. Dividing by c (which 
does not change the orthogonal group) yields the desired form. 

Step 3. F is totally real, and both (j{a) and (t(6) are negative, for all places 
a 7^ Id. Since A(Gci) is an irreducible lattice in Ilcrgs^ (^*^^ 5.451, but the 
projection to the first factor, namely G, is F, which is discrete, we know that 
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is compact, for all a ^ Id. Thus, ^ S0(3), so = 
real numbers <y{a), <j(b), and cr(— 1) all have the same sign. 



and the three 



Step 4- B is anisotropic over F. Let us assume F = Q. (This is the only case 
we need.) Since Gz is cocompact, we know that it has no nontrivial unipotent 

Therefore B{x,x) ^ 0, for every nonzero x G 



4.31 



elements (see 
(see Exercise C.6#3l 



5.301 



(6.8) Proposition. SL(2,Z) is the only noncocompact, arithmetic lattice in 
SL(2,IR) {up to commensurability and conjugates). 

Proof. Let us consider the isogenous group S0(2, 1), instead of SL(2,M). 

Step 1. There are 

• a symmetric, bilinear form B(x, y) on Q'^ , and 

• an isogeny (t): SO(B; K) ^ S0(2, 1)°, 

such that (/)(S0(i3; Z)) i s commensurable with T. From Steps [l] and [3] of the 
proof of Proposition |6.3| we have a totally real number field F, such that H'^ 
is compact for all a ^ Id. On the other hand, since F is not cocompact, we 



know that each FT^ is noncompact (see 5.461. Thus, Id is the only place of F, 
so F^Q. 

Step 2. We may assume B{x, x) Because F is not cocompact. 



we know that B is isotropic over F (see 5.321. Therefore, the desired conclu- 
sion is obtained by a change of basis, and replacing B with a scalar multiple 
(see [T5J2p |). □ 



(6.9) Remark. As a source of counterexamples, it is useful to know that 
SL(2,Z) contains a free subgroup of finite index. This implies that (finitely 
generated) nonabelian free groups are lattices in SL(2,IR). 

Exercises for §6 A 

#1. Suppose p is a prime, such that x^ + y'^ = (mod p) has only the 
trivial solution x = y = (mod p). (For example, p could be 3.) Show 
that (0, 0, 0) is the only integer solution of the Diophantine equation 
px^ + py^ — . 

#2. Let F ^ Q[\/2, Vs] , and a ^ = \/2 + ^3 - 3. Show 

a) _F is a totally real extension of Q, 

b) a is positive, and 

c) (j(a) is negative, for every place a 7^ Id. 



#3. For G, F, O, a, and b as in Proposition |6.5[ show: 

a) G^SL(2,M); 

b) Go is an arithmetic lattice in G; 

c) if g e F)a,b{F) with Nrcd(3) = 0, then g = 0; and 

d) Go is cocompact in G. 
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#4. Let a and b be nonzero elements of a field F. Show that if there is a 
nonzero solution of the equation w'^ — ax^ — by^ + abz^ = 0, then there is 
a nonzero solution of the equation — ax^ — by^ = 0. 

[Hint: By assumption, there is a nonzero element g of such that N^odCs) = 0- 

There is some nonzero a £ _F + Fi, such that the fc-component of ag is zero.] 

#5. For a,beR, the set 

G^lffeDa.bW I N„d (<?) = !} 
is a submanifold of Da^b{^)- Show that the tangent space TiG is 
{?;GZ?a,fa(K) |Rew = 0}. 

[Hint: T\G is the kernel of the derivative d(Nred)i-] 

#6. Let (7 be a real place of an algebraic number field F. Show that if a and b 
are elements of F, such that a{a) and (t(&) are negative, then (0,0,0) is 
the only solution in F^ of the equation ax^ + by"^ — . 

#7. Carry out Part [2] of the proof of Proposition [6?6l 



§6B. Teichmiiller space and moduli space of lattices in 

SL(2,M) 

This section isn't written yet!!! 



§6C. Arithmetic lattices in SO(l,ri) 

(6.10) Proposition. Let 

• oi, . . . , a„ be positive integers, and 

• SO{aixl + ■■■ + anxl - xl+j^;R)° ^ SO(n, 1)°. 

If n > 4, then Gz is an arithmetic lattice in G that is not cocompact. 



In most cases, the above construction is exhaustive (see fig. 15.2 on p. 2541 



(6.11) Proposition. If n ^ {3,7}, then the lattices constructed in Proposi- 
tion 6.13 are the only noncocompact, arithmetic lattices in SO(n, 1) {up to 



commensurability and conjugates). 
(6.12) Remark. 

1) The case n = 7 is genuinely exceptional: there exist some very exotic 



noncocompact arithmetic lattices in S0(7, 1) (cf. 15.511. 
2) The groups S0(2, 1) and S0(3, 1) are isogenous to SL(2, M) and SL(2, C), 
respectively. Thus, Propositions |6 . 6 1 and |6 . 8 1 describe all of the arithmetic 
lattices in S0(2, 1). Similar constructions yield the arithmetic lattices in 
S0(3, 1) (see ??)**. Hence, there is no real harm in assuming n > 4. 



3) For n = 2,3, some of the arithmetic groups constructed as in (6.10) 



are cocompact and some are noncocompact. However, if n > 4, then a 
theorem of Number Theory tells us that the equation aix^ 



2 I I „ ^2 



xf^^i has a nontrivial integral solution (sec ([*| on page 143), so Gz is 
noncocompact in this case. 
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Cocompact arithmetic lattices in SO(n, 1) can be constructed by using an 
algebraic extension of Q, as in Example |6.1| 



(6.13) Proposition. Let 

• F be an algebraic number field that is totally real; 

• O be the ring of integers of F ; 

• ai, . . . , a„ G O, such that 

o each aj is positive, 

o each cr(aj) is negative, for every place a ^ Id; and 

• G = SO(aix? + • • • + anxl - x^+i; M)° SO{n, 1)°. 
Then Go is a cocompact, arithmetic lattice in G. 



This construction is exhaustive when n is even (see fig. 15.2 on p. 2541 



(6.14) Proposition. // n is even, then the lattices constructed in Proposi- 
tion 6.13 are the only cocompact, arithmetic lattices in SO(n, 1) [up to com- 
mensurability and conjugates). 

Theoretically, it is easy to tell whether two choices of ai , . . . , a„ give essen- 
tially the same lattice: 

(6.15) Proposition. Let 

• F , O, and ai, . . . , a„ be as in Proposition \6.1^ 

• r = h^^ SO(aia;^-|-- • --l-anX^— x^^j^; O) h, where h — diag(Y^, . . . , y/a^, 1), 

• a'l, . . . ,a'j^ € O, such that 

o each aj is positive, and 

o each cr(aj) is negative, for every place a ^ Id; 
and 

• r' = (/i')~^ SO{a[xl~\ \-a'^xl-xl_^_^■,0) h' , where h' = diag(ya[, . . . , ^/a 

There exists g g 0{n, 1), such that g^^Tg is commensurable to T' if and only 

if the quadratic forms 

B{x) = aix\ + • • • + a„x^j — x'^j^^ and B'{x) — a'^x^ + • • • + a'^x'^ ~ a;^_, 
are equivalent, up to a scalar multiple from F^ and a change of basis of F^''^^ . 

More precisely, if and only if there exists A G F^ and g' G GL(n + l,F), 
such that 

{g'f diag(ai, . . . ,0^,-1)5' = Adiag(ai,. . . ,a'„,-l). 

Proof. (-^) See Exercise [l] 

Let g' = h'gh^^. Then 

(5')-' SO(B; 0)g' = h' g{h-^ SO{B; 0)h)g-\h')-' 
= h'{gTg-^){hr' 
« h'T'{h')-' 
C h' SO{n,l){h'y^ 
= SO(S';M). 

From the Borel Density Theorem ( |4.44[ ), we know that SO{B;0) is Zariski 
dense in SO(B;M), so we conclude that {g')-^ SO{B;R)g' C SO(B';M). 
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Also, we have {g')''^ SO{B;M.)g' C SO{B o g';M.). Since SO(S;K) (g) C ^ 
SO(n+ 1; C) is irreducible on C"+^, we know that the quadratic form on K^^^ 
that is invariant under {g')^^ SO{B]M.)g' is unique up to a scalar multiple 
(see Exercise 15J#ll. Hence, there is some A G with B o g' = \B' . Since 
both B and B' are defined over F, we must have A G F^ . □ 

In practice, the condition given by Proposition |6.15| is sometimes rather 
subtle, as the following example indicates. 



(6.16) Example. Define quadratic forms Bi(x) and B2{x) on 



by 



and 



Bi{x) 
B2{x) = 



and let 

• Ti = SO(Bi;Z) and 

• T2 = h^^ S0{B2',1')h, where h 
There exists g G 0(1, f^), such that gTig^^ is commensurable to T2 if and only 
if n is even. 



diag(l,...,l,\/2)GGL(n+l,]R). 



Proof. (<^) For 



we have 

{g'f diag(l, ...,1,-1)5' = diag(2, 2, . . . , 2, -4) = 2 diag(l, 1, . . . , -2) 

so the desired conclusion follows from Proposition |6.15[ 

(=>) This follows from Corollary 6.17 below, because 2 is not a square in Q.D 



(6.17) Corollary. Let F, O, ai, 
sition [B.15\ 



In, a'l, . . . , a'n, r, and F' be as in Propo- 



If n is odd, and there exists g G 0(1, n), such that gTg is commensurable 



to F' then 



fli • • • a„ 



■ a 



yeiF^^r 



Proof. The discriminant of a quadratic form B(x) on is defined to be 

det[i3]B, for any basis B of This is not uniquely determined by B, but 

it is well-defined up to multiplication by a nonzero square in F^ , because 

det[B]gB = det(5^[B]e.g) = {det g)^ det[B]B, 
for any g G GL(n + 1, F). 
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Note that det[AB]g = A"+Met[B]B. Thus, if n is odd, then XB has the 
same discriminant as B (up to multipHcation by a square). □ 

When n is odd, additional cocompact lattices can be constructed by using 
quaternion algebras: 

(6.18) Notation (cf. [2] and |3| . Suppose 

• P and 7 are nonzero elements of M, such that either /3 or 7 is positive; 
and 

• X is an invertible element of _D^_^(M), such that r,.(a;) = x. 



We may write x = 
0); define 

'1 if7(a2 



bi + dk, for some a,b,d £R (such that a? — f3{lr + ^d^) ^ 



£^,^(a;) 



/3(62 - 7^2)) > 0; 

if 7 < 0, /3(62 - 7^2) < a^, and a < 0; 

2 if 7 < 0, /3(62 - 7^2) < a2, and a > 0; 

if 7 > 0, /3(62 - 7^2) > a^, and (/3 + l)b + (/? - 1)^77 > 0; 

2 if 7 > 0, /3(62 - 7^2) > a2, and (/3 + 1)6 +{13- l)d^ < 0. 



(6.19) Proposition. Let 

• F be a totally real algebraic number field; 

• [3 and 7 be nonzero elements of F , such that, for each place a of F , 
either o'(/3) or (7(7) is positive; 

• oi, . . . , flm e Dp^^{F), such that 

o Tr{aj) = aj for each j , 

o cr(aj) is invertible, for each j, and each place a, 

° Ejli £fT(/3).CT(7)(o'(aj)) G {0,2m} /or eac/i p/ace a Id; 

• O be a vector-space lattice in Dp ,y(F), such that O is also a subring; and 

• G = SU(diag(ai, . . . , a™); Dp^^{R),Tr)° . 
Then: 

1) S0(1,2to- 1)°; and 

2) Go is a cocompact, arithmetic lattice in G. 

(6.20) Proposition. If n ^ {3,7}, then the lattices constructed in Proposi- 
tions 6.13 and 6.19 are the only cocompact, arithmetic lattices in SO(n, 1) {up 
to commensurability and conjugates). 

See Remark 1 15 . 5 1 1 for a brief explanation of the need to assume n 7^ 7. 

Exercises for §6C 

^1. Show, for F, B, B', T, and T' as in Proposition 6.15 that if there is some 
nonzero \ E F and some g' G GL(n + l,F), such that 
B{g'x) = \B'{x), for all x G F''+\ 
then there exists g € Oiri, 1), such that g^^Tg is commensurable to T' . 

#2. Suppose P and 7 are real numbers, such that 7 < and f3 > 0. Show 
that there is an isomorphism (p: Z?/3,^(M) Mat2x2(IR), such that: 
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a) 4>{Tr{x)) = 4>{xY, for all x G D/3^^{M.); 

b) (/)(a;) is symmetric, for all x G D^_^(K), such that Tr{x) — x\ and 

c) if x is an invertible element of D^^^(]R), such that Tr{x) — x, then 
the number of positive eigenvalues of (j){x) is 

'l if > I3{b^ - -fd^); 
ifa^ </3(62_^(i2) anda<0; 
2 if a2 < /3(62 _ ^^2) 



[Hint: Let : 











and 0(j) 



l7l 



#3. Suppose P and 7 are nonzero real numbers, such that 7 > 0, and let 

"0 ll 



w 



1 



Mat' 



2x21. 



such that: 



Show that there is an isomorphism </): 

a) (j)(^Tr{x)) = w(j){x)'^ w , for all x G Dp^^iM); 

b) (j){x)w is symmetric, for all x G I?/3,^(M), such that Tr{x) — x; and 

c) if X is an invertible element of Dfj^^{R), such that Tr{x) — x, then 
the number of positive eigenvalues of (j)(x)w is 

'l if > /3(52 _^^2). 

if a2 < f3{P - 7^2) and (/? + l)b + (/3 - l)d^ > 0; 
2 if a2 < f3{P - 7^2) > a2 and (/3 + 1)6 + (/3 - l)d^ < 0. 



[Hint: Let : 



and 0(j) : 



V7 








§6D. Some nonarithmetic lattices in SO(l,n) 

Section |6C| describes algebraic methods to construct all of the arithmetic lat- 
tices in SO(l,n) (when n ^ 7). We now present a geometric method that 
sometimes allows us to produce a new lattice by combining two known lattices. 
The result is often nonarithmetic. 



Hyperbolic manifolds 

For geometric purposes, it is more convenient to consider the locally symmetric 
space r\i3", instead of the lattice V. 

(6.21) Definition. A connected, Riemannian n-manifold M is hyperbolic if 

1) M is locally isometric to i^" (that is, each point of M has a neighborhood 
that is isometric to an open set in .^"'); 

2) M is complete; and 

3) M is orientable. 

(6.22) Other terminology. Many authors do not require M to be complete 
or orientable. Our requirement ([ij is equivalent to the assertion that M has 
constant sectional curvature —1; some authors relax this to require the sectional 
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Figure 6.1: Cutting open a manifold by slicing along a closed hypersurface 
(dashed) results in a manifold with boundary. 




Mi Mi M[#,Mi 



Figure 6.2: Gluing M[ to Afj along their boundaries results in a manifold 
without boundary. 



curvature to be a negative constant, but do not require it to be normalized 
to -1. 

(6.23) Notation. Let PO(l,n) = 0(1, n)/{± Id}. 
Note that: 

• PO(l,n) is isogenous to SO(l,n); 

• PO(l,n) = Isom(i3"); and 

• PO(l,n) has two connected components (one component represents 
orientation-preserving isometrics of and the other represents orientation- 
reversing isometrics). 

The following observation is easy to prove (see Exercise [ij . 

(6.24) Proposition. A connected Riemannian manifold M of finite volume is 
hyperbolic if and only if there is a torsion-free lattice T in PO(l,n)°, such that 
M is isometric to T\Sj"' . 



Hybrid manifolds and totally geodesic hypersurfaces 

We wish to combine two (arithmetic) hyperbolic manifolds Mi and M2 into a 
single hyperbolic manifold. The idea is that we will choose closed hypersurfaces 
Ci and C2 of Mi and M2 , respectively, such that Ci is isometric to C2 . Let Afj 
be the manifold with boundary that results from cutting Mj open, by slicing 
along Cj (see fig. 6.1 and Exercise [s]). The boundary of M[ (namely, two 



copies of Ci) is isometric to the boundary of M2 (namely, two copies of C2) 
(see Exercise [3|. So we may glue M{ and M2 together, by identifying dM[ 



with (see Fig. 6.2), as described in the following well-known proposition. 



(6.25) Proposition. Suppose 

• M[ and M2 are connected n-manifolds with boundary; and 

• /' : dM[ — > 9A/2 is any homeomorphism. 
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Define a topological space M[ U/' M2, by gluing M[ to M2 along their bound- 
aries: 

• let M[ U M2 be the disjoint union of M[ and M2; 

• define an equivalence relation on M[ U M2 by specifying that m f'(m), 
for every m G OM'^; and 

• let M[ U/' = (M{ U M'2)/^ be the quotient of M{ U by this equiv- 
alence relation. 

Then M[ Uf M2 is an n-manifold [without boundary). 

(6.26) Corollary. Suppose 

• Ml and M2 are connected, orientable n-manifolds; 

• Cj is a closed (n — l)-submanifold of Mj; and 

• /: Ci — s- C2 is any homeomorphism. 
Define Mi#/M2 = M[ Uf M^, where 

• Mj is the manifold with boundary obtained by slicing Mj open along Cj; 
and 

• /' : dM[ — > is defined by f'{c,k) — {^f{c),k^, under a natural iden- 
tification of dM'j with Cj X {1,2}. 

Then Mi^fM2 is a (connected) n-manifold (without boundary). 
Furthermore, 

1) Mi=fffM2 is compact if and only if both Mi and M2 are compact; and 

2) Mi^fM2 is connected if and only if either Mi \ C'l or M2 \ C2 is con- 
nected. 

(6.27) Other terminology. Gromov and Piatetski-Shapiro pj call the mani- 
fold Mi^fM2 a hybrid of Mi and M2, and they call this construction inter- 
breeding. 

Unfortunately, gluing two Riemannian manifolds together does not always 
result in a Riemannian manifold (in any natural way) , even if the gluing map / 
is an isometry from dM[ to SMj. 

(6.28) Example. Let M{ = M^ be the closed unit disk in R"^, and let 
/: dM[ dM2 be the identity map. Then M[ U/ is homeomorphic to 
the 2-sphere S^. The Riemannian metrics on M{ and M2 are flat, so the re- 
sulting Riemannian metric on S'^ would also be flat. However, there is no flat 
Riemannian metric on S*^. (This follows, for example, from the Gauss-Bonnet 
Theorem.) 

We can eliminate this problem by putting a restriction on the hypersur- 
face Cj. 

(6.29) Definition. A totally geodesic hypersurface in a hyperbolic n-manifold M 
is a (closed, nonempty) connected submanifold C of AI, such that, for each 
point c of C, there are 

• a neighborhood L/ of c in M ; 

• a point X in i^"^^ = {v e i^" | wi = }; 

• a neighborhood F of a; in i^"; and 
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• a Riemannian isometry g: U ^ V, such that g{U H C) = V H Sj" ^. 

(6.30) Remark. If C is a totally geodesic hypersurface in a hyperbolic n- 
manifold of finite volume, then there are 

• a lattice F in PO(l,n), and 

• an isometry f : M ^ r\i3", 

such that /(C) is the image of ^'^-^ in r\.^". 

(6.31) Proposition. // 

• Ml and M2 are hyperbolic n-manifolds; 

• Cj is a totally geodesic hypersurface in Mj; and 

• f '■ Ci ^ C2 is a Riemannian isometry; and 

• Ml and M2 have finite volume, 

then Mi^fM2 is a hyperbolic n-manifold of finite volume. 

Proof. The main issue is to show that each point of dM[ has a neighborhood U 
in M[ Uf M'2, such that U is isometric to an open subset of i^". This is not 
difficult (see Exercise |4|. 

We have vol(Mi#/M2) = vol(Mi) + vol(A/2) < 00. 

If Mi^fM2 is compact, then it is obviously complete. More generally, since 
M[ and are complete, and their union is all of M[ U/ Mj, it seems rather 
obvious that every Cauchy sequence in M[ U / M2 has a convergent subsequence. 
Hence, it seems to be more-or-less obvious that M[ U/ is complete. 

Unfortunately, if Mi#jAf2 is not compact, then there is a technical diffi- 
culty arising from the possibility that, theoretically, the Riemannian isometry / 
may not be an isometry with respect to the topological metrics that Ci and C2 
inherit as submanifolds of Mi and M2, respectively. See ?? for an indication 
of how to deal with this problem. □ 

The following lemma describes how we will construct the totally geodesic 
hypersurface Cj. 

(6.32) Lemma. Suppose 

• T is a torsion-free lattice in PO(l,n)°; 

• C is the image of Sj"^^ in r\^"; 

• r n P0(1, n -1) is a lattice in P0(1, n ~ 1); 

• r: Sj"" Sj"" is the reflection across {that is, t{vi,V2, ■ . ■ ,Vn+i) = 
{-vi,V2, . . . ,w„+i)); and 

• r is contained in a torsion-free lattice T' o/PO(l,n)°, such that T' is 
normalized by r. 

Then C is a totally geodesic hypersurface in T\S)"' , and C has finite volume 
(as an (n — l)-manifold). 

Proof. It is clear, from the definition of C, that we need only show C is a 
(closed, embedded) submanifold of r\^". 

Let To = {7 G r I 7(i3""i) =Sj'"-^}. (Then rnPO(l, n- 1) is a subgroup 
of index at most two in Fq.) The natural map 

</):ro\^"-i^r\fi" 
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is proper (cf. Exercise 4D#2|, so C, being the image of (j), is closed. 

Because (j) is obviously an immersion (and is a proper map), all that re- 
mains is to show that is injective. This follows from the assumption on F' 
(see Exercise [5|. □ 

Construction of nonarithmetic lattices 

The following theorem is the key to the construction of nonarithmetic lattices. 



We postpone the proof until later in the section (see 6D and Exercise 11 1 



(6.33) Definition. A hyperbolic ri-manifold of finite volume is arithmetic if 



the corresponding lattice T in PO(l,n) (see 6.241 is arithmetic. (Note that T is 
well-defined, up to conjugacy (see Exercise |2|, so this definition is independent 
of the choice of F.) 

(6.34) Theorem. Suppose 

• Ml and M2 are hyperbolic n-manifolds; 

• Cj is a totally geodesic hypersurface in Mj; 

• f '■ Ci C2 is a Riemannian isometry; 

• Ml and M2 have finite volume {as n-manifolds) ; 

• C'l and C2 have finite volume {as {n — I) -manifolds) ; and 

• each of Mi \ Ci and M2 \ C2 is connected. 

If the hyperbolic manifold Mi^fM2 is arithmetic, then Mi^fM2 is commen- 
surable to Ml ; that is^ there are 

1) a finite cover M of Mi Uf M2, and 

2) a finite cover Mi of Mi, 
such that M is isometric to Mi. 



(6.35) Corollary. In the situation of Theorem 6.34 if the hyperbolic manifold 
Mi^fM2 is arithmetic, then Mi is commensurable to M2. 



Proof. From Theorem 6.34 we know that Mi#yM2 is commensurable to Mi. 
By interchanging Mi and M2, we see that Mi#jM2 is also commensurable 
to M2. By transitivity. Mi is commensurable to M2. □ 

(6.36) Corollary. There are nonarithmetic lattices T cpct Tnon inSO{l,n), 
such that Fcpct is cocompact, and T^on is not cocompact. 

Proof. We construct only Fnon- (See Exercise [6] for the construction of Fcpct, 
which is similar.) 

Define quadratic forms -61(2:) and B2{x) on Q"+^ by 

TD ( \ 2_ 2_ 2_ _ 2_ 2 

^i\x)—Xi X2 ••• a;„ a;„+i 

and 

TD I \ 2 2 2 292 

^2\X)—Xi X2 x^ ■■■ Xj^ ZX^^i- 

Let 

• Fi «SO(Bi;Z); 
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« h-'^S0{B2;Z)h, where /i = diag(l, 1, . . . , 1, ^2) e GL(n+l,M); 
M,=r,\f)"; 

Cj- be the image of i^" ^ in and 



• =rjnSO(l,n- 1). 



Then Fi and r2 are noncocompact (arithmetic) lattices in SO(l,ri) (see 6.131. 
By passing to finite-index subgroups, we may assume Fi and T2 are torsion 
free (see 4.601. Thus, Mi and M2 are hyperbohc n- manifolds of finite volume 



(see 6.24 



Because Tj w SO(l,n— 1;Z) is a lattice in SO(l,n— 1), and S0(i3j;Z) is 
normalized by the involution r of Lemma 6.32[ we know that Cj is a totally 
geodesic hypersurface in Mj that has finite volume (see 6.32). 



Let us assume that Mi \ Ci and AI2 \ C2 are connected. (See Exercise [s] 
for a way around this issue, or note that this hypothesis can be achieved by 
passing to finite covers of Afi and M2 . ) 

We know that Fi « F2 (because both subgroups are commensurable to 
SO(l,n — 1;Z)). By taking a little bit of care in the choice of Fi and F2, we 
may arrange that Fi = r2 (see Exercise M). Then 



Ci-Fi\^"-i=F2\f|"-i = C2, 
so there is an isometry / : Ci ^ C2 . 

If n is odd, then Mi is not commensurable to M2 (see 6.171, so Corol- 
lary 6.35 implies that Mi#yM2 is not arithmetic; thus, the corresponding lat- 



tice Fnon is not arithmetic (see Definition 6.33). When n is even, an additional 



argument is needed; see Exercise [TOj □ 
Proof of Theorem [Oil 

Let us recall the following lemma, which was proved in Exercise |5A#6| 

(6.37) Lemma. // 

• G has no compact factors; 

• Fi and F2 are arithmetic lattices in G; and 

• Fi n F2 is Zariski dense in G, 
then Fi is commensurable to F2. 

(6.38) Definition. Let M' be a Riemmanian 71-manifold with boundary. We 

say that M' is a hyperbolic manifold with totally geodesic boundary if 

1) M' is complete; 

2) each point of M' \ dM' has a neighborhood that is isometric to an open 
set in \ and 

3) for each point p of dM\ there are 

• a neighborhood J7 of p in M'; 

• a point X in ^""^ = {v £ S)"^ \ vi ^ Q}; 

• a neighborhood of a; in i^"; and 

• an isometry g:U ^ , where 

V+ = {v \ vi>Q}. 
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(Note that g{U n DM') = V n 



The following is a generalization of Theorem 6.34 (see Exercise 111 



(6.39) Theorem. Suppose 

• Ml and M2 are hyperbolic n-manifolds; 

• Mj is a connected, n- dimensional suhmanif old of Mj with totally geodesic 
boundary; 

• f : dM[ dM'2 is an isometry; 

• Ml and M2 have finite volume (as n-manifolds) ; 

• dMj has only finitely many components; and 

• dM[ and cJMj have finite volume (as (n — I) -manifolds). 

If the hyperbolic manifold M[ U /' M2 is arithmetic, then M[ U /' Afj is com- 
mensurable to Ml. 

Proof. 

• Let M = M( U/' M!2. 

• Write M — r\i3", for some torsion-free lattice F in P0(1, n). 

• Let (j): i^" M be the resulting covering map. 

• Let B ~ (p^^(dM'i). Because M[ has totally geodesic boundary, we know 
that i? is a union of disjoint hyperplanes. (That is, each component of B 
is of the form (7(^"~^), for some g e 0(1, n).) 

• Let V be the closure of some connected component of \ B that con- 
tains a point of 0~^(M(). 

• Let 

r' = { 7 e r I jV = V'} = {7er| jV n V has nonempty interior } 



(see Exercise [T2|, so M[ = (/}(¥) ^ r\V. 

By definition, V is an intersection of half-spaces, so it is (hyperbolically) 
convex; hence, it is simply connected. Therefore, V is the universal cover of M[, 
and r' can be identified with the fundamental group of M[ . 

Since M[ C Mi, we may define Ti, (t)i, Bi,Vi,T'i as above, but with Mi in 
the place of M. From the uniqueness of the universal cover of M{, we know 
that there is an isometry tp: V ~> Vi, and an isomorphism '>p.^,■. T' T[ , such 
that i^('jv) — ip^(j) 'ip(v), for all 7 G F' and v & V. Since ip extends to an 
isometry of we may assume (after replacing Fi with ip^^Titp) that V — V\ 
and -i/"* — Id. Hence F' = F'j^ C FnFi. It suffices to show (after replacing F by a 
conjugate subgroup) that the Zariski closure of F' contains PO(l,n)°, for then 
Lemma |6 . 37| implies F is commensurable with Fi. 

Claim. We may assume that the Zariski closure ofV contains PO(l,n)°. We 
may assume Sj^^^ is one of the connected components of dV. Since dM[ has 
finite volume, this means that 

F' n S0(1, n - 1) is a lattice in P0(1, n - 1). (6.40) 



Let F ^ be the Zariski closure of F'. From (6.40) and the Borel Density Theorem 



(4.441, we know that F' contains PO(l,n - 1)°. Then, since PO(l,n - 1)° is 



a maximal connected subgroup of PO(l,n) (see Exercise 13 1, we may assume 
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that r'° = P0(1 , n — 1)°. (Otherwise, the claim holds.) Because r'° has finite 



index in T' (see 3.33), this implies that PO(l,n — 1)° contains a finite-index 
subgroup of r'. In fact, 

{ 7 G r' I 7_ff — H } has finite index in F', for every connected component H of dV. 

(6.41) 

This will lead to a contradiction. 

Case 1. Assume dV is connected. We may assume dV = 9)"^^. Then, by 
passing to a finite-index subgroup, we may assume that T' C PO(l,n — 1) 



(see 6.41 1. Define g G Isom(^") by 

g{vi,V2,-.-,Vn) = {-Vi,V2,...,Vn)- 

Then 

• g centralizes F'; and 

• fl" ^VUg{V). 

Since T'\V = M[ has finite volume, we know that V'\g{V) also has finite 
volume. Therefore 

F'\f)" = {T'\V) U (F'\g(y)) 
has finite volume, so F' is a lattice in PO(l,n). But this contradicts the Borel 



Density Theorem (4.441 (since F' C P0(1, n-l)). 



Case 2. Assume dV is not connected. Let Hi and H2 be two distinct connected 
components of dV. Replacing F' by a finite-index subgroup, let us assume that 



each of Hi and H2 is invariant under F' (see 6.41) 



To simplify the argument, let us assume that dM[ is compact, rather than 



merely that it has finite volume. (See Exercise 14 for the general case.) Thus, 
T'\Hi is compact, so there is a compact subset C oi Hi, such that F'C = Hi. 
Let 

S = min{ dist(c, H2)\ceC}>0. 

Because F' acts by isometrics, we have S — dist(i?i, iJ2)- Because is nega- 
tively curved, there is a unique point p in Hi, such that dist(j3, -^2) = S. The 
uniqueness implies that p is fixed by every element of F'. Since F acts freely 
on i3" (recall that it is a group of deck transformations), we conclude that F' is 
trivial. This contradicts the fact that F'\iJi is compact. (Note that Hi = 
is not compact.) □ 

Exercises for §6D 

7^1. Prove Proposition |6.24[ 

^2. Show that if Fi and F2 are torsion-free lattices in P0(l,7i), such that 
Fi\i3" is isometric to F2\i3", then Fi is conjugate to F2. 

[Hint: Any isometry (p: ri\i5" ^2\^" lifts to an isometry of 

#3. Let C be a closed, connected hypersurface in an orientable Riemannian 
manifold M, and let M' be the manifold with boundary that results from 
cutting M open, by slicing along C. Show: 
a) If C is orientable, then the boundary of M is two copies of C. 
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b) If C is not orientable, then the boundary is the orientable double 
cover of C. 

c) If C is isometric to a closed, connected hypersurface Cq in an ori- 
entable Riemannian manifold Mq, and Mq is the manifold with 
boundary that results from cutting Mq open, by slicing along Co, 
then the boundary of M' is isometric to the boundary of Mq. 

#4. For Ml, M2, and / as in Exercise |4] show that if p e dM{, then p has a 
neighborhood U in M[ U / M!,, such that U is isometric to an open subset 
ofiD". 

[Hint: Find an open ball V around a point x in Sj"~^ , and isometries gi: Ui —> 
and g2 - U2 V~ , where Uj is a neighborhood of p in A/j, such that Si|gjv/| = 

i92°f)\aM[ ■] 

#5. Show that the map 0: ro\.^"^^ r\^", defined in the proof of 
Lemma |6.32[ is injective. 

[Hint: Suppose ■yx = y, for some 7 £ F and x,y a Sj"~^. Then ■y^^r-yr is an element 
of F' that fixes x, so it is trivial. Hence, the fixed-point set of r is 7-invariant.] 

#6. Assume n is odd, and construct a cocompact, nonarithmetic lattice T in 
SO(l,n). 

[Hint: Let F = Q[\/2] , define quadratic forms Bi {x) = \pix\ — x\ — x^ — ■ ■ ■ — x\ — x'^^-^ 
and B2(x) = \fix\ — x\ — xi^ — ■ ■ ■ — x\ — 3a-'^_|^j on F^+^j and use the proof of 
Corollary |6.36[ ] 

#7. In the notation of the proof of Corollary |6.36| assume that M\ \ C\ and 
Ml \ C2 are not connected; let Mj be the closure of a component of 
Mj \ Cj . Show that if /' : Ci — > Cj is any isometry (and n is odd) , then 
M'l U /' M2 is a nonarithmetic hyperbolic n- manifold of finite volume. 

#8. Eliminate the assumption that M\ \ C\ and M^ \ C2 are connected from 
the proof of Corollary |6.36 



[Hint: Define B3{x) = x\ — X2 — Xg — ■ ■ ■ — — 3a;^_|_]^. If A^ 
number of components as Affc \ Ck (and j k), then either Exercise [t] or the proof 
of Corollary |6.36| applies.] 



#9. For Bi{x) and B2{x) as in the proof of Corollary 6.36| show that there 



are finite-index subgroups Fi and F2 of S0(i3i;Z) and S0(i?2;Z), re- 
spectively, such that 

a) Fi and F2 are torsion free; and 

b) Fi nSO(l,n- 1) = F2nS0(l,n- 1). 

[Hint: Let Fj = A n SO(-Bj;Z), where A is a torsion-free subgroup of finite index in 
SL(n-|- 1,Z).] 



#10. In the notation of the proof of Corollary 6.36 show that if n is even (and 
n > 4), then Fnon is not arithmetic. 

[Hint: If 

Tnon is arithmetic, then its intersection with SO(l,n — 1) is arithmetic in 
SO(l, n. - 1), and n - 1 is odd.] 



[Hint: Apply Theorem 



#11. Derive Theorem 6.34 as a corollary of Theorem 6.39 



6.39 



Mj # Mj , where fj : Cj —> Cj is the identity 



map. Note that Mj is a double cover of Afj, so Mj is commensurable to Mj 
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#12. For r and F as in the proof of Theorem 6.39 let V be the interior of V 



and show, for each 7 £ T, that if 7^ n 7^ 0, then 7F = V. 

#13. Show that if iJ is a connected subgroup of PO(l,n) that contains 
P0(l,n-1)°, theni/ = PO(l,n-l)°. 

#14. Ehniinate the assumption that dM[ is compact from Case [2] of the proof 
of Theorem 16.391 

[Hint: The original proof applies unless dist{_f/i , H2) = 0, which would mean that 
Hi and H2 intersect at infinity. This intersection is a single point, and it is invariant 
under F', which contradicts the Zariski density of F'.] 



§6E. Noncocompact lattices in SL(3, 



We saw in Proposition 6.8 that SL(2,Z) is essentially the only noncocompact, 
arithmetic lattice in SL(2,IR). So it may be surprising that SL(3,Z) is not the 
only one in SL(3,M). 

(6.42) Proposition. Let 

• L be a real quadratic extension ofQ, so L — Q{\/r), for some square-free 
positive integer r > 2; 

m a be the Galois automorphism of L; 

• a be the automorphism ofMai^xsiL) induced by applying a to each entry 
of a matrix; 

[0 1' 

• J3 = 1 ; and 

1 

. r = SU(J3;Z[yr],(7) - {.geSL(3,Z[yf]) | a(<?^) J3 3 = }• 
Then: 



1) T is an arithmetic lattice in SL(3,M); 

2) r is not cocompact; and 

3) Q-rank(r) = 1. 



Proof. ([T|) This is a special case of Proposition 15.55 



61, but we provide a 



5E|. 



concrete, explicit proof (using the methods of \ 5D and \ Z 
Define 

• A: L3 by A(^;) ^ („, J3ct(„)), 
. Vq = A(L3), 

• £ = A(Z[v^3^; and 

• p: SL{3,R) ^ SL{6,R) by p{A){v,w) = {Av,{A^)-^w) for v,w el 
Then 

• Vqisa. Q-form of (cf. Exercise [5E#5b| , 

• £ is a vector-space lattice in Vq (cf. Exercise 5E#5cl, 

• p is a homomorphism, 

• p(SL(3,M)) is defined over Q (with respect to the Q-form Vq) (see 
below), and 

• T = {ge SL(3,M) | p{g)C = C} (cf. Exercise [5E#I|) . 



6.43 
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Thus, Proposition 5.37 1 1 (together with Theorem 5.10) imphes that F is an 
arithmetic lattice in SL(3,M). 
Now let us show that 

/9(SL(3,M)) is defined over Q. (6.43) 
This can be verified directly, by finding an appropriate collection of Q- 
polynomials, but let us, instead, show that p(SL(3, E))^ is dense in p(SL(3, M)) . 

Define Ui as in (6.44), but allowing a,b,c to range over all of Q, instead 
of only 2Z. Then p{Ui)Vq C Vq (see Exercise [l|, so p{Ui) C p(SL(3,E))q. 
Furthermore, Ui is dense in 



U ^ 



Similarly, there is a dense subgroup U2 of U"^ , such that p{U2) C p(SL(3,M))q 
(see Exercise [2]) . Since {U,U'^) = SL(3,K), we know that {Ui,U2) is dense 
in SL(3,M), so p(SL(3,E))q is dense in p(SL(3,K)). Therefore p(SL(3,M)) is 
defined over Q (see |5.8[ ) . 

([2]) By calculation, one may verify, directly from the definition of F, that 
the subgroup 

"1 a + b^ -{a'^ - rb'^)/2 + cy/f 
1 -a + by^ 

1 
is contained in F. Then, since every element of Ur is unipotent, it is obvious 



Ur 



a,b,c E 2Z 



(6.44) 



that F has nontrivial unipotent elements. So the Godement Criterion (5.30) 
implies that T\G is not compact. 

([3]) Define a nondegenerate cr-Hermitian form B{x, y) on L^ by B{x, y) = 
a{x^ J^y. Then (1,0,0) is an isotropic vector for B. On the other hand, be- 
cause B is nondegenerate, and L^ is 3-dimensional, there are no 2-dimensional 
totally isotropic subspaces (see Exercise C.6#7[ ). Thus, the maximal totally 
isotropic subspaces are one-dimensional, so Q-rank(F) ~ 1 (cf. |8.6p|)). □ 



(6.45) Remark. 
1) Recall that 



2.12 



and 



8.6 



.42 



0)- 



Thus, 



6.42 



3) 



are conjugate to a 



rank(SL(3,Z)) = 2 (see 
implies that none of the lattices in Proposition [6 
lattice that is commensurable with SL(3,Z). 

Indeed, let X = SL(3, M)/ S0(3) be the symmetric space associated to 
SL(3,K). Theorem 2.16 implies that if F is one of the lattices constructed 



in Proposition 6.42| then the geometry of the locally symmetric space 
T\X is very different from that of SL(3,Z)\X. Namely, F\X is only 
mildly noncompact: it has finitely many cusps; its tangent cone at 00 
is a union of finitely many rays. In contrast, the tangent cone at 00 of 
SL(3, Z)\X is a 2-complex, not just a union of rays. Even from a distance, 
T\X and SL(3,Z)\X look completely different. 
2) Different values of r always give essentially different lattices (see Exer- 
cise 111, but this is not so obvious. 
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The classification results stated in |Chapter 15| imply that these are the only 
lattices in SL(3,M) that are not cocompact. 



(6.46) Proposition. SL(3,Z) and the lattices constructed in Proposition 6.42 
are the only noncocompact lattices in SL(3,]R) {up to commensurability and 
conjugates) . 



on p. 



2541. Let r be a lattice in SL(3,M), such that 



Proof (from fig. 15.2 
r\SL(3,E) is not compact. We know, from the Margulis Arithmeticity Theo- 
rem (5.211, that r is arithmetic. Since r\SL(3,M) is not compact, this implies 
there are 

• a group G C SL(^,IR), defined over Q, and 

• an isogeny cj): G ^ SL(3,M), 



such that (j){Gz) is commensurable with T (see 5.171. 

From fig. |15.2[ we see that there are only two possibilities for Gq. Further- 
more, because r\SL(3,M) is not compact, we must have F — ^ (see 15.60). 



Case 1. Assume Gq = SL(n, D), for some central division algebra D of degree d 
over Q, with dn = Because 3 is prime, there are only two possibilities for n 
and d. 

Subcase 1.1. Assume n — i and d — 1. Because d = 1, we have dimQ £) = 1, so 
D = Q. Thus, Gq = SL(3,Q). Therefore F « SL(3,Z). 

Subcase 1.2. Assume n — 1 and d = 3. We have Gq — SL(1,Z)). Then F « 
SL(1,0£,) is cocompact (see [632P ). This is a contradiction. 

Case 2. Assume Gq = S\J{B;D,t), for B,D,a as m \15.48'[ ^, with F = Q, 
L C R, and dn — 3. li n = 1, then Gq = SL(1,£)), so Subcase 1.2 applies. 
Thus, we may assume that n = 3 and d = I. 

Since d = 1, we have D = L, so Gq = SU(-B; L, a), where a is the (unique) 
Galois automorphism of L over Q, and i? is a cr-Hermitian form on L^. 

Since F is not cocompact, we know that B is isotropic (cf. 8.6 2|), so there is 
a basis of L with [B] — J3 (see 15.72 13|). Therefore F is as in Proposition 6.42 □ 

Exercises for §6E 

#1. For Ui, p, and 



as in the proof of 6.42 1 1, show that p(Ui)ViQ C 



=f^2. In the notation of the proof of Proposition 6.42 find a dense subgroup U2 
of 

1 
* 1 



1 



such that p{U2) C p(SL(3,M)), 



#3. Assume the notation of the proof of Proposition |6.42[ and let G = 
p(SL(3,M)). 

a) Show that G is quasisplit. That is, show that some Borel subgroup 
of G is defined over O. 
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b) Show that every proper paraboHc Q-subgroup of G is a Borel sub- 
group of G. 

[Hint: Let B be the group of upper-triangular matrices in SL(3,M). Then _B is a Borel 
subgroup of SL(3,K), and p{B) is defined over Q.] 

#4. Suppose Fi and r2 are noncocompact lattices in SL(3,]R) that corre- 
spond to two different values of r, say ri and r2- Show that Fi is not 
commensurable to any conjugate of 

[Hint: There is a diagonal matrix in Fi whose trace is not in Z[-y/r2] .] 



§6F. Cocompact lattices in SL(3, 



Combining the ideas of Example |6. 1| and Proposition 6.42 results in the follow- 
ing construction of cocompact lattices in SL(3,M). 

(6.47) Proposition. Let 

• F he a totally real algebraic number field; 

• L be a totally real quadratic extension of F , 

• T be the Galois automorphism of L over F ; 

• a,b £ F^ , such that 

o a{a) and (t(6) are negative, for every place a ^ Id; and 
o (0,0, 0) is the only solution in L of the equation a x t{x) + by T(y) — 
zt{z); 

• O be the ring of integers of L; and 

• r = SU(diag(a,6,-l);C',T). 

Then T is a cocompact, arithmetic lattice in SL(3,Ili). 

Here is a construction of additional examples. See Example |6 . 50 1 for explicit 
examples of L and p that satisfy the hypotheses. 

(6.48) Proposition. Let 

• L be a cubic, Galois extension of Q (that is, a Galois extension of Q, 
such that |iv : Ql = 3); 

• a be a generator o/Gal(L/Q) [note that Gal(L/Q), being of order 3, is 
cyclic); 

• O be the ring of integers of L; 

• pe Z+; 

• (f): L'^ —> Mat3x3(i) be given by 

X y z 

{x,y,z)= pa{z) a{x) (j{y) ; (6.49) 



po\y) pa\z) a\x) 



and 

• r = {7 e 0(O3) I det7 = 1}. 



Then: 

1) T is an arithmetic lattice in SL(3,M). 

2) r is cocompact if and only if p ^ ta(t) cr^{t), for all t £ L. 
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Proof. ([T]) It is easy to see that 

• L cM. (see Exercise [TJ; 

• (^(i^) and <?ii(0^) are subrings of Mat3x3(-Z^) (even though is not a ring 
homomorphisni) ; 

• 0(L3) is a Q-form of Mat3x3(M); 

• 0(0^) is a vector-space lattice in <j){L^); 

• if we define p: Mat3x3(M) —> EndR(Mat3x3(M)) by p{g){v) = gv, then 
p(SL(3,IR)) is defined over Q (with respect to the Q-form (l){L^) (see Ex- 
ercise |2|); and 

. r = {geSL(3,M) |g0(O3) = 0(O3)|, 



So r is an arithmetic lattice in SL(3,M) (see 5.37 1 1). 

([2]<J=) If G/r is not compact, then there is a nontrivial unipotent element u 



in r (see 5.30). Then 1 is an eigenvalue of p{u) (indeed, it is the only eigenvalue 
of p{u)), so there is some nonzero v € (j){L^) with uv = v. Hence (u — \)v = 0. 
Since 1 and w ^ 0, we conclude that 4>{L^) has a zero divisor. 

Thus, it suffices to show that D — (j>{L^) is a division algebra. (That is, 
every nonzero element of D is invertible.) For convenience, define N: L 



by N{t) = ta{t)a'^{t) (see Definition [a6| . We know that p ^ N{t), for all 



teL.lt is easy to see that N{tit2) = N{ti) N{t2). 

Note that \fxyz = 0, but (x, y, z) ^ (0, 0,0), then 0(a:, j/, z) is invertible. For 
example, if z = 0, then det (/)(a;, y, z) = N{x) + pN{y). Since p ^ N{—x/y) = 
—N{x)/N{y) (assuming y ^ 0), we have det (/)(a:, y, z) ^ 0, as desired. The 
other cases are similar. 

For any x,y, z e L, with z 7^ 0, we have 



1, --, (j){x, y, z) = 0(0, *) 

pcr(z) J 

is invertible, so 4>{x^y,z) is invertible. 

(|2^=>) If p = ta{t) o-^(i), for some t e L, then one can show that (piL"^) = 



Mat3x3(i^) (cf. C.IO). From this, it is easy to see that (j>{0^) contains unipotent 
elements. This implies that (p{0^) is not cocompact. □ 

(6.50) Example. Let 

• C = 2cos(27r/7), 
. L^QiC], and 

• p he any prime that is congruent to either 3 or 5, modulo 7. 
Then 

1) L is a cubic, Galois extension of Q; and 

2) p ta{t) a'^{t), for all t E L, and any generator a of Gal(L/Q). 

To see this, let uj = e^'"'^!'' be a primitive 7*^ root of unity, so C^—uj + ufi. Now 
it is well known that the Galois group of '^ui\ is cyclic of order 6, generated by 



t{ijj) — ufl (see A. 48 1. So the fixed field L of r"* is a cyclic extension of degree 
6/2 = 3. 

Now suppose ta(t) a^it) — p, for some t G L^ . Clearing denominators, we 
have s a{s) a'^{s) ^ pm, where 
• me Z+: 
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• s = a + h{uj + uj^) + c{uj + <jj^)^, with a,b,c£ Z and gcd(a, 5, c). 
Replacing uj with the variable x, we obtain integral polynomials si (x) , S2 (a;) , S3 (x) , 
such that 



Si{x)s2{x)s3{x) = pm = in 



Zp[x] 



This implies that a; + a; + • • • + 1 is not irreducible in 1ip[x]. This contradicts 
the choice of p (see Exercise [1]) . 



(6.51) Remark. The Kronecker- Weber Theorem (cf. Remark C.4| implies that 
all of the cubic, Galois extension fields L of Q can be constructed quite explic- 
itly, in the manner of Example |6.50[ 

• Choose n E Z+, such that f{n) is divisible by 3 (where 

ip{n) = #{ fc I 1 < /c < n, gcd(fc, n) = l} 
is the Euler tp- function) . 

• Let w = e^'^*/" be a primitive n}^ root of unity. 

• Let H be any subgroup of index 3 in the multiplicative group (Z„)^ of 
units modulo n. 



Let C^Efceff' 
Let L : 



= EfceHCos(27rfc/n). 



In the proof of Proposition 6.48 we showed that 4i{L^) is a division algebra 
ii p^ t a{t) cr^(t). Conversely, every central division algebra of degree 3 over Q 
arises from this construction (cf. C.7l, so we can restate the proposition in the 
following more abstract form. 

(6.52) Proposition. Let 

• L be a cubic, Galois extension ofQ, 

• D be a central division algebra of degree 3 o^er Q, such that D contains L 
as a subfield, and 

• O be a vector-space lattice in D, such that O is also a subring of D 
(see \T54d( l. 

Then there is an embedding cj): D ^ Mat3x3(K), such that 

1) (/)(SL(1,£))) is a Q-form o/Mat3x3(ffi); and 

2) (?!>(SL(1, O)) is a cocompact, arithmetic lattice in SL(3,M). 
Furthermore, 0(SL(1,C')) is essentially independent of the choice of O or 

of the embedding (j). Namely, if O' and 4> are some other choices, then there 
is an automorphism a o/SL(3,M), such that a0'(SL(l, C)) is commensurable 
with (?!)(SL(1,0)). 



The classification results summarized in fig. 15. 2| (on p. 254) show that all 
cocompact lattices in SL(3,M) can be obtained from these constructions. The 



proof is similar to Proposition 6.46 



(6.53) Proposition. The lattices constructed in Propositions 6.^1 and 6.48 

are the only cocompact lattices in SL(3,M) {up to commensurability and conju- 
gates) . 



6G. LATTICES IN SL{N,R) 
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Exercises for §6F 

^1. Show that if L is a Galois extension of Q, such that \L : Q\ is odd, then 
LcR. 



7^2. Assume the notation of the proof of Proposition 6.48 For h e L^, define 
Th G EndK(Mat3x3W) by T^(t;) = v. 

a) Show that ^(/i) € EndM(Mat3x3(lR))Q. (This is the Q-form on 
EndM(Mat3x3(M) corresponding to the Q-form (j){L^) on Mat3x3(M).) 

b) Show that p(Mat3x3(M)) is the centrahzer of {Th \ h e L^}. 

c) Show that p(SL(3,M)) is defined over Q. 

^3. In the notation of Proposition 6.48 show that ii p = ta{t) a'^{t), then 



<j){L^) is not a division algebra. 

[Hint: <j>{l,l/t, l/{tu{t))) is not invertible.] 

#4. Let 

• p and q be distinct primes, and 

• f{x) = H h X + 1. 

Show that f{x) is reducible over Zp if and only if there exists r g 
{1, 2, . . . , g — 2}, such that p^ = 1 (mod q). 

[Hint: Let g{x) be an irreducible factor of /(x), and let r = deg(;(x) < q — 1. Then 
f{x) has a root « in a finite field F of order . Since a is an element of order q in , 
we must have q | ^F^ .] 



§6G. Lattices in SL(r2,M) 

Let us briefly describe how the results for SL(3, M) generalize to higher dimen- 
sions. (The group SL(2,]R) is an exceptional case that does not flt into this 
pattern.) The proofs are similar to those for SL(3,R). 

Proposition |6.52| generalizes in an obvious way to provide cocompact, 
arithmetic lattices in SL(n,R). By replacing SL(1,C') with the more general 
SL(m,C'), we also obtain lattices that are not cocompact (if n is composite). 

(6.54) Proposition. Let 

• D be a central division algebra of degree d over Q, such that D splits 
over M; 

• TO S Z"*"; and 

• O be vector-space lattice in D that is also a subring of D. 

Then 0(SL(to, O)) is an arithmetic lattice in SL(dTO,K), for any embedding 
4): D ^ Matdxd(M), such that (j}{D) is a Q-form o/ Matdxd(IR) • 
It is cocompact if and only if m — I. 

Let us state a version of Proposition |6.47| that replaces the quadratic ex- 
tension L with a larger division algebra. 

(6.55) Proposition. Let 

• L be a real quadratic extension ofQ; 

• D be a central simple division algebra of degree d over L; 
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• T be an antiinvolution of D, such that t\l is the Galois automorphism 
of L over Q; 

• 61, . . . , 6m G , such that T(bj) — bj for each j; 

• O be a vector-space lattice in D, such that O is a subring of D; and 

• r = su(diag(6i,fe2,...,M;e^,^)- 

Then: 

1) T is an arithmetic lattice in SL(m(i, M). 

2) r is cocompact if and only if 

t{x^) diag(&i,52,...,6„i)2:7^0 
for all nonzero x € D™ . 

Additional examples of cocompact lattices can be obtained by generalizing 
Proposition |6.55| to allow L to be a totally real quadratic extension of a to- 



tally real algebraic number field F (as in Proposition 6.471. However, in this 
situation, one must then require 61, ... ,5m to be chosen in such a way that 
SU(diag(&i, ^2, ■ ■ ■ , 5m); O, r)'" is compact, for every place a of F, such that 
a 7^ Id. For n > 3, every arithmetic lattice of SL(ri,]R) is obtained either from 
this unitary construction or from Proposition 16.54) 

§6H. Quaternion algebras over a field F 



(6.56) Definition (cf . [Qgp f ) . 

1) For any field F, and any nonzero (3,^ ^ F , the corresponding quaternion 
algebra over F is the ring 

Dp^^{F) ^ {a + bi + cj + dk\a,b,c,d(^ F}, 

where 

• addition is defined in the obvious way, and 

• multiplication is determined by the relations 

«^ = f = 7, ij ^ -ji, 
together with the requirement that every element of F is in the 
center of D. 

2) The reduced norm of x — a + bi + cj + dk Cz Dp^-y^F) is 

N,.od(a;) = - /362 _ + Pjd"^. 

(6.57) Example. 

1) We have D_i^_i{R) = M. 

2) We have Di,20,,2y{F) = Dp^^{F) for any nonzero b,c E F (see Exer- 



C.6#4l 



3) We have Di,2 j{F) = Mat2x2(-F'), for any nonzero b,j G F (see Exer- 



C.6#5l 



4) We have N.^^igh) = N,ed(g) • N„d(/i) for g,he Dp^^{F). 
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(6.58) Lemma. We have I>/3,-^(C) ^ Mat2x2(C), for all P,j eC, and 

^ ^ I H iff3<0. 
Proof. The conclusions follow from the observations in Example |6.57| □ 

(6.59) Definition. Suppose Dp^^{F) is a quaternion algebra over a field F. 

1) Define : Dp^^{F) Dp'^{F) by 

Tr(ao + aii + a2j + a^k) = + aii - + a^k. 
This is the reversion on D. 

2) For B e GL(n, D), with = Tr{B), let 

SU(J5; Tr) = { .9 e SL(n, D) | Tr{g^)Bg ^ B}. 

Notes 

The construction of all arithmetic lattices in SL(2,E) is discussed (from the 
point of view of quaternion algebras) in [2J Chap. 5]. 

The original paper of Gromov and Piatetski-Shapiro [T on the construction 
of nonarithmetic lattices in S0(1, n) (i ]6D| is highly recommended. The exposi- 
tion there is very understandable, especially for a reader with some knowledge 
of arithmetic groups and hyperbolic manifolds. A brief treatment also appears 
in ^3, App. C.2, pp. 362-364]. 

Should include history of nonarithmetic lattices in SO(l,n)!!! 
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Chapter 7 



Real Rank 



(7.1) Assumption. Assume that G is a closed subgroup of SL(^, M), for 
some I. (The definitions and results of this chapter are independent of the 
particular embedding chosen.) 

§7A. M-split tori 

(7.2) Definition. A closed, connected subgroup T of G is a torus if T is diago- 
nalizable over C; that is, if there exists g G GL(n, C), such that g~^Tg consists 
entirely of diagonal matrices. 



We will usually also assume that T is almost Zariski closed (see 3.34) 



Because commuting diagonalizable matrices can be simultaneously diago- 
nalized, we have the following: 

(7.3) Proposition. A subgroup T of G is a torus if and only if 

• T is closed and connected, 

• T is abelian, and 

• every element of T is semisimple. 

(7.4) Example. 

• T = S0(2) is a torus in SL(2,E) (see Exercise [l|. It is clear that T 
is closed, connected, and abelian. Since every element of T is a normal 
linear transformation (that is, commutes with its transpose), we know 
from elementary linear algebra that every element of T is diagonalizable. 

• Generalizing the preceding, we see that T = S0(2)" is a torus in 
SL(2n,M). Note that T is homeomorphic to the 7i-torus T". (In fact, 
any compact torus subgroup is homeomorphic to a topological torus.) 
This is the motivation for the term torus. 



The Standing Assumptions ijSAjl are in effect, so, as always, F is a lattice in the 
semisimple Lie group G. 

Copyright © 2001-2008 Dave Witte Morris. All rights reserved. 
Permission to make copies of these lecture notes for educational or scientific use, including 
multiple copies for classroom or seminar teaching, is granted (without fee), provided that 
any fees charged for the copies are only sufficient to recover the reasonable copying costs, 
and that all copies include this copyright notice. Specific written permission of the author is 
required to reproduce or distribute this book (in whole or in part) for profit or commercial 
advantage. 
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• Let T be the identity component of the group of diagonal matrices in 
SL(n,M). Then T is obviously a torus. However, it is homeomorphic to 
E"^^, so it is not a torus in the usual topological sense. 

• The hypothesis that T is abelian cannot be omitted from Proposition |7. 3 1 
For example, every element of SO(n) is semisimple, but SO(n) is not 
abelian if n > 3. 

(7.5) Definition. A torus T in G is R-split if T is diagonalizable over M; that 
is, if there exists g G GL(n,E), such that g^^Tg consists entirely of diagonal 
matrices. 

(7.6) Warning. An M-split torus is never homeomorphic to T" (except in the 
trivial case n ~ 0). 

An element of G is hyperbolic if it is diagonalizable over M. In this termi- 
nology, we have the following analogue of Proposition |7.3[ 



(7.7) Proposition. A subgroup T of G is an R-split torus if and only if 

• T is closed and connected, 

• T is abelian, and 

• every element of T is hyperbolic. 

(7.8) Example. Although S0(2) is a torus in SL(2,IR), it is not M-split. 
Namely, the eigenvalues of 

cos 6 sin t 
— sin 9 cos ( 



9 



£ S0(2) 



are cos6'±isin6', which are (usually) not real, so g is not diagonalizable over E. 

show that g~^ S0{2)g consists entirely of diagonal 



Exercises for §7A 

#1. For g = ^ ^ 



matrices. 
#2. Prove Proposition |7.7[ 



§7B. Definition of real rank 

(7.9) Definition. ]R-rank(G) is the dimension of any maximal M-split torus 
of G. (This does not depend on the choice of the maximal torus, because all 
maximal M-split tori of G are conjugate.) 

(7.10) Example. 

1) M-rank(SL(n, M)) n — 1. (Let T be the identity component of the group 
of all diagonal matrices in SL(n,M).) 

2) Wc have M-rank(SL(n, C)) = M-rank(SL(n, H)) = 1. This is because only 
the real diagonal matrices in SL(ri, C) remain diagonal when SL(7i, C) is 
embedded in SL(2n,C). 
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T: 



t e 



3) Since S0(1, 1) C SL(2,R), we have 

M-rank(SO(l, 1)) < ]R-rank(SL(2, M)) 1. 
Let us show that equahty holds. 

Recall that cosht — (e* + e"*)/2 and sinht — (e* — e"*)/2, and let 

cosh t sinh t 
sinh t cosh t 

An easy calculation (using the fact that cosh'^ t — sinh'^ t = 1) shows 
that T C S0(1,1). Another easy calculation shows that T is a (closed, 
connected) subgroup of S0(1, 1). Thus, T is a torus. 
Since every element of T is symmetric, a theorem of linear algebra im- 
plies that every element of T is diagonalizable over R; thus, T is M-split 
(see Exercise [T| . Hence 

M-rank(SO(l, 1)) > dimT = 1, 

as desired. 

4) Suppose T is a nontrivial M-split torus in SO(m, n). Because T is diago- 
nalizable, there is a basis of that consists entirely of eigenvectors. 
Then, since T is nontrivial, we conclude that there is some a € T and 
some nonzero v G K"'^", and some A > 1, such that av — Xv. Since 

we have 

= {X-'^v I X-'^vU^.,. = A-2fc(^; I ^;)R,„,„ ^. 
V I u)R7n,,i is independent of k, we conclude that 
{v I = 0; 

that is, V is an isotropic vector. 

Thus, the existence of a nontrivial K-split torus implies the existence of 
a nontrivial isotropic vector. In particular, since the usual inner product 
on K" has no isotropic vectors, we conclude that M-rank(SO(n)) — 0. 



a preserves the form 

{v I w)k™." 
as fc ^ oo 



a '^v \ a ^v) 



Since 



(7.11) Proposition. M-rank(SO(TO, n)) 



min{m, n}. 



Proof. Step 1. We have M-rank(SO(m, n)) > min{m, n\. We may assume m < 
n. Let 



G = lS0m{Xi — X2 + X^ — X4± - ■ ■ + X2,n~l — X2,n+ ^2771+1 + ^2m+2~^ ^^m+n)°- 

Then G is isomorphic to SO(to, n)°. (Indeed, G is conjugate to SO(m, n)°, sim- 
ply by permuting the basis vectors.) Therefore, ]R-rank(G) ~ M-rank(SO(m, n)) . 
There is an obvious embedding of S0(1, 1)™ in G: 

[80(1,1) 

S0(1,1) 



S0(1,1) 



Id 



n — m.n—m 



c G, 



-ran 



k(G) > m • M-rank(SO(l, 1)) = m • 1 = m. 
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Step 2. We have K-rank(G) < min{m,n}. By making the argument of Exam- 



ple 7.10 4) more precise, one shows that the existence of a large E-split torus 
implies the existence of a large collection of isotropic vectors, indeed, an entire 
totally isotropic subspace; that is, a subspace W, such that {v \ w)m.m,7i = 
for all v,w Q More precisely, there is totally isotropic subspace whose 

dimension is R-rank(G). [Probably should prove this!!!] Since min{m, n} is 
the maximum dimension of a totally isotropic subspace of ]R™+", the desired 
conclusion follows. □ 

(7.12) Remark. In geometric terms, the real rank of SO (to, n) is the dimension 
of a maximal totally isotropic subspace of A similar result holds for 
other classical groups. More concretely, we have 

M-rank SO(m, n) = M-rank SU(to, n) = M-rank Sp(m, n) = min{m, n}. 

(7.13) Lemma. 

M-rank(Gi x G2 x • • • x G^) = M-rank(Gi) + M-rank(G2) H h M-rank(Gr). 

Exercises for §7B 

^1. Let T be as in Example 7.10 3). Find an explicit element g of GL(2,]R), 



such that g ^Tg consists entirely of diagonal matrices. 



#2. Prove, directly from Definition |7.5| that if Gi is conjugate to G2 in 
GL(£,]R), then M-rank(Gi) = M-rank(G2). 



§7C. Relation to geometry 

The following theorem describes a natural one-to-one correspondence between 
the maximal M-split tori of G and the maximal flats in X. This provides the 
connection between the algebraic definition of real rank and the geometric 
material of j ]2A[ 

(7.14) Example. Let G be the identity component of the group of diagonal 
matrices in G = SL(2,IR). As usual, G acts on by linear-fractional trans- 
formations. Note that the T-orbit Ti = M+i is a geodesic in ff' . Because G 
is transitive on the set of geodesies, any other geodesic in is of the form 
{gTg~^){gi), for some g G G. Note that gTg~^, being conjugate to T, is a 
maximal M-split torus of G. Thus, each geodesic in i^^ corresponds to an M- 
split torus in G. The following theorem is generalizes this observation to all 
symmetric spaces of noncompact type. 

(7.15) Definition. A group T acts simply transitively on a set F if, for all 

/ij /2 G F, there is a unique t G T, such that tfi = /2. 

(7.16) Theorem. Assume G has no compact factors {or, equivalently, that X 
is of noncompact type). For every flat F in X, there is a unique R-split torus T 
of G, such that TF — F. Furthermore, T acts simply transitively on F. 

Conversely, for every R-split torus T of G, there is a flat F in X , such 
that TF = F, and T acts simply transitively on F. Furthermore, if the R-split 
torus T is maximal, then the corresponding flat H is unique. 
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(7.17) Remark. Note that R^~^ acts simply transitively on {p}xM.^~^ , for every 
p G M. Thus, if T is an M-split torus of G that is not maximal, then T acts 
simply transitively on uncountably many flats of X. 



§7D. Parabolic subgroups 

(7.18) Definition. A closed subgroup P of G is parabolic if there is a hyper- 
bolic element a of G, such that 



P = < geG 



limsup II a "'5'a"|l < oo 

n — >oo 

(7.19) Remark. G is a parabolic subgroup of G (let a — e), but it is the proper 
parabolic subgroups that are most interesting. 

(7.20) Example. 

• Up to conjugacy, there is only one (proper) parabolic subgroup of 

* *^ 





SL(2,M), namely ( * * 1 . (Take a diagonal matrix a with ai^i > 02,2 > 



0.) 

Up to conjugacy, there is are 3 (proper) parabolic subgroups of SL(3,M), 
namely 




To verify that these three subgroups are parabolic, take a diagonal ma- 
trices a, b, and c with 

1) ai^i > 02,2 > 03,3 > 0; 

2) = &2,2 > &3,3 > 0; and 

3) Ci,i > C2,2 = C3,3 > 0. 

Up to conjugacy, there is only one (proper) parabolic subgroup P of 
S0(l,7i). It is easier to describe P if we replace Id„i,„ with a different 
symmetric matrix of the same signature: let G = SO(i?;M)°, for 

/O 1^ 

5=0 Id(„_i)x(„-i) 
\1 0; 



Then G is conjugate to SO(l,n)° (cf. Exercise 3D#3), and a parabolic 
subgroup in G is 

' t * * 

SO(n-l) * 
^0 

The following result explains that a parabolic subgroup of a classical group 
is simply the stabilizer of a (certain kind of) flag. (For the general case, includ- 
ing exceptional groups, the theory of real roots gives a good understanding of 
the parabolic subgroups.) 
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(7.21) Definition. Let (• | •) be a bilinear or Hermitian form on a vector 
space V. A subspace of is totally isotropic if {W \ W) — 0. 

(7.22) Theorem. 1) A subgroup P o/SL(n,]R) is parabolic if and only if 
there is a chain Vb C Vi C • • • C Vfc of subspaces o/M", such that 

P={geSL{n,R) | Vz, gV^^V,}. 
Similarly for SL(n, C) and SL(n,IHI), taking chains of subspaces in C" 
and H". 

2) A subgroup P o/SO(m,n) is parabolic if and only if there is a chain 
Vo C Vi C • • • C Vfc of totally isotropic subspaces o/IR™+" {with respect 
to the form (• | •)Rm,„ of Exer. 3D^8\, such that 

P={.geSO(m,n) | Vz, gV, = V,}. 

Similarly for SO(n,C), SO(n,IHI), Sp(2m,K), Sp(2m,C), SU(m, n) and 
Sp(m, n). 

(7.23) Definition. A bilinear form B{x, y) on a vector space V is isotropic if 
B{v,v) = 0, for some nonzero v (^V. Otherwise, B(x,y) is anisotropic. 

(7.24) Proposition. Let B{x,y) be a symmetric, bilinear form on a finite- 
dimensional vector space V over any field F of characteristic 0. If B is nonde- 
generate, then V can be decomposed as an orthogonal direct sum V — Wi®W2, 
such that 

1) there is a basis B of Wi, such that the matrix of B\wi, with respect to 
this basis, is block diagonal, with each block being the 2x2 matrix 

^0 1' 

and 

2) the restriction of B to W2 is anisotropic. 



(7.25) 



Proof. We may assume there is some nonzero v ^V, with B(v,v) — 0. (Oth- 
erwise, let Wi = and 14^2 = V.) Because B is nondegenerate, there is 
some w € V with B{v,w) ^ 0. Multiplying w by a scalar, we may assume 
B{v,w) = 1. 

For t ^ F, we have 

B{v, w + tv) = B{v, w) + tB{v, -y) = 1 + t • = 1 

and 

B{w + to, w + tv) — B{w, w ) + 2tB{v, w) + t^B{v, v) ^ B{w, w) + 2t. 

Thus, we may assume B(w,w) — (by replacing w with w + tv, where t = 
-B{w,w)/2). 

Now the matrix of with respect to the basis {v,w}, is the 2x2 

matrix (7.251. By induction on dimT^, we may assume there is an appropriate 
basis B' for (u, w)^ . Let B = {m, v} U B' . □ 

(7.26) Theorem (Witt's Theorem). Let B(x,y) be a nondegenerate, symmet- 
ric, bilinear form on a vector space V over any field F. If 
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• Wi and W2 are any subspaces of V , and 

• (t; Wi W2 is any linear map, such that B(^a{v),(T{w)^ = B{v,w), for 
every v,w G Wi, 

then there is an isometry a of V , such that a{v) — v, for every v £ Wi. 

(7.27) Definition. The unipotent radical of a subgroup _ff of G is the (unique) 
maximal unipotent, normal subgroup of H. 

(7.28) Theorem (Langlands Decomposition). If P is parabolic, then we may 
write P in the form P — MAN , where 

• A is an R-split torus, 
. MA = CaiA), 

• M / Z{M) is semisimple, 

• Z{M) is compact, and 

• N is the unipotent radical of P. 
For some a £ A, we have 



N^[geG 



lim a "■ga" 



(7.29) Proposition. 

1 ) The minimal parabolic subgroups of G are conjugate to each other. 

2) A parabolic subgroup P is minimal if and only if, in the Langlands de- 
composition of P, the subgroup A is a maximal M.-split torus of G. 

3) A parabolic subgroup P is minimal if and only if, in the Langlands de- 
composition of P, the subgroup M is compact. 

4) A parabolic subgroup P is minimal if and only if the unipotent radical 
of P is a maximal unipotent subgroup of G. 

(7.30) Remark. Maximal parabolic subgroups are usually not all conjugate to 
each other. For example, we see from Eg. |7.20| that there are two conjugacy 
classes of maximal parabolic subgroups of SL(3,M). For classical groups, a 
maximal parabolic subgroup is the stabilizer of a single subspace; parabolics 
corresponding to subspaces of different dimension are not conjugate. 

(7.31) Remark. HP is parabolic, then G/P is compact. The converse does not 
hold. (For example, if P = MAN is a minimal parabolic, then G/{AN) is 
compact, but AN is not parabolic unless M is trivial.) However, passing to the 
complexification does yield the converse: P is parabolic if and only if Gc/Pc 
is compact. Furthermore, P is parabolic if and only if Pc contains a maximal 
solvable subgroup ("Borel subgroup") of Gc- 

(7.32) Theorem (Tits). If U is any unipotent subgroup of G, then there is a 
parabolic subgroup P of G, such that 

1) U is contained in the unipotent radical of P , and 

2) Ng{U) c p. 

(7.33) Corollary. The maximal unipotent subgroups of G are precisely the 
unipotent radicals of the minimal parabolic subgroups ofG. 
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(7.34) Corollary. All maximal unipotent subgroups of G are conjugate. 

(7.35) Corollary. If P is a parabolic subgroup of G, then Nc{P) = P- 

(7.36) Proposition. Let U be a unipotent subgroup o/SL(^,M). 

1) If U has only finitely many components, then U is connected, Zariski 
closed, and simply connected. 

2) Let U be the Zariski closure of U . Then U /U is compact. 

3) IfU is connected, and A is any lattice in U , then A is Zariski dense in U . 

(7.37) Proposition. Let H be a Lie group, such that H° is a noncompact, 
simple Lie group. The group H is connected if and only if H is generated by 
unipotent elements. 

If G is a classical group, then, from the description of parabolic subgroups 
as stabilizers of flags (see 7.22), it is easy to see that G has only finitely many 
conjugacy classes of parabolic subgroups. More precisely, it is easy to verify 
the following result for classical groups. (The general case is obtained from the 
theory of real roots.) 

(7.38) Theorem. G has only finitely many conjugacy classes of parabolic sub- 
groups. 

More precisely, the number of conjugacy classes is 2^ , where r = IR-rank(G). 

(7.39) Corollary. G has a proper parabolic subgroup if and only z/M-rank(G) ^ 
0. 



§7E. Groups of real rank zero 

The following observations describe several characterizations of the groups of 
real rank zero (see Exercise [ij . 

(7.40) Proposition. The following are equivalent: 

1 ) IR-rank(G) 0; 

2) G is compact; 

3) every element of G is elliptic; 

4) G has no nontrivial unipotent elements; 

5) G does not contain a subgroup isogenous to SL(2,IR). 

(7.41) Corollary. G is generated by unipotent elements if and only if G has 
no compact factors. 

Here is an explicit list of the compact, connected, simple Lie groups. 

(7.42) Theorem. Every compact, connected, simple Lie group is isogenous to 
either 

• SO(n) for some n > 3, with n ^ A, 

• SU(ri) for some n>2, 

• Sp(n) for some n>\, or 
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• one of the five compact exceptional groups {the compact forms of Eq, Ej, 
Eg,, F4 and G2). 



(7.43) Remark. There are some redundancies in the list of Theorem 7.42 (see 
Remark B.3 1: 

1) Sp(l) and SU(2) are isogenous to S0(3); 

2) Sp(4) is isogenous to SO (5); 

3) SU(4) is isogenous to SO (6). 

The groups S0(1) and SU(1) are trivial. Also, S0(2) = T is abehan and S0(4) 
is isogenous to S0(3) x S0(3), so they are not simple. Thus, these groups do 
not appear in the list. 

(7.44) Corollary. M-rank(G) = if and only if G is isogenous to a direct 



product of groups listed in Theorem 7.42 



Exercises for §7E 

^1. Using the theory of roots (which we will not discuss), it can be shown that 
if G is not compact, then G contains a subgroup isogenous to SL(2,K) 
(see also Remark |3.25 for the case where G is classical) . Assuming this 
fact, prove Proposition |7.40[ 

[Hint: Prove ([2]l => ([3]l => => ([s} and ([3]l => ([l} ^ 

#2. Prove the following are equivalent: 

a) M-rank(G) = 0; 

b) X is compact; 

c) r is finite. 

^3. Prove that M-rank(G) = if and only if every element of G is semisimple. 

^4. Prove that M-rank(G) = if and only if G has no nontrivial hyperbolic 
elements. 



§7F. Groups of real rank one 

Here is an explicit list of the simple groups of real rank one. 

(7.45) Theorem. Every simple Lie group of real rank one is isogenous to either 

• SO(l,n) for some n>2, 

• SU(l,ri) for some n>2, 

• Sp(l,n) for some n>2, or 

• a certain exceptional group, often denoted F^'^^ , and also known as F^^i 
(the form of F4 that has real rank one). 

(7.46) Remark. The special hnear groups SL(2, R), SL(2, C) and SL(2, H) have 
real rank one, but they do not need to be listed explicitly, because 

• SL(2,M) is isogenous to S0(l,2) and SU(1,1); 

• SL(2,C) is isogenous to S0(l,3) and Sp(l,l); and 

• SL(2,I1) is isogenous to S0(l,4). 
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(7.47) Corollary. ]R-rank(G) = I if and only if G is isogenous to a direct 
product Go X Gi, where 

• Go is compact and 

• Gi is of one of the groups listed in Theorem \7.4-5\ 

Recall that PSO(l,n)° = Isom(i3")°. Similarly, up to finite index, 

• PSU(l,n) is the isometry group of complex hyperbolic space, 

• PSp(l,n) is the isometry group of quaternionic hyperbolic space, and 

• i^4.i is the isometry group of the hyperbolic plane over the Cayley oc- 
tonions O. (Because O is not associative, it is not possible to define 
octonionic hyperbolic spaces of higher dimension, only the hyperbolic 
plane.) 

Thus, Theorem |7.45| can be reformulated in the following geometric terms. 

(7.48) Corollary. Let X be a symmetric space of noncompact type, and let 
G = Isom(X)°. We have M-rank(G) = I if and only if either 

1 ) for some n > 2, X is isometric to the n-dimensional hyperbolic space over 
either the real numbers M, the complex numbers C, the quaternions H, or 
the Cayley octonions O (furthermore, for O, we must have n = 2); or 

2) X is isometric to the product of a compact symmetric space with one of 
the hyperbolic spaces listed in Q. 

We know that if M-rank(G) = 0, then G has no unipotent elements 
(see 7.40 4 1), and no parabolic subgroups (see 7.391. We now show that if 
M-rank(G) — 1, then G has very few unipotent subgroups, and essentially only 
one parabolic subgroup. This can be verified directly for the classical groups, 
and follows from Theorems 7.28 and 7.32 in the general case. [Should prove 
part of this, for illustration!!!] 

(7.49) Theorem. The following are equivalent: 

1) ]R-rank(G) < 1; 

2) any two maximal unipotent subgroups ofG either are equal or are disjoint; 

3) GG{a)/{a) is compact, for every nontrivial hyperbolic element a of G; 

4) for every maximal unipotent subgroup U, there is a compact subgroup 
E C Ng(U), such that Cg{u) C EU , for every nontrivial u € U ; 

5) all proper parabolic subgroups of G are conjugate to each other. 

We now explain how parabolic subgroups are related to the large-scale ge- 
ometry of X, when X is irreducible and ]R-rank(G) = 1. Namely, the set 
of (proper) parabolic subgroups is in natural one-to-one correspondence with 
the points of dX, the boundary at oo oi X . (Note that, because the proper 
parabolic subgroups of G are all conjugate, the set of proper parabolic sub- 
groups can naturally be identified with G/P, for any specified proper parabolic 
subgroup P.) 

(7.50) Definition. The boundary dX of X (or the sphere at oo of X) is the 
set of equivalence classes of all geodesic rays in X, where two geodesic rays 
{^t\tLo and {yt}^o a'^^ equivalent if they stay within a bounded distance of 
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each other (more precisely, if sup(gjj+ d{xt,yt) < oo). We assume here that the 
geodesies are parametrized by arc length. 

(7.51) Theorem. Assume X — G/K is a noncompact, irreducible symmetric 
space that is not flat. //M-rank(G) — \, then there is a natural identification 
of dX with G/P, for any proper parabolic subgroup P of G. 

Proof. Because G acts transitively on the space of unit tangent vectors of X 
(see |2.7| ), we see that G acts transitively on the space of all geodesic rays in X. 
Therefore, G acts transitively on dX. We wish to show, for any p e dX, that 
StabG(p) is parabohc in G. 

Let {xtj^o be a geodesic ray, and let a; = a;o be the initial point of this 
ray. From Theorem |7.16| we know that there is an M-split torus T of G, such 
that T acts simply transitively on the flat Because M-rank(G) = 1, 

we know that T is a one-parameter subgroup of G; write T = {a*}^_Q^. Then 
{xt}T=^ = {a'x^}T=o- Let 



F= geG 



sup \\a *(7a*|| < oo 

teR+ 

so P is a parabolic subgroup of G. 

Note that, for x,y £ G, we have dx{xK,yK) = log || j/^^a;|| , for an appro- 
priate choice of the matrix norm || • ||. Thus, for any g G G, we have 

d{gxt,xt) = d{ga*xo,a^xo) = ||(a*a;o)~^(5a*2;o)|| = ||xo"^(a"*.ga*)xo|| x ||a~*5a*| 
(because xq is constant — independent of t). Thus, we see that g{xt}'^Q is 
equivalent to {a^tjt^o if ^"^d only if g G P, as desired. □ 

Exercises for §7F 

#1. Prove Corollary f7Al\ 

^2. Assume M-rankG = 1. Show that if Ui and U2 are unipotent subgroups 
of G, and [/i n C/2 7^ e, then {Ui, U2) is unipotent. 



§7G. Groups of higher real rank 

In some situations, one has a certain subset S of G, and one can prove that 
the centralizer of each element of S is well-behaved. One would then like to 
know that these centralizers generate G, to prove that every element of G is 
well-behaved. The following theorem shows, in many cases, that an assumption 
on M-rank(G) is exactly what is needed to make this true. 

(7.52) Theorem. Assume G is not compact. The following are equivalent: 

1 ) M-rank(G) > 2; 

2) if T is any maximal R-split torus of G, then there exist nontrivial ele- 
ments ai and ofT, such that G — {C'c{ai), Cg{cl2)) ; 

3) for every pair of nontrivial unipotent subgroups U and V of G, there is 
a finite sequence Uq, . . . ,Ur of nontrivial unipotent subgroups of G, such 
that Uq = U , Ur = V , and [C/j, Ui-i] = e for i ^ 1, . . . , r; 
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4) there is a finite sequence Uq, . . . ,Ur of nontrivial unipotent subgroups 
of G, such that [Ui, Ui-i] = e for i — 1, . . . , r, and (Uo, . . . , Ur) ~ G; 

5) there exists a nontrivial hyperbolic element a and a nontrivial unipotent 
element u, such that au = ua. 



Proof. Assume, for simplicity, that G — SL(3,M). (See Remark 7.54 for a 
general proof, using the theory of real roots.) 

^ Assume T is the group of diagonal matrices. Let 



ai 



Then 



CG(ai) = 






1/4 

< 6 

< 



and 



a2 



1/4 





and CG(a2) = 




2 











These generate G. 

([3| If [/ n y 7^ {e}, then an appropriate sequence is 

u,z{u),ur\v,z{v),v. 

Thus, we may assume U H V = {e}. Furthermore, we may assume that U 
and V are maximal unipotent subgroups. Thus, replacing the pair ([/, V) with 
a conjugate under SL(3,M), we may assume 

"1 

and 



U = 



We may now take the sequence 



1 








"1 









"1 





0" 




"1 





0" 




"1 





0" 




"1 





0" 





1 









1 










1 








1 










1 









1 











1 










1 










1 










1 









1 








1 



(4 1 This follows from 
This follows from 



□ 



(7.53) Remark. We assume G is not compact in Theorem 7.52 only because 
^ is vacuously true for compact groups. 



(7.54) Remark. The above proof of Theorem 7.52 in the special case where 
G = SL(3,M) can be generalized to any group of real rank at least two, by 
using the theory of real roots. For simplicity, assume IR-rank(G) = 2. Let <I> be 
the set of real roots of G, and let {ai, 02} be a basis for <I>. 

([2]) Take S ker(ai) for i = 1,2. Then ?7±q. C Gciai), and we have 

(D We may assume U and V are disjoint maximal unipotent subgroups 
of G. Then, replacing the pair (U, V) by a conjugate, we may assume that 

[/ = (C/^ I e $+) and (?7_^ I 0€ $+). 
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Since ai—a2 is neither positive nor negative, it is not a root, so [Ua-^ , t^-aal = ^■ 
Thus, we may take the sequence 

U, Z{U), Z{V), V. 



Proposition 7.40 impHes that, up to isogeny, SL(2, M) is the unique minimal 
group of real rank one. For real rank two, there are two minimal groups, and 
one is not simple. 

(7.55) Theorem. 

1 ) M-rank(G') > 2 if and only if G contains a subgroup isogenous to either 
SL(3,M) or SL(2,M) x SL(2,M). 

2) Assume G is simple. M-rank(G) > 2 if and only if G contains a subgroup 
isogenous to eif/ier SL(3, M) or S0(2, 3). 

Proof ^ This follows from ^ ( see Exercise^. 

([2]) Assume G is simple, and M-rankG > 2. It is straightforward to verify 
the desired conclusion if G is classical. (The general case follows from the theory 
of real roots. For example, 

• SL(3,K), SL(3,C), and SL(3,IHI) contain SL(3,M). 

• S0(2, 71) , SU(2, n) , and Sp(2, n) contain S0(2, 3) if n > 3. 

• SO(2,2) is not simple (see B.3l. 



• SU(2,2) is isogenous to SO(2,4), which contains SO(2,3). 

• Sp(2,2) contains SU(2,2). 



Sp(4,M) is isogenous to SO(2,3) (see B.3l. □ 



(7.56) Remark. As was the case when M-rank(G) = 1, parabolic subgroups are 
closely related to dX. However, the theory is somewhat more complicated, and 
we will not go into the details. 

For G = SL(2, M)", we have 

M-rank(G) = = ^ dim{G/K). 
From the theory of real roots, it is easy to see that this is the extreme case: 

(7.57) Proposition. Let X be a symmetric space of noncompact type with no 
flat factors, and let G = Isom(X)°. Then 

M-rank(G) < ^dimX, 

with equality if and only if X is isometric to (S)'^)'"^ , for some m. 

Exercises for §7G 

#1. Prove that if M-rankG > 1, then there exist unipotent subgroups Ui 
and U2 of G, such that J7i n J72 7^ e, and {Ui, U2) is not unipotent. (This 



is the converse of Exercise 7F#2 



#2. Show that |7li5p | follows from 735p|. 

[Hint: SO(2, 3j contains SO(2,2), which is isogenous to SL(2,M) X SL(2,IR) (sce |B.3| l 
If G is not simple, and has no compact factors, then G contains SL(2,IR) X SL{2,M). 
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Chapter 8 



Q-Rank 



§8A. Q-split tori 



.1) Definition (cf.[7^. A torus T in SL(^,M) is Q-split if 

• T is defined over Q; and 

• T is diagonalizable over Q. (That is, there exists g G GL{i,i 
g~^Tg consists entirely of diagonal matrices.) 



.2) Example. 
• Let 



Ti = 



cosh t sinh t 
sinh t cosh t 



t e 



(cf. 7.10 3l). Then Ti is defined over Q, by the equations 

„2 



"1,1 



1,2 



1, 



For 



9 



X2,i = a;i,2, 

2^2,2 = XiA. 



1 1 

1 -1 



such that 



we see that g~^Tig consists of diagonal matrices, so Ti is Q-split. 
• Let 

cosh t (sinh t) /\/2 
\/2 (sinh t) cosh t 



To = 







'1 ■ 




'I 


" 






V2 








The Standing Assumptions ijSAjl are in effect, so, as always, F is a lattice in the 
semisimple Lie group G. 
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Then T2 is defined over Q, by the equations 

X2,l = 2X1,2, 
2^2,2 = Xi^i, 

and T2 is E-spht (because it is conjugate to Ti). 
However, T2 is not Q-spHt. For example, we have 

"3 2" 



4 3 



but the eigenvalues of this matrix are irrational (namely, 3 ± 2\/2), so 
this rational matrix is not diagonalizable over Q. 

Let 



n = 



coshi (sinhi)/7r 
7r(sinht) cosht 



t e 



It is not diflicult to see that (T'3)q consists of only the identity matrix. 
Hence, T3 is not defined over Q (see 5.8 1, so it is not Q-split. 



(8.3) Proposition. Let T be a torus in SL(i?, M), and assume that T is defined 
over Q. The following are equivalent: 

1) T is Q-split; 

2) there is a basis vi,...,vg ofQ^, such that, for every t ^ T and every 
i € {1, . . . ,£}, the vector Vi is an eigenvector oft; 

3) there is a basis vi,...,vi ofQ^, such that, for every t G Tq and every 
i € {1, . . . the vector vi is an eigenvector of t; 

4 ) every eigenvalue of every element of Tq is rational. 

Proof. ([T|<^|2| Diagonalizing a matrix is equivalent to finding a basis consisting 
of eigenvectors. 

([2] |3]) One direction is obvious. The other follows from the fact that Tq 
is dense in T (see 5.8 1. 

([l]^|4]) We may assume T consists of diagonal matrices. Then the eigen- 
values of any t £ T are simply the matrix entries of t. If t G Tq, these matrix 
entries are rational. 

([4]=^' [3]) If t e Tq, then, for each eigenvalue A of t, the equation tx = \x 
is a linear equation with rational coefficients, so the solution space is spanned 
by rational vectors. Thus, each eigenspace of t is spanned by rational vectors. 
Therefore, t is diagonalizable over Q. Since this is true for each t S Tq, and any 
set of commuting diagonalizable linear transformations can be simultaneously 
diagonalized, we conclude that Tq is diagonalizable over Q. □ 

Exercises for §8A 

#1. Show that if T is a Q-split torus, then Tx is finite. 



#2. Give an example of a Q-torus T, such that Tz is infinite. 
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(8.4) Definition (for arithmetic lattices). Assume that G is a Q-subgroup of 
SL(^,IR), and that F is commensurable with Gz- Then Q-rank(r) is the di- 
mension of any maximal Q-split torus of G. (Because all maximal Q-split tori 
are conjugate under Gq, this definition is independent of the particular torus 
chosen.) 

(More generally, if (p: G/K = G'/K', where K an d K' are compact, and 
0(r) is commensurable with G^ (see Definition 5.16), then Q-rank(r) is the 
dimension of any maximal Q-split torus of G'.) 

(8.5) Remark. The definition of Q-rank(r) is somewhat indirect, because the 
Q-split tori of G are not subgroups of T. Thus, it would be more correct to say 
that we have defined Q-rank (Gq). 

As we will see in the following example, different embeddings of G in 
SL(^,IR) can give different values for the Q-rank. However, the theory of alge- 
braic groups shows that the Q-rank is the same for all of the embeddings in 
which r is commensurable with Gz (see 8.15); thus, Q-rank(r) is well defined 
as a function of T. 



^6) Example. 

1) Q-rank(SL(n, Z)) = n — 1. Let T be the torus of (positive) diagonal 
matrices in SL(n,IR). 

2) Let G = S0(i3)°, where B{xi, . . . ,Xi) is some quadratic form on E^, 
such that B is defined over Q. (That is, all of the coefficients of B are 
rational.) Then G is defined over Q, and the discussion of Example 7.10 
with Q in place of M, shows that Q-rank(Gz) is the maximum dimension 
of a totally isotropic Q-subspace of Q^. For example, 

Q-rank(SO(m, n)z) — min{m, n}. 

Similarly, 



3) LetG: 



Q-rank (SU( 
SO {7x1 



X2 



= Q-rank(Sp(m, n)z) = min{m, n}. 
l—x1)°. Then, because the equation a^+b^+c^ 



(mod 7) has no nontrivial solutions, it is not difficult to see that the 
quadratic form is anisotropic; thus, Q-rank (Gz) — 0. 
Note, however, that G is isomorphic to S0(1, 3)°; indeed, G is conjugate 
to S0(l,3)°, via the matrix 

'■"00 

1 
10' 
1 



V7 






We see from Theorem 8.21 below that Gj\G is compact; thus, G-^XSy^ is 



a compact hyperbolic 3-manifold, whereas S0(l,3)z\^'^ is not compact. 
Therefore, the Mostow Rigidity Theorem (1.25) implies that Gz is not 
isomorphic to S0(l,3)z; this is an illustration of the fact that a differ- 
ent embedding of G in SL(^,E) can yield very different integer points. 
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(Technical remark: Actually, Gz\^^ is an orbifold. To obtain a (com- 
pact) manifold, replace Gz with a torsion-free subgroup of finite index 



(see 4.601.) 



Similarly, if G is defined over an algebraic number field F, then one can 
define i^-rank(G). The following result shows that this can be used to calculate 
the Q-rank of a lattice obtained by Restriction of Scalars. 

(8.7) Lemma. Suppose 

• F is an algebraic number field, 

• O is the ring of integers of F, 

• G is defined over F {as an algebraic group over Foo), and 

• A: Gp YlaeS''^ defined by ^{g) = {fig)) ^^g^, as in Proposi- 
tion \5.45\ 

Then Q-rank(A(Gc))) = i^-rank(G). 

Proof. If T is a torus in G, and T is defined over F, then ncrgs°° ^ 
torus in ncrsS"" ■ Conversely, it is not difiicult to see that any Q-torus of 
ricres^ contained in a torus of the form nCTes°= Thus, the desired 

conclusion follows from the fact, which will be proved in §??, that 

Q-rank I ]J T"\ = i^-rank(r) 
(see ??). □ 



§8C. Isogenies over Q 

We know examples where G is isogenous (or even isomorphic) to H , but Gz is 
very different from H^. (For example, it may be the case that Gz is cocompact 
and iJz is not. This does not happen if the isogeny is defined over Q (in the 
sense that we now define). Because of our interest in restriction of scalars, we 
describe the theory over any algebraic number field F. For the particularly 
motivated reader, we provide some proofs. 

(8.8) Definition. 

• A homomorphism (f>: G H is defined over F if 

1) (j) is differentiable, 

2) the derivative c?0e is i^oo-linear, and 

3) 0(Gi.) c Hp. 

• Gi is isogenous to G2 over F (denoted Gi ~f G2) if there is a group G 
that is defined over F, and isogenies 0j : G — > Gj that are defined over F. 

(8.9) Proposition. If Gi ~f G2, then there is a group G defined over F and 
polynomial isogenies : G ^ Gj that are defined over F. 

Proof. Given isogenies (j>j: G ^ Gj that are defined over F, let 

G'^{{M9),M9)) I 5eG}. 
The projection maps (p'j : G' Gj defined by (f>'j{gi,g2) = gj are polynomials. □ 
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(8.10) Warning. There are examples where (/>: Gi ^ G2 is an isomorphism 
over F, and ^ is a polynomial, but is not a polynomial. For example, the 
natural homomorphism 0: SL(3,K) PSL(3,M)° is an isomorphism (because 
SL(3,M) has no center). However, there is no isomorphism from PSL(3,C) to 
SL(3,C) (because one of these groups has a center and the other does not), 
so the inverse of cannot be a polynomial (because it does not extend to a 
well-defined map on the complex points). 

The following fundamental result implies that different embeddings of G 
with the same Q-points have essentially the same Z-points. 

(8.11) Proposition. Suppose (j): G H is a surjective homomorphism that 
is defined over F, and O is the ring of integers of F. Then <f)(Go) is commen- 
surable with Hq . 

Proof. Let us assume F = Q and O = Z. (The general case follows from this 
by Restriction of Scalars.) From the proof of Proposition [8^ we see that, after 
replacing G with an isogenous group, we may assume that (/) is a, polynomial 
with rational coefficients. Assume G C SL(^, E) and H C SL(to,K). 

Define (j)' : G ^ Matmxm(I^) by (l>'{x) = (j){x — Id). Being a polynomial, the 
function cj)' is defined on all of Matfx^(K). Because the coefficients are rational, 
there is some nonzero n £ N, such that (j)' (nMatgxei^) ^ Matmxm(2)- Thus, 
letting r„ be the principal congruence subgroup of Gz of level n, we have 

Because r„ is a lattice in G (and 0(r„) is discrete), we know that (j){Tn) is 
a lattice in H. Because 0(r„) C Hz, we conclude that (/)(r„) is commensurable 
with Hz (see Exercise |4A#7| . □ 



(8.12) Corollary. Suppose G and H are subgroups o/SL(^, M) that are defined 
over Q. A differentiable homomorphism (j): G —f H is defined over Q if and 
only if some finite-index subgroup of (l){Gx) is contained in Hq,. 

(8.13) Definition. Suppose G is a subgroup of SL(£, M) that is defined over Q. 
We define 

Q-rank(G) = maxjdimT | T is a Q-split torus contained in G}. 

(8.14) Warning. We do not speak of Q-rank(G) when G is an abstract Lie 
group: we must have a specific embedding of G in SL(^, M). We have already 
seen examples where different embeddings of the same group can yield different 
values of the Q-rank. Thus, for example, when we speak of Q-rank(SO(m, n)) , 
we are thinking of the natural embedding of SO(m, n) in SL(m + n, M). If we 
have some other embedding in mind, say, 0: SO(m,n) — > SL(^,IR), then we 
must write Q-rank((/)(SO(m, n))) . 



(8.15) Corollary. If Gi G2, then Q-rank(Gi) = Q-rank(G2). 
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§8D. Q-rank of any lattice 



Technically, Q-rank(r) is defined only when T is arithmetic, but combining the 



following remark with the Margulis Arithmeticity Theorem (5.21 ) allows us to 
extend the definition to all lattices. 

(8.16) Remark. Assume F is arithmetic. 



• If r\G is compact, then Q-rank(r) = (see |8.21 l. 

• If rye is not compact, and M-rank(G) = 1, then Q-rank(r) ^ (see |8.21[ ) 
and Q-rank(r) < M-rank(G) = 1 (see |8.18[ ); so we must have Q-rank(r) = 
1. 

• If r = Ti X • • • X is reducible, then Q-rank(r) = Q-rank(ri) H h 

Q-rank(rr). 

• If C is a compact, normal subgroup of G, and T is the image of T in 
G = G/G, then Q-rank(r) = Q-rank(r). 



Thus, the following definition is consistent with Definition 8.4 



(8.17) Definition. Up to isogeny, and modulo the maximal compact factor 
of G, we may write G = Gi x • • • x G^, so that = F n G^ is an irreducible 
lattice in Gi for j = 1, . . . , r (see |4.24[ ). We let 

(Q-rank(F) = Q-rank(Fi) H h Q-rank(Fr), 

where: 

1) If F,\G is compact, then Q-rank(Fj) = 0. 

2) If Fj\G is not compact, but M-rank(G) = 1, then Q-rank(F.,) = 1. 

3) If Ti\G is not compact, and IR-rank(G) > 2, then the Margulis Arith- 
meticity Theorem (5.21) implies that F; is arithmetic, so Definition 8.4 
applies. 



§8E. The possible Q-ranks 



Because any Q- split torus is M-split, we obviously have 

< Q-rank(r) < K-rank(G). 
Both extremes are realized (for every G): 



(8.18) 



ich that 



(8.19) Theorem. There are arithmetic lattices Fc and F^ in G, 
Q-rank(Fc) = and Q-rank(Fs) = K-rank(G). 

In particular, i/IR-rank(G) > 2, then G has a lattice F with Q-rank(F) > 2. 

Proof. Suppose G is classical. Then, for the natural embeddings described in 
Examples 3.22 and 3.23 it is easy to see that Q-rank(Gz) = M-rank(G) (cf. 
Exa mple |8.6p 2|)); thus, it is easy to construct Tg. The method of Proposi- 
tion [5^41 yields a cocompact lattice F^ in SO(to, n), SU(m, n), or Sp(m, n) 



(see Exercises [2| a nd [3|) . A similar method applies to the other classical groups. 



as is explained in|§15C 



We omit the proof for exceptional groups. 



□ 
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However, although the extremes are attained, the following example shows 
that there can be gaps between and IR-rank(G). 

(8.20) Proposition. Assume G = S0(2, n)° , with n > 5, and assume n is odd. 
Then ]R-rank(G') = 2, but there is no lattice T in G, such that Q-rank(r) = 1. 

Proof. From |7.10[ |4|, we have M-rank(G) = min{2,n} = 2. 

Suppose Q-rank(r) = 1. The Margulis Arithmeticity Theorem ( 5.21[ ) im- 
plies that r is arithmetic. Since Q-rank(r) ^ 0, this implies that (up to isogeny) 
there is an embedding of G in some SL(^,IR), such that F is commensurable 



with Gz (see 8.22). (The point here is that, because r\G is not compact. 



Remark 5.17 shows there is no need for the compact groups K and K' of Def- 
inition 5.16 ) From the description of arithmetic subgroups of SO(m, n) that 



appears in fig. 15.2 (and the fact that m-|- n is odd), we conclude that we may 
take I = n + 2, and that there is a symmetric bilinear form B(x,y) on M""*"^, 
such that B is defined over Q, and 

1) B has signature (2,n) on (because K-rank(G) = 2), but 

2) no 2-dimensional subspace of Q"+^ is totally isotropic (because Q-rank(F) < 
2). 

A theorem of number theory asserts: 

*) If BQ{x,y) is any nondegenerate, symmetric bilinear form on M'', such 
that 

• i? is defined over Q, 

• d > 5, and 

• Bq is isotropic over M (that is, B{v,v) — ior some nonzero v E M.'^), 
then Bq is also isotropic over Q (that is, B{v,v) = for some nonzero 

(This is related to, but more difficult than, the fact that every integer is a sum 
of four squares.) 

From ([*]), we know that there is a nontrivial isotropic vector v G Q"+^. 
Then, because B is nondegenerate, there is a vector w G Q"+^, such that 
B{v,w) = 1 and B{w,w) = 0. Let V — {v,w). Because the restriction of B 
to V is nondegenerate, we have = V(BV'^. This direct sum is obviously 

orthogonal (with respect to B), and the restriction of i? to y has signature 
(1,1), so we conclude that the restriction of B to has signature (l,n — 1). 
Thus, there is an isotropic vector in . From ([*]), we conclude that there is 
an isotropic vector z in (1^"'")q. Then (u, z) is a 2-dimensional totally isotropic 
subspace of Q"+^. This is a contradiction. □ 

Exercises for §8E 

#1. Suppose is a quadratic form on that is defined over Q. Let 
G — S0(i3) and F = G%. Prove directly (without the Jacobson-Morosov 
Lemma) that if F has a nontrivial unipotent element, then B is isotropic 
over Q. 

[Hint: If 711 ^ v, then 7"'w/(||7"'u||) converges to an isotropic vector.] 



#2. Use Restriction of Scalars (see §5E) to construct cocompact arithmetic 
lattices in SO(m, n) for all m and n. 
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#3. Use restriction of scalars (see |§5E ) to construct cocompact arithmetic 



lattices in SU(m, n) and Sp(m, n) for all m and n. 
§8F. Lattices of Q-rank zero 

It is instructive to compare Theorems |8.21| and |8.24| with Proposition |7.40[ an 
analogous statement with G in place of T, T\G, and Gq. 

The following fundamental result relates three purely algebraic conditions 
(([T]), ([3|, and Q) to a purely geometric condition (|2|. The equivalence (p|<;4f4l) 



generalizes the Godement Criterion (5.301 to the case where T is not assumed 
to be arithmetic. 

(8.21) Theorem. If G has no compact factors, then the following are equiva- 
lent: 

1 ) Q-rank(r) = 0; 

2) T\G is compact; 

3) every element ofT is semisimple; 

4^) T has no nontrivial unipotent elements. 

Proof. Let us assume that G C SL(€, M), and that V — Gz. (There is no 
difficulty in generalizing the proof to any arithmetic lattice, but, for a general 
lattice, ^~>^ is rather difficult, and we will not deal with this. 

([2]=>[T|) We prove the contrapositive: suppose Q-rank(r) ^ 0. (We wish to 
show Gz\G is not compact.) By definition of Q-rank(r), we know that there is 
a nontrivial Q-split torus T in G. Then Tq is infinite, so there is some g £ Tq, 
and some (rational) eigenvalue A of g, such that A ^ {±1}; for definiteness, 
let us assume |A| < 1. Choose some nonzero v G <Q^, such that gv — Xv. 
Multiplying by an integer to clear the denominators, we may assume v G Z^. 
Now 

g"v = A"w — > as n — > oo. 
Thus, because g"v € Gv, we conclude that is an accumulation point of the 



orbit Gv. Hence, the Mahler Compactness Criterion (4.341 asserts that the 
image of G in SL(^, Z)\ SL{£, M) is not compact. Since this is the image of the 
natural inclusion Gz\G ^ SL(£, Z)\ SL(i?, M), we conclude that Gz\G is not 
compact. 

(|4]=^>[2]) Because T is assumed to be arithmetic, this follows from the Gode- 
ment Criterion ( |5.30[ ). 

([l]=^|4| We prove the contrapositive: suppose w is a nontrivial unipotent 
element of F. (We wish to show that Q-rank(r) ^ 0.) Since F C Gq, the 
Jacobson-Morosov Lemma ( |3.40[ ) implies that there is a nontrivial polynomial 
homomorphism 0: SL(2,M) G with 0(SL(2,Q)) C Gq. Then, letting T be 
a nontrivial Q-split torus in SL(2,M), we see that 4>{T) is a nontrivial Q-split 
torus in G, so Q-rank(r) 7^ 0. 

([3] =>|4]) Obvious. 

(1 ^ 31 See Theorem |8.24pl. □ 
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The following important result shows that if r\G is not compact, then there 
is no need for the compact group K' in Definition |5. 16 



(8.22) Corollary. Assume that G has no compact factors, and that T is arith- 
metic, irreducible, and not cocompact. Then, after replacing G by an isogenous 
group, there is an embedding of G in some SL(^, M), such that 

1) G is defined over Q, and 

2) r is commensurable with Gz- 



Proof. From Definition 5.16 we see that (up to isogeny and commensurability) 
there is a compact group K' , such that we may embed G' = G x K' va some 
SL(^,M), such that G" is defined over Q, and TK' = G'^K'. 

Let N be the (almost-)Zariski closure of the subgroup of G' generated by 
all of the unipotent elements of G'^. From the definition, it is clear that N 
is normalized by the Zariski closure of G'^. Thus, the Borel Density Theorem 



(4.391 implies that N is normalized by G. 



Because K' has no unipotent elements (see 7.401, we know that N d G. 
Also, because T\G is not compact, we know that contains nontrivial unipo- 
tent elements (see [8.21 1, so N is infinite. Therefore, under the simplifying 



assumption that G is simple, we conclude that N — G. 

Thus, G is the (almost-)Zariski closure of a subset of F'. Since F' C Gq, 
this implies that G is defined over Q (cf. Exercisej5A^4 1 . Hence, Gz is a lattice 
in G, so Gz has finite index in G^ (see Exercise 4A^7). Because G'j^K' = VK' , 
we conclude that Gz = F (up to commensurabihty) . □ 

(8.23) Remark. If the assumption that G has no compact factors is removed 
from Theorem [8^ then we have ([l]) 4=>([2| ^ ([s]) ^ Q. 



The following result compares directly with Corollary |7.39| and Proposi- 
tion |7^40] For the proof, see Exercise [T] 

(8.24) Theorem. IfT is commensurable with Gz, then the following are equiv- 
alent: 

1 ) Q-rank(F) = 0; 

2) every element of Gq is semisimple; 

3) Gq has no nontrivial unipotent elements; 

4) Gq does not contain a subgroup isogenous to SL(2,Q); 

5) no proper parabolic subgroup of G is defined over Q. 



(8.25) Remark. In analogy with Proposition 7.40[ 5) and Theorem 8.24 4|, one 
might suppose that the Q-rank of F is if and only if F does not contain a 
subgroup that is isomorphic to SL(2,Z) (modulo finite groups). Unfortunately, 
this is false. To the contrary, every lattice in G contains a subgroup that is 
abstractly commensurable with SL(2, Z) (unless G is compact). Namely, F con- 
tains a nonabelian free subgroup (see 4.65), and it is well known that SL(2,Z) 
has a finite-index subgroup that is free. 



146 



CHAPTERS. Q-RANK 



Exercises for §8F 

#1. Prove Theorem [8]24] 

[Hint: ffl=>EJ Obvious. Cl=>|3} Jacobson-Morosov Lemma. l(3l=>[l} The orem 8.21p ] 
=>[l]l. (pj=> |3| Obvi ous. |3[=>[2j Jordan decomposition. |3]=>]5|l Theorem 1 8. 34 
[3| Proposition IS.SSP .] 

§8G. Lattices of Q-rank one 



The results of this section should be compared with Theorem 7.49 



(8.26) Theorem. The following are equivalent: 

1) Q-rank(r) < 1; 

2) any two maximal unipotent subgroups ofT either are equal or are disjoint. 

(8.27) Theorem. IfT is commensurable with Gz, then the following are equiv- 
alent: 

1) Q-rank(r) < 1; 

2) if Ui and U2 are unipotent subgroups of Gq, and Ui H U2 7^ e, then 
{Ui,U2) is unipotent; 

3) any two maximal unipotent subgroups of Gq either are equal or are dis- 
joint; 

4-) all proper parabolic Q-subgroups of G are conjugate to each other (in fact, 
they are conjugate under Gq). 

Exercises for §8G 

#1. Show that if Q-rank(r) = 1, and Ui and U2 are unipotent subgroups 
of r, such that Ui Ci U2 ^ e, then (C/i, C/2) is unipotent. 

§8H. Lattices of higher Q-rank 

The following two results are analogues of Theorem 7.55 (cf. Exercise |2|. 



(8.28) Theorem. Assume T is irreducible. Then Q-rank(r) >2 if and only if 
r contains a subgroup that is isomorphic to a finite-index subgroup of either 
SL(3,Z) or SO(2,3)z. 

(8.29) Theorem. Assume T is commensurable with Gz. 

1 ) Q-rank(r) > 2 if and only if Gq contains a subgroup isogenous to either 
SL(2,Q) X SL(2,Q) or SL(3,Q). 

2) Assume T is irreducible. Then Q-rank(r) > 2 if and only if Gq contains 
a subgroup isogenous to either Sh(3,Q) or SO(2,3)q. 



.30) Remark (cf. Remark B.3) 



S0(2, 3)z is abstractly commensurable with Sp(4,Z), and 
S0(2, 3)q is abstractly commensurable with Sp(4,Q). 



The following result can be obtained from the proof of Theorem 7.52 by 
replacing M with Z or Q in appropriate places. 
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(8.31) Theorem. The following are equivalent: 

1 ) Q-rank(r) > 2; 

2) for every pair of nontrivial unipotent subgroups U and V of T, there is 
a finite sequence Uq, . . . ,Ur of nontrivial unipotent subgroups ofT, with 
Uq = U , Ur = V, and [Ui, C/j-i] = e for i — 1, .... r; 

3) there is a finite sequence Uq, . . . ,Ur of nontrivial unipotent subgroups ofT, 
such that [Ui, Ui-i] = e for i — I, . . . ,r, and {Uq, . . . , Ur) is a finite-index 
subgroup ofT. 



Unipotent generators, such as those in 8.31 3 1, are easy to work with. There 



are a crucial tool in the solution of many difficult algebraic problems. 
(8.32) Remark. 



1) Suppose Q-rank(r) < 1. Theorem 8.31 shows that it is impossible to find 



a generating set {71, ... ,7^} for F, such that each 7^ is nontrivial and 
unipotent, and 7^ commutes with 7^+1, for each i. However, it is possible, 
in some cases, to find a generating set {71, . . . , 7^} that has all of these 
properties except the requirement that % is unipotent. For example, this 
is easy (up to finite index) if F is reducible (see Exercise [T]) . 
2) For any prime p, let us briefly explain how to use the technique of Proposi- 
tion 6.52 to construct an arithmetic lattice F in SL(p, M) with the property 
that if 71 and 72 are any nontrivial elements of F, such that 71 commutes 
with 72, then Cr(7i) = Cr(72). (Hence, it is impossible to find a se- 
quence of generators of F, such that each generator commutes with the 
next (see Exercise |3]) . ) Let _D be a division ring of degree p over Q, such 
that D spUts over K; thus U<g)Q D = Matpxp(K)- Let be the multi- 
phcative group consisting of the elements of E^qZ? of reduced norm 1, so 
= SL(p,M). Let O be the subgroup of consisting of the elements 
of D that are algebraic integer units over Q; then O is a lattice in D^. 
Now let F be a torsion- free subgroup of finite index in O. For any 71 £ F, 
we know that Cd{ii) is a division ring that contains the field Q[7i] in its 
center. Because the degree p is prime, we conclude that Cd{'Ji) = Q[7i]. 
Now, if 72 commutes with 71, then Cd{12) 3 Q[7i] = Cd{ii)- By sym- 
metry, we conclude that 00(12) — Od{ii)- 

Exercises for §8H 

fj^l. Show that if F is reducible, and G has no compact factors, then there is 
a finite subset {71, ... ,71-} of F, such that 

a) {71, . . . , 7r} generates a finite-index subgroup of F, 

b) each 7^ is nontrivial, and 

c) 7i commutes with 7^+1, for each i. 

#2. a) Show that if Q-rank(F) > 2, then F contains a subgroup that is 
isomorphic to a finite- index subgroup of either SL(3, Z) or SL(2, Z) x 
SL(2,Z). 

b) Show that there is a lattice F, in some semisimple group G, such 
that Q-rank(F) < 2, but F contains a subgroup that is isomorphic 
to a finite-index subgroup of SL(2,Z) x SL(2,Z). 
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#3. Suppose A is a group such that: 

a) if 7i and 72 are any nontrivial elements of A, such that 71 commutes 
with 72, then Cr(7i) — Cr{'j2), and 

b) there is a sequence Ai, A2, . . . , A„ of elements of A, such 

i) {Ai, A2, . . . , A„} generates A, and 

ii) Xi commutes with A^+i for 1 < i < n. 
Show that A is abelian. 



§81. Parabolic Q-subgroups 

Need to add some explanation to this section!!! 



The structure theory of { 7D has an analogue for parabolic subgroups of G 
that are defined over Q (or any other subfield of C). 

We know that if G is classical, then parabolic subgroups are stabilizers of 
flags. The following result states that parabolic Q-subgroups are stabilizers of 
flags that are defined over Q. 

(8.33) Theorem. 1) P is a parabolic Q-subgroup o/SL(n,M) if and only if 
there is a chain Vq C Vi C • • • C Vfc of Q-subspaces o/Q", such that 

F={.9eSL(n,M) |Vi, g{{V,)m) ^ {V^M, 
where {V)]gi denotes the M.-span of the Q-subspace V. Similarly for 
SL(n, C) anrfSL(n,H), taking chains ofQ-subspaces mQ(i)" andQ{i, j, ky 
2) Let (• I •) be a symmetric, nondegenerate bilinear form onM", and assume 
(• I •) is defined overQ. A group P is a parabolic Q-subgroup o/SO((- | •)) 
if and only if there is a chain Vq C Vi C • • • C Vfe of totally isotropic 
subspaces o/Q" (with respect to the form (• | •)), such that 

P-{.geSO((- I •)) |Vi, g{mM) = mM}. 
Similarly for orthogonal groups over C or H, and also for unitary or 
symplectic groups. 

(8.34) Theorem (Langlands Decomposition. ] If P is a parabolic Q-subgroup 
of G, then we may write P in the form P = MAN , where 

1) A is a Q-split torus, 

2) MA = Cg{A), 

3) M/Z{M)° is semisimple, 

4) Z{M)° is a torus that is Q- anisotropic, and 

5) N is the unipotent radical of P. 

Each of M , A, and N is defined overQ. Furthermore, the subgroups A and N 
are nontrivial if and only if P ^ G. 
For some a € Aq, we have 



P^ < geG 



limsup||a "ga"\\ < 00 



geG lim a'^'ga'' = e] 
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(8.35) Proposition. Assume G is defined over Q. 

1) If P and Q are two parabolic Q-subgroups of G, such that P is conjugate 
to Q, then there is some g G Gq, such that P^ — Q. 

2) The number of conjugacy classes of parabolic Q-subgroups is 2^, where 
r = Q-rank(Gz). 

3) The minimal parabolic Q-subgroups of G are conjugate to each other 
{via Gq). 

4) A parabolic Q-subgroup P is minimal (among all parabolic Q-subgroups) 
if and only if in the Langlands decomposition of P , the subgroup A is a 
maximal Q-split torus of G. 

5) A parabolic Q-subgroup P is minimal {among all parabolic Q-subgroups) if 
and only if, in the Langlands decomposition of P , we have Q-rank(Af ) = 
0. 

6) If U is any unipotent Q-subgroup of G, then there is a parabolic Q- 
subgroup P of G, such that 

a) U is contained in the unipotent radical of P, and 

b) Ng{U) C p. 

(8.36) Corollary. Assume G is defined over Q. 

1 ) The maximal unipotent Q-subgroups of G are precisely the unipotent rad- 
icals of the minimal parabolic Q-subgroups of G. 

2) All of the maximal unipotent subgroups of Gq are conjugate (via Gq). 

(8.37) Theorem. Assume G is defined over Q. 

1) For any parabolic Q-subgroup P of G, the double-coset space Gj\Gq/ Pq 
is finite. 

2) Equivalently, there is a finite collection {Pi,...,Pr} of parabolic Q- 
subgroups of G, such that every parabolic Q-subgroup of G is a conjugate 
P^ , for some i, and some 7 G Gz. 

(8.38) Corollary. T has only finitely many conjugacy classes of maximal 
unipotent subgroups. 

Proof. Assume F = Gz is arithmetic. 

It suffices to show that the maximal unipotent subgroups of T are precisely 
the subgroups of F of the form iVz, where N is the unipotent radical of a 
minimal parabolic Q-subgroup of G. (For then the desired conclusion follows 
from [83fp |.) 



Suppose [/ is a maximal unipotent subgroup of Gz. Then the Zariski clo- 
sure U of t/ is a unipotent Q-subgroup of G. Hence, there is a parabolic Q- 
subgroup P = MAN, such that U C N. Then C/ cUz C TVz, so the maximal- 
ity of U implies that U = Nz. 



The converse is similar (and uses Lemma 8.391. □ 



(8.39) Lemma. If U is a unipotent Q-subgroup o/SL(£,M), then Uz is a co- 
compact lattice in U . 
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Figure 8.1: The fundamental domain T and the Siegel set >5'i/2,t in 



Exercises for §81 

#1. Show that if C/i and U2 are maximal unipotent subgroups of T, and T is 
commensurable with Gz, then there exists g G Gq, such that g^^Uig is 
commensurable with U2- 



§8J. The large-scale geometry of r\X 

Let us give a heuristic proof of Theorem |2.16[ 

(8.40) Example. Suppose G = SL(2,M) and T = SL(2,Z). It is well known 
that a fundamental domain for F on i^^ is given by 

T={zG^'^ \ -1/2 < Rez < 1/2, \z\ > 1}. 

To study the large-scale geometry of F\i3^, we do not need to be so careful as 
to take exactly a fundamental domain. Let us enlarge J-' somewhat, to a set 
that is easier to work with: 

Si/2,t = { 2 e i)^ I -1/2 < Re z < 1/2, Im z > e^^* 
for some appropriate t > 0. 

Recall the Iwasawa decomposition G = KAN, where K — SO (2), A is the 
group of positive diagonal matrices, and N is the group of upper-triangular 
unipotent matrices. For our purposes here, it is more convenient to reverse the 
order of the factors: G — NAK. For s > and t as above, let 

ey 



1 X 

1 



-s < X < s > and A 







y>~t 



Then, as noted in Exercise [T| it is not difficult to verify that 

Ni/2AtK ^ {g e G \ g{i) e S,/2,t}- 
Thus, if we define the Siegel set 

&s,t = NsAtK, 

then F6i/2,t = G. 



;.4l) 
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Figure 8.2: For t — and s sufficiently large, a finite union (shaded) of trans- 
lates of the Siegel set covers the cusps. Increasing t results in a union that 
contains a fundamental domain (dark outline) . 



Note that there is some s', such that NsAt C AtNg' (see Exercise [2]) . Thus, 
r\G = TAtNgiK. Since Ns>K is compact, and At acts by isometries on Sj^, this 
implies that every point of T\Sj'^ is within a bounded distance of the geodesic 
ray Ati. From a large distance, this bounded distance becomes neghgible, so 
we perceive only the ray Agi; thus, the asymptotic cone at oo of r\i3^ is a 
single ray. 

(8.42) Example. Now suppose G = SL(2, M) , but that r\i5^ has several cusps, 
not only one. Then a weak fundamental domain for r\i3^ can be obtained by 
taking a union of (translates of) Siegel sets, one for each cusp: 

^ = giSs,t U • • • U grSs^f 
From a distance, each of the Siegel sets looks like a ray, so we perceive a finite 
union of rays. The asymptotic cone at oo of r\.^^ is a union of r rays. 



Proof of Theorem \2.16\ The ideas of the preceding two examples generalize to 
other groups G. Let P be a minimal parabolic Q-subgroup of G. We may write 
P = MAN = NMA (see |8.34[ and note th at A centralizes M). Since P is 
minimal, we know that Q-rank(M) = (see 8.35 5 1), so there is a compact 
subset Cm of M, such that MzCm = M (see 
subset Cn of N, such that N^Cn = N (see 

If (Q)-rank(r) — 1, the subgroup A is isomorphic to 



8.2ip. Similarly, there is a compact 
let C^CmCn- 

and we define At to 



8.39); 



be a ray in A, as in Example |8.40| above. In general, the group A is isomorphic 
to some M'', where d = Q-rank(r). Then 

A+ ^ {a€ A\yx e N, \\a-^xa\\ < \\x\\ } 
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is a polyhedral cone in A (with nonempty interior). (It is called the positive 
Weyl chamber.) We define At to be the points of A that are within distance t 
of this Weyl chamber (see fig. |8.3| . 

Define the Siegel set Sc,t — CAfK. Then, for an appropriate choice of t, 
one can show that some finite union 



of translates of Gc.t is a weak fundamental domain for T\G. (Theorem 8.37 
implies that only finitely many translates are needed.) Because A centralizes M, 
the definition of At implies that there is a compact subset C" of MN, such that 
CAt C AtC (see Exercise |3|. Thus, from a large distance, &c,t simply looks 
like A+. Therefore, from a large distance T\X looks like a finite union of 
translates of A~^ . So the asymptotic cone at oo is a d-simplex. □ 

Since A'^ is a polyhedral cone, the preceding argument shows that the 
asymptotic cone at oo of T\X is a cone on a certain simplicial complex at oo. 
If Q-rank(r) = 1, this simplicial complex consists of finitely many points. 
Although we will not prove this, it turns out that if Q-rank(r) > 2, then this 
simplicial complex is connected. This leads to the following conclusion. 

(8.43) Theorem. The following are equivalent: 

1 ) Q-rank(r) > 2; 

2) d{T\X) is infinite; 

3) T\X has only one end and d{T\X) has more than one point. 
Exercises for §8 J 



#1. Verify (|8.41 l. 

[Hint: K fixes i; elements of At move i vertically; and elements of move points 

horizontally.] 

^2. For Ns and At as in Example [Ool show that NgAt C AtNe2ts. 



#3. Define At and N as in the pf. of Theorem 2.16 Show that if C is any 
compact subset of iV, then there is a compact subset C" of N , such that 
CAt C AtC. 
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Notes 



This hasn't been written yet!!! 

The number-theoretic fact ([*]) mentioned in the proof of Proposition 8.20 



can be found in 1, Thm. 1 of §1.7 and Thm. 5 of §1.6, pp. 61 and 51] or |2l 
Cor. 2 of §4.3.2, p. 43] 
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Chapter 9 



Ergodic Theory 



Ergodic Theory is the study of measure-theoretic aspects of group actions. 
Topologists and geometers may be more comfortable in the category of contin- 
uous functions, but important results in Chapters 12 and 13 will be proved by 
using measurable properties of actions of F, so we will introduce some of the 
basic ideas. 



§9 A. Terminology 

The reader is invited to skip over this section, and refer back as necessary. 

(9.1) Assumption. 

1) All measures are assumed to be a -finite. That is, if is a measure on a 
measure space X, then we always assume that X is the union of countably 
many subsets of finite measure. 

2) We have no need for abstract measure spaces, so all measures are assumed 
to be Borel. That is, when we say /i is a measure on a measure space X, 
we are assuming that A is a complete, separable metric space, and the 
implied cr-algebra on A consists of the subsets of A that are equal to a 
Borel set, modulo a set of measure 0. 

(9.2) Definition. Let /j, be a measure on a measure space A. 

• We say ^ is a probability measure if //(A) = 1. 

• A subset A of A is: 

o null if fJ,{A) = 0; 

o conull if the complement of A is null. 

• We often abbreviate "almost everywhere" to "a.e." 



The Standing Assumptions (jSAjl are in effect, so, as always, F is a lattice in the 
semisimple Lie group G. 
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• Essentially is a synonym for "almost everywhere." For example, a func- 
tion / is essentially constant iff / is constant (a.e.). 

• For any measurable function ip: X ^ Y, the measure (p*/Lt on Y is defined 
by 

• A measure on X is in the measure class of /i (or is equivalent to /i) 
if /i and have exactly the same null sets: 

fi{A) = iy{A) = 0. 

(This defines an equivalence relation.) Note that if = //x, for some 
real-valued, measurable function /, such that /(x) ^ for a.e. x G X, 
then fi and v arc in the same measure class (see Exercise [T|) . 

(9.3) Definition. Suppose a Lie group H acts continuously on a metrizable 
space X, /X is a measure on X, and A is a subset of X. 

• The set A is invariant (or, more precisely, H -invariant) if /lA = A for 
all h e i/. 

• The measure fi is invariant (or, more precisely, H-invariant) if /i.^/^ = /i 
for all h € H. 

• The measure fi is quasi-invariant if /i^/i is in the same measure class as ^, 
for all h e H. 

• A (measurable) function / on X is essentially H-invariant if, for every 
ft, e i/, we have 

f{hx) = f{x) for a.e. x e X. 

Any smooth action on a manifold has a natural invariant measure class, or, 
in other words, a quasi-invariant measure (see Exercise [4]) : 

(9.4) Lemma. Suppose X is a manifold, and H acts on X by diffeomorphisms. 
Then: 

1 ) Lehesgue measure provides a measure on X that is well-defined up to 
equivalence, and 

2) this measure is quasi-invariant for H . 

Exercises for §9 A 

#1. Suppose /X is a measure on a measure space X, and / is a real-valued, 
measurable function on X. Show that //i is in the measure class of fj, iff 
f{x) ^ for a.e. x G X. 

#2. Suppose a Lie group H acts continuously on a metrizable space X, and 
/i is a measure on X. Show that /i is quasi-invariant iff the collection of 
null sets is iJ-invariant. (This means that if ^ is a null set, and h G H, 
then h{A) is a null set.) 

#3. Suppose 

• A is a null set in R" (with respect to Lebesgue measure), and 

• / is a diffeomorphism of some open subset O of M". 
Show that f{A D O) is a null set. 

[Hint: Change of variables.] 
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#4. Suppose X is a (second countable) smooth, n-dimensional manifold. This 
means that X can be covered by coordinate patches (Xi,ipi) (where 
(fii: Xi ^ M", and the overlap maps are smooth). 

a) Show there partition X = Ui^i -^i ™to measurable subsets, such 
that Xi C Xi for each i. 

b) Define a measure /x on X by fJ,{X) — X(^ipi{Ar) Xi)^, where A is the 
Lebesgue measure on M" . This measure may depend on the choice of 
Xi, ipi, and Xi, but show that the measure class of fi is independent 
of these choices. 

[Hint: Exercise [s]] 



§9B. Ergodicity 

Suppose H acts on a topological space X. li H has a dense orbit on X, then it 
is easy to see that every continuous, i/-invariant function is constant (see Ex- 
ercise [T]) . Ergodicity is the much stronger condition that every measurable H- 
invariant function is constant (a.e.): 

(9.5) Definition. Suppose H acts on X with a quasi-invariant measure ^. We 
say the action of H is ergodic (or that /i is an ergodic measure for H) if every 
i?-invariant, real valued, measurable function on X is essentially constant. 

It is easy to see that transitive actions are ergodic (see Exercise |4]) . But 
non-transitive actions can also be ergodic: 

(9.6) Example (Irrational rotation of the circle). For any a € M, we may de- 
fine a homeomorphism Ta of the circle T = M/Z by 

Ta{x) — X + a (mod Z). 

By considering Fourier series, it is not difficult to show that if a is irrational, 
then every T^-invariant function in £,^(T) is essentially constant (see Exer- 
cise j5l. This implies that the Z-action generated by Ta is ergodic (see Exer- 
cise [61 . 



Example 9.6 is a special case of the following general result: 



(9.7) Proposition. // H is any dense subgroup of a Lie group L, then the 
natural action of H on L by left translation is ergodic. 

Proof, {not written yet) (The key observation is that the action of L on L^{L, fi) 
is continuous, so the stabilizer of any function is closed.) □ 

It was mentioned above that transitive actions are ergodic; therefore, G is 
ergodic on G/F. What is not obvious, and leads to important appHcations for 
arithmetic groups, is the fact that most subgroups of G are also ergodic on 



G/F. We state the result here, and it will be proved in §9D 



(9.8) Theorem (Moore Ergodicity Theorem). // 
• H be a closed subgroup of G, 
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• H is not compact, and 

• r is irreducible, 
then H is ergodic on G/T . 



If H is ergodic on G/T, then T is ergodic on G/ H (see Exercise 12 1. Hence: 
(9.9) Corollary. If H andT are as in Theorem \9.8\ then T is ergodic on G/H. 
Exercises for §9B 

#1. Suppose H acts on a topological space X, and has a dense orbit. Show 
that every real-valued, continuous, i7-invariant function on X is constant. 

#2. Suppose H is ergodic on X, and / : X ^ M is measurable and essentially 
iJ- invariant. Show that / is essentially constant. 

#3. Our definition of ergodicity is not the usual one, but it is equivalent: show 
that H is ergodic on X iff every i/-invariant measurable subset of X is 
either null or conuU. 

#4. Show that H is ergodic on H/L, for every closed subgroup L of H. 

[Hint: {not written yet)] 



^5. In the notation of Example 9.6 show (without using Proposition 9.7 1: 

a) If a is irrational, then every Ta-invariant function in £^(T) is essen- 
tially constant. 

b) If a is rational, then there exist Tcj-invariant functions in iL^(T) that 
are not essentially constant. 

[Hint: Any / G Xl)^(T) can be written as a Fourier series: / = 5Z5^L_oo o-ne'"^ ■ If / is 
invariant and a is irrational, then uniqueness implies a„ = for n ^ 0.] 

#6. Suppose is a quasi-invariant probability measure on X. Show, for every 
•p S [l,cx)], that H is ergodic iff every i7-invariant element of ^^{X,[i) is 
essentially constant. 

7^7. Let H act on X = M by translation, and let ji be Lebesgue measure. 
Show: 

a) H is not ergodic on X, and 

b) for every p e [1, oo), every _ff-invariant element of ^/{X, /i) is essen- 
tially constant. 

Why is this not a counterexample to Exercise [Hp 

#8. Let L be a dense subgroup of H. Show that if H is ergodic on X, then L 
is also ergodic on X. 

[Hint: {not written yet)] 

#9. Show that if H acts continuously on X, and fxisa. quasi-invariant measure 
on X, then the support of /i is an 7J- invariant subset of X. 

#10. Ergodicity implies that a.e. orbit is dense in the support of /i. More 
precisely, show that if H is ergodic on X, and the support of pt is all of X 
(in other words, no open subset of X has measure 0), then a.e. iJ-orbit 
in X is dense. (That is, for a.e. x £ X, the orbit Hx of x is dense in X. 

[Hint: {not written yet)] 
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#11. The Moore Ergodicity Theorem has a converse: Assume G is not com- 
pact., and show that if H is any compact subgroup of G, then H is not 
ergodic on G/T. 

#12. Suppose iJ is a closed subgroup of G. Show that H is ergodic on G/T iff 
r is ergodic on G/H. 

[Hint: An essentially H-invariant function on G/T lifts to a function on G that is 
essentially //-invariant on the left, and F-invariant on the right.] 

#13. Show that if n > 2, then 

a) the natural action of SL(n,Z) on M" is ergodic, and 

b) the SL(n, Z)-orbit of a.e. vector in K" is dense in K". 

[Hint: Identify K" with a homogeneous space of G = SL(n,IR) (a.e.), by noting that 
G is transitive on the nonzero vectors of M".] 

#14. Let 

• G = SL(3,M), 

• r be a lattice in G, and 

• P = * * c G. 

* * * 

Show: 

a) The natural action of T on the homogeneous space G/P is ergodic. 

b) The diagonal action of T on (G/P)^ = (G/P) x (G/P) is ergodic. 

c) The diagonal action of T on (G/P)^ = (G/P) x (G/P) x (G/P) is 
not ergodic. 

[Hint: G is transitive on a conuU subset of (G/P)'', for fc < 3. What is the stabilizer 
of a generic point in each of these spaces?] 

#15. Assume T is irreducible, and let 77 be a closed, noncompact subgroup 
of G. Show, for a.e. x E G/T, that Hx is dense in G/T. 

§9C. Consequences of an invariant probability measure 

IMeasure-theoretic techniques are especially powerful when the action has an 
invariant probability measure. Here are two important examples for Z-actions. 

(9.10) Proposition (Poincarc Recurrence Theorem). Suppose 

• fi is a probability measure on a second countable, metrizable space X , and 

• T is a measure-preserving homeomorphism of X . 

Then a.e. point of X is recurrent for T. That is, for a.e. x G X, there is a 
sequence Ui — > oo, such that T"^(x) — > a; as i —> oo. 

Proof. Exercise [l] □ 
We know that almost every orbit of an ergodic action is dense (see Exer- 



cise 



9B#10 1. For the case of a Z-action with an invariant probability measure. 



the orbits are not only dense, but uniformly distributed: 



(9.11) Definition. Let 
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• /i be a probability measure on a measure space X, and 

• r be a homeomorphism of X . 

The (T)-orbit of a point x in X is uniformly distributed with respect to /i if 

^/(r^(x))= / fd^,, 



Hm 



fc=i 



X 



for every bounded, continuous function / on X. 

(9.12) Theorem (Pointwise Ergodic Theorem). Suppose 

• ^ is a probability measure on a second countable, metrizable space X, and 

• T is an ergodic, measure-preserving homeomorphism of X . 
Then a.e. (T) -orbit in X is uniformly distributed (with respect to ji). 

It is tricky to show that hm„^oo ^ Sfc=i /(^'^(^)) converges to /^/d/i 
pointwise, and we omit the proof. Convergence in norm is much easier (see Ex- 
ercise |4]) . 

(9.13) Remark. Although the Pointwise Ergodic Theorem has been stated only 
for actions of a cyclic group, it generalizes very nicely to the ergodic actions of 
any amenable group. (The values of / are averaged over an appropriate F0lner 
set in the amenable group.) 

Exercises for §9C 

^1. Prove Proposition |9.10[ 

[Hint: Let A be any non-null subset of a (small) open subset O of X, and let n £ N. 
The sets A,T-"{A),T-^"{A), . . . cannot all be disjoint (why?), so T'="(A) n O 7^ 0, 
for some n > 1. Use this to show that nnUfcLn^~*(C) contains a conuU subset 
of O.] 

#2. Suppose the (T)-orbit of x is uniformly distributed with respect to a 
probability measure fi on X. Show that if the support of fi is all of X, 
then the (T)-orbit of x is dense in X. 

#3. Suppose 

• [/ is a unitary operator on a Hilbert space H, 

• V e 7i, and 

• {v \ w) — 0, for every vector w that is fixed by U. 
Show U^v — > as n ^ 00. 

[Hint: Apply the Spectral Theorem to diagonalize the unitary operator U.] 

#4. (Mean Ergodic Theorem) Assume the setting of the Pointwise Ergodic 
Theorem (|9.12|. Show that if / G ^^(X, ^), then 



1 " r 

-J^fiT'ix)) ^ / fdf, znL 



That is, show 



k=l 



lim 



C 



E 

fc=i 



f{T\x)) 



= 0, 



where C = Jvf dji. Do not assume Theorem 

[Hint: Exercise 
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^5. Assume the setting of the Pointwise Ergodic Theorem (9.121. For every 
bounded ip € L^{X,^), show, for a.e. x £ X, that 



1 " r 

lim -^(p(T^-(^)) = / ^rfM 

fc=l •' ^ 



[Hint: You may assume the Pointwise Ergodic Theorem.] 

^6. (harder) Remove the assumption that ip is bounded in Exercise |5] 
§9D. Proof of the Moore Ergodicity Theorem (optional) 



The Moore Ergodicity Theorem (9.8 1 follows easily from a result in representa- 
tion theory. For simplicity, let us first state a special case. Exercise [T] explains 
the relation to ergodicity. 

(9.14) Theorem (Vanishing of matrix coefficients). If 

• G is almost simple; 

• TT is a unitary representation of G on a Hilbert space Ti, such that no 
nonzero vector is fixed by tt{G); and 

• {gj} is a sequence of elements of G, such that \\gj\\ oo, 
then {'K{gj)(j3 | -0) ^ 0, for every (f>,ip ^H. 

Proof. Assume, for simplicity, that 

G = SL(2,M). 

(A reader familiar with the theory of real roots and Weyl chambers should have 
little difficulty in extending this proof to the general case.) Let 



A = 
Assume that 



C G. 



{9j} C A. 

(It is not difficult to eliminate this hypothesis; see Exercise |2]) By passing to 
a subsequence, we may assume Tr{gj) converges weakly, to some operator E; 
that is, 

(7r((7j)(/> I t/i) {E(j) I V) for every (f),^ ^Ti. 

Let 

C/ = {v e G I g-^vgj ^ e} 

and 

U- ^{u(^G\ gjugj^ e}. 

For u G , we have 

{ETr(u)(f> I "0) = lim(7r(gju)0 | ip) 

^ lim(7r(.gjug^"^)7r(.gj)0 | 0) 
= lim(7r(.gj)(/) | tp) 
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so Ett{u) = E. Therefore, letting be the space of U -invariant vectors 

in 7i, we have 

(n^')^ C kerE. 

We have 

{E*<j, I V) = (0 I Ei;) lim(0 | nig,)iP) - lim(^(g-i)0 | 

so the same argument, with E* in the place of E and (^^^ in the place of gj, 
shows that 

(n^)^ CkerE*. 

Because tt is unitary, we know that T^igj) is normal (that is, commutes with 
its adjoint) for every j; thus, the limit E is also normal: we have E*E = EE* . 
Hence 

\\E<t>f = {E^ I Eel)) = {{E*E)^ I 0) 

= ((i?i?*)</) I 0) = I = \\E*<P\f, 

so ker i? — ker i?* . 
Thus, 

ker E ^kerE + ker 
= (7^<^'^">)^. 

By passing to a subsequence of {gj}, we may assume {U, U^) — G (see Exer- 
cise |3|. Then n^U-V') = = 0, so ker£; D 0-^ = Ti. Hence, for all 4>,ipen, 
we have 

lim(^(5,)0 I ^) = I v> - (0 I ^> - 0, 
as desired. □ 
The above argument yields the following more general result. 

(9.15) Corollary (of proof). Assume 

• G has no compact factors; 

• TT is a unitary representation of G on a Hilbert space Ti; and 

• {ffn} oo in G/N, for every proper, normal subgroup of G. 
Then {gn<t> | ^) ^ 0, for every 4),ip € {TC-^)^ . 

This has the following consequence Exercise |4] It implies the Moore Ergod- 
icity Theorem (see Exercise [5| . 

(9.16) Corollary. Assume 

• G has no compact factors; 

• IT is a unitary representation of G on a Hilbert space Ti; and 

• H is a closed subgroup of G. 

Then there is a closed, normal subgroup N of G, containing a cocompact sub- 
group of H , such that every tt(H) -invariant vector in Ti. is Tr{N) -invariant. 
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Exercises for §9D 

^1. Assume Theorem 9.14 Prove Theorem 9.8 under the assumption that G 
is almost simple. 

[Hint: If (/> is a G-invariant function in £,^(G/r), then (</>, gip) = {4>, ip) for every g £ G] 

#2. Eliminate the assumption that {gj} C A from the proof of Theorem 

[Hint: You may assume the Cartan decomposition, which states that G 
where K is compact. Thus, gj = CjO 

passing to a subsequence, that {cj} and {c^} converge. Then 

Um(7r(gj)</. | t/.) = Yiu,{-K(aj){-n(c')<t>) \ 7r(c)-V) = 
if Cj — > c and c'.] 



9.14 

with Cj,Cj S K and £ A. Assume, by 



For G, A, {gj}, U, and C/ as in the proof of Theorem 9.14 (with {gj} C 
A), show that if {gj} is replaced by an appropriate subsequence, then 
{U,U-) = G. 



[Hint: Arrange that U is 



and U 



or vice versa. 



7^4. Derive Corollary |9 . 1 6 1 from Corollary |9.15[ 
^b. Derive Theorem |9 . 8| from Corollary |9.16[ 



Notes 



The focus of classical Ergodic Theory was on actions of Z and R (or other 
abelian groups). A few of the many introductory books on this subject are 
[21 mis]. They include proofs of the Poincare Recurrence Theorem (9.10) and 
the Pointwise Ergodic Theorem (9.121. 

Some basic results on the Ergodic Theory of noncommutative groups can 
be found in §2.1]. 

The Moo re Erg odicity Theorem ( [g^Sj ) is due to C. C. Moore [S]. 

Corollary [9.15 is due to R. Howe and C. Moore [3l Thm. 5.1] and (indepen- 
dently) R. Zimmer |7l Thm. 5.2]. It appears in [H Thm. 2.2.20, p. 23], but the 
elementary proof we give here was found by R. Ellis and M. Nerurkar [T]. 
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Chapter 10 



Amenable Groups 



The classical Kakutani-Markov Fixed Point Theorem (10.81 implies that any 



abelian group of continuous linear operators has a fixed point in any com- 
pact, convex, invariant set. This theorem can be extended to some non-abelian 
groups; the groups that satisfy such a fixed-point property are said to be 
"amenable," and they have quite a number of interesting features. Although 
we will see that G and F are usually not amenable, the theory is directly rel- 
evant to the study of arithmetic groups. In particular, it yields an important 
equivariant map that will be constructed in §10F 



§10A. Definition of amenability 

(10.1) Assumption. Throughout this chapter, H denotes a Fie group. The 
ideas here are important even in the special case where H is discrete. 

(10.2) Remark. Two types of infinite-dimensional topological vector spaces 
play a key role in this chapter: 

i) a Banach space, with the norm topology, and 

ii) the dual of a separable Banach space, with the weak* topology. 

These are examples of Frechet spaces (see Exercise [TJ. With this in mind (and 
in order to avoid technicalities) we will often assume that our topological vector 
spaces are Frechet. 

(10.3) Definition. Suppose H acts continuously (by linear maps) on a Frechet 
space T. Any compact, convex, if-invariant subset of is called a compact, 
convex H -space. 



The Standing Assumptions (jSAjl are in effect, so, as always, F is a lattice in the 
semisimple Lie group G. 
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(10.4) Definition. H is amenable iff H has a fixed point in every nonempty, 
compact, convex iJ-space. 

This is only one of many different equivalent definitions. (A few others are 



discussed in §10C ) The equivalence of these diverse definitions of amenability 



is an indication of the fundamental nature of this notion. 

(10.5) Remark. There seem to be two reasons for the choice of the term 
"amenable" : 

1) One definition of "amenable" from the Oxford American Dictionary is 
"capable of being acted on a particular way." In other words, in everyday 
English, something is "amenable" if it is easy to work with. Classical 
analysis has averaging theorems and other techniques that were developed 
for the study of M". Many of these methods can be generalized to the 
study of amenable groups, so amenable groups are easy to work with. 

2) The word "amenable" can be pronounced "a-MEAN-able," and we will 
see in |§10C| that a group is amenable if and only if it admits certain types 
of means. 

Exercises for §10 A 

^1. Recall that a Frechet space is a complete (locally convex) topological 
vector space whose topology is given by a countable family of seminorms. 
Show that examples and ([n]) of Remark 10.2| are indeed Frechet spaces. 

#2. Show that every finite group is amenable. 

[Hint: Choose some cq £ C, and let 
Then c G C and c is fixed by H.] 

#3. Show that quotients of amenable groups are amenable. That is, if H is 
amenable, and N is any closed, normal subgroup of H, then H/N is 
amenable. 

#4. Suppose Hi is amenable, and there is a continuous homomorphism 
If : Hi H with dense image. Show H is amenable. 

§10B. Examples of amenable groups 

In this section, we will see that: 



abelian groups are amenable (see 10.81 



compact groups are amenable (see 10.91 



the class of amenable groups is closed under extensions (see 10.11 1, so 



solvable groups are amenable (see 10.12); and 



closed subgroups of amenable groups are amenable (see 10.13) 



On the other hand, however, it is important to realize that not all groups are 



amenable. In particular, we will see in §10D that: 

• nonabelian free groups are not amenable, and 

• SL(2,M) is not amenable. 
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We begin by showing that Z is amenable: 
(10.6) Proposition. Cyclic groups are amenable. 

Proof. Assume H = (T) is cycHc. Given a nonempty, compact, convex H- 
space C, choose some cq G C. For n E N, let 



n . _ 

k=0 



n 

— Y^T\c). (10.7) 



Since C is compact, {c„} has an accumulation point c G C. It is not difficult 
to see that c is fixed by T (see Exercise [T]) . Since T generates H, this means 
that c is a fixed point for H. □ 

(10.8) Corollary (Kakutani-Markov Fixed Point Theorem). Abelian groups are 
amenable. 

Proof. Let us assume H — {g, h) is 2-generated. (See Exercise [s] for the general 
case.) Given a nonempty, compact, convex iJ-space C, Proposition [10.6 implies 
that the set of fixed points of g is nonempty. It is easy to see that is 
compact and convex (see Exercise |2|, and, because H is abelian, that is 
invariant under h (see Exercise [3|. Thus, is a nonempty, compact, convex 
(/i)-space. Therefore, Proposition 10.6 implies that h has a fixed point c in 
. Now c is fixed by g (because it belongs to C^), and c is fixed by h (by 
definition). Hence, c is fixed by (g, h) = H . □ 

Compact groups are also easy to work with: 

(10.9) Proposition. Compact groups are amenable. 

Proof. Assume H is compact, and let ^ be a Haar measure on H. Given a 
nonempty, compact, convex iJ-space C, choose some co G C. Since is a 
probability measure, we may let 

h{co)dn{h) eC. (10.10) 

H 

(In other words, c is the center of mass of the iJ-orbit of cq.) The i/-invariance 
of /i implies that c is a fixed point for H (see Exercise [6| . □ 

It is easy to show that amenable extensions of amenable groups are 
amenable (see Exercise |7]) : 

(10.11) Proposition. If H has a closed, normal subgroup N, such that N and 
H/N are amenable, then H is amenable. 

Combining the above results has the following consequences: 

(10.12) Corollary. 

1 ) Every solvable group is amenable. 

2) If H has a solvable, normal subgroup N , such that H/N is compact, then 
H is amenable. 



Proof. Exercises [9] and 10 □ 
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We will see in Proposition 10.42 that the converse of Corollary 10.12 2 1 is 
true for connected groups. 

(10.13) Proposition. Closed subgroups of amenable groups are amenable. 



Proof. This proof employs a bit of machinery, so we postpone it to §10E (For 
discrete groups, the result follows easily from some other characterizations of 
amenability; see Remarks 10.24 and 10.35 below.) □ 

Exercises for §10B 

#1. Suppose T is a continuous linear map on a Frechet space J^. Show that if 
c is any accumulation point of the sequence {c„} defined by (10.7), then 
c is T-invariant. 

[Hint: Given any seminorm || || on JF, the differences \\cn — cj|, ||T(c„) — c„||, and 
||T(c„) — T(c)|j are all small for some large n.] 

#2. Suppose C is a compact, convex i7-space. Show that the set C^ of fixed 
points of H is compact and convex. 

[Hint: Closed subsets of C arc compact.] 

#3. Suppose H acts on a space C, A is a subgroup of H , and h is an element 
of the centralizer of A. Show that the set C^ of fixed points of A is 
invariant under h. 

#4. Establish Exercise |3] under the weaker assumption that h is an element 
of the normalizer of A, not the centralizer. 



=fj=5. Prove Corollary [108 



[Hint: For each h a H , let be the set of fixed points of h. The given argument 
implies (by induction) that { | /i S -ff } has the finite intersection property, so the 
intersection of these fixed-point sets is nonempty.] 

#6. Show that if /i is the Haar measure on H , and H is compact, then the 
point c defined in (10.10 1 is fixed by H. 



#7. Prove Proposition 1 10 . 1 1] 

[Hint: Exercises [2] and |4|] 

#8. Show that Hi x H2 is amenable ifi^ Hi and H2 are both amenable. 



#9. Prove Corollary |10.12t |T I. 

[Hint: Proposition |10. 11| ] 



#10. Prove Corollary |10.12t |2 1. 

[Hint: Proposition |10. 11| ] 

#11. Suppose H is discrete, and Hi is a finite-index subgroup. Show H is 
amenable iff Hi is amenable. 

#12. Show that if A is a lattice in H, and A is amenable, then H is amenable. 

[Hint: Let /j = fjj^f^ hv dh, where ?j is a fixed point for A.] 

#13. Assume H is discrete. Show that if every finitely generated subgroup of H 
is amenable, then H is amenable. 

[Hint: For each h& H, let C** be the set of fixed points of h. Then { C'' \h<^ H} has 
the finite intersection property, so ("1,^ ^ 0.] 
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#14. Is every finite group amenable? 
#15. Let 



P= * * cSL(3,M). 

* * * 

Show that P is amenable. 

[Hint: P is solvable.] 

#16. Assume there exists a discrete group that is not amenable. Show the free 
group F2 on 2 generators is not amenable. 

[Hint: F„ is a subgroup of F2.] 

#17. Assume there exists a Lie group that is not amenable. 

a) Show the free group F2 on 2 generators is not amenable. 

b) Show SL(2,IR) is not amenable. 

#18. Suppose H acts continuously (in norm) on a Banach space B, and C 
is a weak* compact, compact, convex, iJ-invariant subset of the dual 
space B* ■ Show that if H is amenable, then H has a fixed point in C, 
even though B* may not be Frechet (because B may not be separable). 

[Hint: For each //-invariant, separable subspace of B, let C B* consist of the 
elements of C whose restriction to is iJ-invariant. Amenability implies that {C^} 
has the finite-intersection property, so some element of C belongs to every Cp.\ 

§10C. Other characterizations of amenabihty 

Here are just of few of the many conditions that are equivalent to amenability. 
The necessary definitions are provided in the discussions that follow. 

(10.14) Theorem. The following are equivalent: 

1) H is amenable. 

2) H has a fixed point in every nonempty, compact, convex H-space. 

3) If H acts continuously on a compact, metrizahle topological space X , then 
there is an H -invariant probability measure on X . 

4) There is a left-invariant mean on the space Chdd{H) of all real-valued, 
continuous, bounded functions on H . 

5) There is a left-invariant finitely additive probability measure p defined on 
the collection of all Lebesgue measurable subsets of H, such that p{E) = 
for every set E of Haar measure 0. 

6) The left regular representation of H on [J'{H) has almost-invariant vec- 
tors. 

7) There exists a F0lner sequence in H . 



The equivalence ([T|<;4[^ is the definition of amenability (10.41. Equivalence 



of the other characterizations will be proved in the remainder of this section. 
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Invariant probability measures 

(10.15) Example. Suppose H acts continuously on a compact, metrizable 
space X. The weak* topology provides C{X)* with the structure of a Frechet 



space (see Exercise 10A#1 ii)), such that Prob(X) is a compact, convex set 
(see Exercise [2|. So Prob(X) is a compact, convex i7-space (see Exercise |3|. 

(10.16) Remark (Urysohn's Metrization Theorem). Recall that a compact, Haus- 
dorff space is metrizable iff it is second countable, so requiring a compact, 
separable, Hausdorff space to be metrizable is not a strong restriction. 

(10.17) Proposition (|2] ■<=^ [~3|. H is amenable iff for every continuous ac- 
tion of H on a compact, metrizable space X, there is an H -invariant probability 
measure fi on X . 

Proof. (=>) If H acts on X, and X is compact, then Prob(X) is a nonempty, 



compact, convex i7-space (see Example 10.151. So H has a fixed point in 



Prob(X); this fixed point is the desired iJ- invariant measure. 

(4=) Suppose C is a nonempty, compact, convex iJ-space. By replacing C 
with the convex closure of a single _ff-orbit, we may assume C is separable; 
then C is metrizable (see Exercise |4]) . Since H is amenable, this implies there 
is an i7-invariant probability measure /i on C. Since C is convex and compact, 
the center of mass 

P— cd^{c) 
Jc 

belongs to C (see Exercise [5]) . Since fi is _ff-invariant (and the iJ-action is by 
linear maps), a simple calculation shows that p is iJ-invariant (see Exercise[7|.n 

Invariant means 

(10.18) Definition. Suppose is some linear subspace of £j°°{H), and assume 
contains the constant function 1^ that takes the value 1 at every point of H. 

A mean on is a linear functional A on J^, such that 

• X{1h) — 1, and 

• A is positive, i.e., A(/) > whenever / > 0. 

(10.19) Remark. Any mean is a continuous linear functional; indeed, ||A|| = 1 



(see Exercise 10 ) 



It is easy to construct means: 

(10.20) Example. If (p is any unit vector in £j^{H), and /i is the left Haar 
measure on H , then defining 

A(/)= / f\c^\d^i 

produces a mean (on any subspace of {i°°{H) that contains 1h). Means con- 



structed in this way are (weakly) dense in the set of all means (see Exercise 12 1 
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Compact groups are the only ones with invariant probability measures, but 
invariant means exist more generally: 

(10.21) Proposition ([2] =^ =^ H is amenable iff there exists a 
left-invariant mean on the space ChddiH) of bounded, continuous functions 
on H . 

Proof. (=>) To avoid technical problems, let us assume H is discrete. The set 
of means on Cbdd(^) is obviously nonempty, convex and invariant under left 
translation (see Exercise 13 1. Furthermore, it is a weak* closed subset of the 



unit ball in Chdd{H)* (see Exercise 14), so it is compact by the Banach-Alaoglu 
Theorem (ExercisejlJ. Therefore, the amenability of -ff implies that some mean 
is left-invariant (see Exercise 10B#18l. 

(<J=) Suppose H acts continuously on a compact, metrizable space X. Fix 
some X Cz X. Then we have a continuous, i/-equivariant linear map from C'{X) 
to Cbdd(^), defined by 

J{h) = f{hx). 

Therefore, any left-invariant mean on C'hddiH) induces an iJ-invariant mean on 



C(X) (see Exercise 15 1. Since X is compact, the Riesz Representation Theorem 
tells us that any continuous, positive linear functional on C{X) is a measure; 
thus, this _ff-invariant mean is an iJ- invariant probability measure on X. □ 

(10.22) Remark. If H is amenable, then there is a left-invariant mean on 
£j°"{H), not just on Cbdd(^)- Therefore, one can replace Cbdd(^^) with £j^{H) 
in Theorem 10.14 4|. Furthermore, this mean can be taken to be bi-invariant 



(both left-invariant and right-invariant) (see Exercise 16 1 



Invariant finitely additive probabiUty measures 

The following proposition is based on the observation that, just as probability 
measures on X correspond to elements of the dual of C{X), finitely additive 
probability measures correspond to elements of the dual of iL°°(X). 

(10.23) Proposition (|4] <^=^ 5 I. H is amenable iff there is a left-invariant 
finitely additive probability measure p defined on the collection of all Lebesgue 
measurable subsets of H , such that p{E) = for every set E of Haar measure 0. 

Proof. (=>) Because H is amenable, there exists a left-invariant mean A on 
JH'^iH) (see Remark [10221). For a measurable subset E of H, let p{E) = Xixs), 



where xe is the characteristic function of E. It is easy to verify that p has the 



desired properties (see Exercise 17). 

{<F=) We define a mean A via an approximation by step functions: for / G 
li°^{H), let 



A(/) = inf ■ 



2 = 1 



aip{Ei) 



aiXE, a.e. 



Since p is finitely additive, it is straightforward to verify that A is a mean 



on fi°°{H) (see Exercise 18). Since p is bi-invariant, we know that A is also 
bi-invariant. □ 
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(10.24) Remark. 



1) Proposition 10.23 easily implies that every subgroup of a discrete amenable 
group is amenable (see Exercise 19 1, establishing Proposition 10.13 for 
the case of discrete groups. In fact, it is not very difficult to prove the 
general case of Proposition 10.13 similarly (see Exercise 20 1. 

2) Because any amenable group H has a bi-invariant mean on £,°°(i?) 
(see Remark 10.221, the proof of Proposition 10.23'^) shows that the 



finitely additive probability measure p can be taken to be bi-invariant. 



Almost-invariant vectors 



(10.25) Definition. An action of on a normed vector space B has almost- 
invariant vectors if, for every compact subset C of H and every e > 0, there is 
a unit vector v € B, such that 

||CT-w||<e for all ceC. (10.26) 



(A unit vector satisfying (10.261 is said to be (e, C)-invariant.) 



(10.27) Example. Consider the regular representation of H on Z?{H). 

1) If is a compact Lie group, then the constant function \h belongs to 
ji^{H), so L^{H) has an iJ-invariant unit vector. 

2) If iJ = R, then li^{H) does not have any (nonzero) i/-invariant vectors 



(see Exercise 21 1, but it does have almost-invariant vectors: Given C 



and e, choose n G N so large that C C [— n, n] and < e. Let 

(j) = ^Xn2, where x„2 is the characteristic function of [0,n^]. Then ^ is a 
unit vector and, for c G C, we have 



< 



dx 



n +n 



1 



dx = 



< e 



(10.28) Remark. !i^{H) has almost-invariant vectors iff L^{H) has almost- 
invariant vectors (see Exercise 22 1. Thus, £j^{H) may be replaced with L^{H) 
in Theorem 10.14 6 1. (In fact, £j^{H) may be replaced with {^^{H), for any 



p G [l,oo) (see Exercise 23l.) 



■ [~6|. H is amenable iff [^^{H) has almost-invariant 



10.28 



we may replace L^{H) with £,^(iJ). 



(10.29) Proposition ^ < 

vectors. 

Proof. Because of Remark 

(^) By applying the construction of means in Example 10.20 to almost- 
invariant vectors in £,^(iJ), we obtain almost- invariant means on ![j°^{H). A 
limit of almost-invariant means is invariant (see Exercise 24 1 . 

>) Because the means constructed in Example 10.20 are dense in the space 



of all means, we can approximate a left-invariant mean by an function. 
Vectors close to an invariant vector are almost-invariant, so L^{H) has almost- 
invariant vectors. However, there are technical issues here; one problem is that 
the approximation is in the weak* topology, but we are looking for vectors that 



are almost-invariant in the norm topology. See Exercise 25 for a correct proof 
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in the case of discrete groups (using the fact that a convex set has the same 
closure in both the strong (or norm) topology and the weak* topology). □ 



F0lner sequences (optional) 

(10.30) Definition. Let {F„} be a sequence of measurable sets in H, such that 
< /i(i^,i) < oo for every n. We say {Fn} is a F0lner sequence if, for every 
compact subset C oi H, we have 

fi{F^AcF„) /1nQ1^ 
lim max > 0, (10.31) 

where /i is the Haar measure on H. 
(10.32) Example. 

1) If Fn — Bn{0) is the ball of radius n in M^, then {Fn} is a F0lner sequence 
in (see Exercise [27| . 

2) The free group F2 on 2 generators does not have any F0lner sequences 
(see Exercise 28 1 . 

It is not a coincidence that the amenable group M" has a F0lner sequence, 
but the non-amenable group F2 does not: 



(10.33) Proposition m\ <;=^ 7\. H is amenable iff H has a F0lner sequence. 



Proof. Normalized characteristic functions of F0lner sets are almost in- 
variant vectors in L^{H) (see Exercise 29 1. 

(=>) Let us assume H is discrete. Given e > 0, and a finite subset C oi H, 
we wish to find a finite subset F oi H, such that 
#{FAc{F)) ^ 

— — - < e for all c e C. 

Since H is amenable, we know Zi^(H) has almost-invariant vectors (see Re- 
mark 



10.281; thus, there exists / G L^{H), such that 



1) />0, 

2) ||/||i = l,and 

3) ||c*/ - /111 <e/#C^, for every ceC. 

Note that if / were the normalized characteristic function of a set F, then this 
set F would be what we want; for the general case, we will approximate / by 
a sum of such characteristic functions. 

Approximating / by a step function, we may assume / takes only finitely 
many values. Hence, there exist: 

• finite subsets Ai C A2 C ■ ■ ■ C An of H, and 

• real numbers ai, . . . , a„ > 0, 
such that 

1) ai + a2 + • • • + q;„ = 1 and 

2) / = aifi + 02/2 H anfn, 
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where fi is the normahzed characteristic function of Ai (see Exercise 32 1 . For 
all i and j, and any c € H, we have 

Ai \ cAi is disjoint from cAj \ Aj (10.34) 
(see Exercise 33), so, for any x £ H, we have 

Mx) > ic*mx) ^ f,{x) > ic*f,){x) 

and 

Mx) < {c*mx) ^ f,{x) < {c*f,){x). 

Therefore 

|(c7 - f){x)\ = ^a,|(c*/^ - mx)\ for all x £ i7. 

i 

Summing over H yields 

Summing over C, we conclude that 

\\c*fi - fiWi < e. 

i c£C 

Since = 1 (and all terms are positive), this implies there is some i, such 

that 

Y.\\c*h-hh<e. 
cec 

Hence, \\c*fi — fi\\i < e, for every c € C, so we may let F = Ai. □ 

(10.35) Remark. F0lner sets provide an easy proof that subgroups of discrete 
amenable groups are amenable. 

Proof. Let 

• A be a closed subgroup of a discrete, amenable group H, 

• C be a finite subset of A, and 

• e > 0. 

Since H is amenable, there is a corresponding F0lner set F in H. 

It suffices to show there is some h G H, such that Fh D A is a, F0lner set 
in A. We have 

E MFnAh) 

AheA\H 

and, letting e' = e#C, we have 

(1 + e')#i^ > #(Ci^) = E #(c(^nA/i)), 

AhGA\H 

SO there must be some Ah E A\H, such that 

#(C(F n Ah)) < (1 + €')#{F n Ah) 

(and n A/i 7^ 0). Then, letting F' = i^/i^^ n A, we have 

#(CF') = #(C(F n A/i)) < (1 + e')#(i^ n Ah) - (1 + e')#i^', 
so F' is a F0lner set in A. □ 
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Exercises for §10C 

Invariant probability measures 

#1. Let S be a Banach space. Show that the closed unit ball in B* is compact 
in the weak* topology. 

[Hint: Let D = Bi{C) be the unit disk in C. There is a natural embedding of the 
closed unit ball Bi{B*) in the infinite Cartesian product ^ veBi(B) This product 
is compact (by Tychonoff's Theory), and the map is a homeomorpliism onto its image, 
which is closed.] 



7^2. In the setting of Example 10.15 show that Prob(X) is a compact, convex 
subset oiC{X)*. 

[Hint: You may assume the Banach-Alaoglu Theorem (Exercise [TJ.] 

7^3. Suppose H acts continuously on a compact, metrizable space X. There 
is an induced action of H on Prob(X) defined by 

= for heH, Prob(X), and A<zX. 

Show that this induced action of H on Prob(X) is continuous (with re- 
spect to the weak* topology on Prob(X)). 

^4:. Let ^ be a separable subset of a Frechet space J^. Show 

a) A is second countable. 

b) If A is compact, then A is metrizable. 

[Hint: |4b]| Remark [laTe]] 

7^5. Let /i be a probability measure on a compact, convex subset C of a Frechet 
space. Show the center of mass of /x exists and is an element of C. 

^6. Give an example of a probability measure /i on a Frechet space, such that 
the center of mass of fi does not exist. 

[Hint: There are probability measures on M"*", such that the center of mass is infinite.] 

#7. Show that Hp is the center of mass of a probability measure /i on a Frechet 
space T, then p is invariant under every continuous, linear transformation 
of that preserves fi. 

7^8. Suppose H acts continuously on a compact, metrizable space X. Show 
that the map 

H X Prob(X) : {h, fi) t-^ h^fx 

defines a continuous action of H on Prob(X). 

#9. a) Find a homeomorphism of the circle , such that the only (jy- 
invariant probability measure is the delta mass at a single point p. 

b) Find two homeomorphisms 0i and 02 of , such that the subgroup 
{4'It4'2) they generate has no invariant probability measure. 

c) Conclude that the free group F2 on 2 generators is not amenable. 

[Hint: ( |9a| Identifying with [0,1], let 4>{x) = . For any x £ (0,1), we have 
<j>{{0,x))^ (0,a;2), so ^l{(x'^,x)) = 0. Since (0, 1) is the union of countably many such 
intervals, this implies that /i((0, 1)) = 0.] 
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Left-invariant means 



#10. Verify Remark 10.19 



[Hint: X{1h) = 1 implies ||A|| > 1. For the other direction, note that if ||/j|oo < 1, 
then 1h - / > a.c., so X{1h - /) > 0; similarly, A(/ + 1h) > 0.] 

#11. Show that the restriction of a mean is a mean. More precisely, suppose 
J^i and are hnear subspaces of with 1h & C J^2- Show 

that if A is a mean on , then the restriction of A to J^i is a mean on J^i . 

#12. Let B be any linear subspace of iL°°(if), such that B contains 1h and 
is closed in the £,°°-norm. Show that the means constructed in Exam- 
ple [10]20] are weak* dense in the set of all means on B- 

[Hint: If not, then the Hahn-Banach Theorem implies there exist e > 0, a mean A, 
and some / £ (i?*)* = B, such that 

A(/)>e + / f\<^>\d^,, 
J H 

for every unit vector if> in L^{H). This contradicts the fact that A(/) < ess. sup/.] 

#13. Let Ai be the set of means on Cbdd(-H^)- Show: 

a) M ^ 0. 

b) Ad is convex. 

c) M is iJ-invariant. 

#14. Let A4 be the set of means on Cbdd(-ff)- Show: 

a) A4 is contained in the closed unit ball of Cbdd(-ff)*- (That is, we 
have |A(/) < ||/||oo for every / e C^ddiH)-) 

b) (M) is weak* closed. 

c) M is compact in the weak* topology. 

[Hint: You may assume the Banach-Alaoglu Theorem (Exercise Q.] 

#15. Suppose Tp: Y X is continuous, and A is a mean on Cbdd(^)- Show 
that V*A (defined by (V'*A)(/) = X{f o is a mean on Cbdd(^)- 

#16. Assume H is amenable and discrete. Show there is a bi-invariant mean 
on Ji°°{H). 

[Hint: Since = C]:,^^{H), amenability implies there is a left- invariant mean 

on f^°°{H) (see Proposition |10.2T| |. Now H acts by right translations on the set of all 
such means, so amenability implies that some left-invariant mean is right-invariant.] 

Lnvariant finitely additive probability measures 



#17. Verify that the function p defined in the proof of Proposition 10.23'^) 
has the desired properties. 



#18. Let p and A be as in the proof of Proposition 10.23 

a) Show that if J2iLi<^iXEi = J2"=ibjXFj a.e., then J2iLi ^^iPi^i) = 
TJUhpiF,). ^ 

b) Show that if J]" i "iX-B; < Z]"=i ^jXFj a.e., then J]™ i a»P(^0 < 

i:Ub,p{F,). 

c) Show that \{Ih) = 1. 
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d) Show that if / > 0, then A(/) > 0. 

e) Show that 



=sup< ^ajp(£;,) 
I 1=1 



n 

/ > ^ ttiXEi a.e. 



f) S how th at A is a mean on 

[Hint: ( |18a|18b| l By passing to a refinement, arrange that {Ei} arc pairwisc disjoint, 
{Fj} arc pairwisc disjoint, and each Ei is contained in some Fj. ] 

#19. Use Proposition |10.23| to prove that every subgroup A of a discrete 
amenable group H is amenable. 

[Hint: Let X be a set of representatives of the right cosets of A in H. For E d A, 
define 

J{E) = \(EX), 

where A is a left-invariant finitely additive probability measure on H.] 

#20. Use Proposition |10.23| to prove that every closed subgroup A of an 
amenable group H is amenable. 

[Hint: Let X be a Borel set of r epre sentatives of the right cosets of A in H, and define 
A as in the solution of Exercise Il9| Fubini's Theorem implies that if E has measure 
in A, then XA has measure in H. You may assume (without proof) the fact that if 
f : M ^ N is a continuous function between manifolds M and N, and E is a, Borel 
subset of M, such that the restriction of f to E is one-to-one, then f{E) is a Borel 
set in N. 1 



Almost-invariant vectors 

#21. 

a) For V G £j^{H), show that v is invariant under translations iff v is 
constant (a.e.). 

b) Show that H is compact iff L^{H) has a nonzero vector that is 
invariant under translation.. 

#22. Show that Si^{H) has almost-invariant vectors iff L^{H) has almost- 
invariant vectors. 

[ffini; Note that /2-g2 = so -g2 1|^ < ||/-(,||2 ||/+g||2. Conversely, 

for /,<?> 0, we have {f - g)^ < [P - 9^[, so [\f - g\\?, < Wf' - g'^h-] 

#23. For p e [l,oo), show that L^{H) has almost-invariant vectors iff L^{H) 
has almost-invariant vectors. 

[Hint: If p < q, then almost-invariant vectors in tiP{H) yield almost-invariant vec- 
tors in L''{H), because [{f - g)['^/^ < [f^^^ - g'^^^[- And almost-invariant vectors in 
LFiH) yield almost- invariant vectors in 1^^^'^{H), by the argument of the first hint in 
Exercise [22]] 

#24. Let 

• {C„} be an increasing sequence of compact subsets of H, such that 

• e« = 1/"-, 

• be an (e„, C„)-invariant unit vector in £j^{H), 

• A„ be the mean on obtained from by the construction in 
Example 1 10. 20 1 and 
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• A be an accumulation point of {A„}. 
Show that A is invariant. 

#25. Assume H is discrete. Let 

Suppose {(fii} is a net in V, such that the corresponding means Xi converge 
weak* to an invariant mean A on iL°°(iJ). 

a) For each h ^ H, show that the net {h*(j>i — (/){} converges weakly 
to 0. 

b) Take a copy L^{H)h of L^{H) for each he H, and let 

^= X L\H)h 

heH 

with the product of the norm topologies. Show that is a Frechet 
space. 

c) Show that the weak topology on is the product of the weak topolo- 
gies on the factors. 

d) Define a linear map T: !i^{H) ^ T by T{f)h = h*f - f. 

e) Show that the net {T{(j>i}) converges to weakly. 

f) Show that is in the strong closure of T{V). 

g) Show that li}{H) has almost-invariant vectors. 



F0lner sequences 



#26. Show that {Fn} is a F0lner sequence iff, for every compact subset C of H, 
we have 

Ai(F„ U cF^) 



lim 

n — *oo 



1. 



#27. Justify Example |10.32[ |1[). 

[Hint: C C Br(0), for some r. We have ^l{Br+t{'A)) / IJ.{Bi{'d)) 1.] 

#28. Show explicitly that free groups do not have F0lner sequences. More 
precisely, let F2 be the free group on two generators a and 6, and show 
that if F is any nonempty, finite subset of F2, then there exists c <E 
{a,6,a-\&-H, such that #(F \ cF) > (l/4)#i^. This shows that F2 
free groups is not amenable. 

[Hint: Suppose F = AU B U A~ U B~ , where words in A, B, A~ , B' start with 
a,6,a-l,6-l, respectively. If #A < #A~ and #(AUA-) < #(BUB-), then #(aF\ 
F) > #{BUB-)-#A.] 



#29. Prove Proposition 1(133 ;-^) 



[Hint: Normalizing the characteristic function of Fn yields an almost-invariant unit 
vector.! 



#30. Show (10.311 is equivalent to 



lim max 

n— »oo c€C 



U cFn) 



lOD. 
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#31. Assume H is discrete. Show that a sequence {Fn} of finite subsets of H 
is a F0lner sequence iff, for every finite subset C of H, we have 

#32. Assume / is a step function, as in the proof of Proposition 10.33[ =»). Let 



• fli > 02 > • • • > a„ be the finitely many positive values taken by /, 

• Ai = {h e H \ f{h) > flj }, and 

• fi be the normalized characteristic function of Ai. 
Show 

a) Ai c A2 C ■ ■ ■ C An, 

b) there exist real numbers ai, ...,«„> 0, such that 

/ = ai/i H 1- anfn, 

and 

c) ai + ■ ■ ■ + a„ — 1. 



#33. Prove (33) 



[Hint: Note that either Ai C Aj or Aj C Ai 



#34. Prove Proposition 10.33 ^=4>). 

[Hint: {not written yet)\ 



#35. (harder) Use F0lner sets to prove Remark 10.35| (without assuming H is 
discrete) . 

[Hint: Adapt the proof of the discrete case. There are technical difficulties, but begin 
by replacing the sum over A\H with an integral over A\H.] 

#36. A finitely generated (discrete) group A is said to have subexponential 
growth if there exists a generating set S for A, such that, for every e > 0, 

#(5 U 5-I)" < e"' for all large n. 

Show that every group of subexponential growth is amenable. 

#37. Give an example of an finitely generated, amenable group that does not 
have subexponential growth. 

§10D. Some nonamenable groups 



Other proofs of the following proposition appear in Exercises 10C#9 and 10C#28 



(10.36) Proposition. Nonabelian free groups are not amenable. 

Proof. For convenience, we consider only the free group F2 on two generators 
a and b. Suppose F2 has a left-invariant finitely additive probability measure p. 
(This will lead to a contradiction.) 

We may write F2 = AuA~UBUB~U{e}, where A, A~ , B, and B~ consist 
of the reduced words whose first letter is a, a~ , b, or b~ , respectively. Assume, 
without loss of generality, that p{A U ^~) < p{B U B^) and p{A) < p{A~). 
Then 

p{B U B- U {e}) > - and p{A) < -. 
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Then, by left-invariance, we have 

p(a{B U U {e})) = p{B U U {e}) > ^ > 
This contradicts the fact that a{B (J B^ U {e}) C A. □ 
Combining this with the fact that subgroups of discrete amenable groups 



are amenable (see Proposition 10.131, we have the following consequence: 



(10.37) Corollary. Suppose H is a discrete group. If H contains a nonabelian, 
free subgroup, then H is not amenable. 

(10.38) Remark. 



1) The converse of Corollary 10.37 is not true. This was known as Von 
Neumann's Conjecture, but a nonamenable group with no nonabelian 
free subgroups was found by Ol'shanskii in 1980. 

2) The assumption that H is discrete cannot be deleted from the statement 
of Corollary 10.37 For example, the orthogonal group S0(3) is amenable 



(because it is compact), but the Tits Alternative (4.641 implies that it 
contains nonabelian free subgroups. 

3) The nonamenability of nonabelian free subgroups of S0(3) is the basis of 
the famous Banach-Tarski Paradox: A 3-dimensional ball B can be de- 
composed into finitely many subsets Xi, . . . , X„, such that these subsets 
can be reassembled to form the union of two disjoint balls of the same 
radius as B. (More precisely, the union Bi U B2 of two disjoint balls of 
the same radius as B can be decomposed into subsets Yi, . . . , F„, such 
that Yi is congruent to Xj, for each i.) 

4) If _ff contains a closed, nonabelian, free subgroup, then H is not amenable. 

Here is an example of a nonamenable connected group: 
(10.39) Proposition. SL(2,M) is not amenable. 

Proof. Let G = SL(2,E). The action of G on EU{oo} ~ S'^ by linear-fractional 
transformations is transitive, and the stabilizer of the point is the subgroup 



so G/P is compact. However, the Borel Density Theorem (4.49 1 implies there is 
no G-invariant probability measure on G/P. (See Exercise |2j for a direct proof 
that there is no G-invariant probability measure.) So G is not amenable. □ 

More generally: 

(10.40) Proposition. // a connected, semisimple Lie group G is not compact, 
then G is not amenable. 



Proof. The Jacobson-Morosov Lemma (3.401 tells us that G contains a closed 
subgroup isogenous to SL(2,E). Alternatively, recall that any lattice F in G 



must contain a nonabelian free subgroup (see Corollary 4.651, and, being dis- 
crete, this is a closed subgroup of G. □ 
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(10.41) Remark. Readers familiar with the structure of semisimple Lie groups 



will see that the proof of Proposition 10.39 generalizes to the situation of Propo- 
sition |10.40| Since G is not compact, it has a proper parabolic subgroup P. 
Then G/P is compact, but the Borel Density Theorem implies that G/P has 
no G-invariant probability measure. 

Combining this result with the structure theory of connected Lie groups 
yields the following classification of connected, amenable Lie groups: 

(10.42) Proposition. A connected Lie group H is amenable iff H contains a 
connected, closed, solvable normal subgroup N , such that H/N is compact. 



Proof (^) Corollary |l0.12p I. 

(^) The structure theory of Lie groups tells us that there is a connected, 
closed, solvable, normal subgroup R of H, such that H/R is semisimple. (The 
subgroup R is called the radical of H.) Since quotients of amenable groups are 



amenable (see Exercise 10A#3l, we know that H/R is amenable. So H/R is 
compact (see Proposition 10.401. □ 



Exercises for §10D 

f^l. Assume that H is discrete, and that H is isomorphic to a (not necessarily 
discrete) subgroup of SL(^,M). Show: 

a) H is amenable iff H has no nonabelian, free subgroups. 

b) H is amenable iff H has a solvable subgroup of finite index. 

[Hint: Tits Alternative l |4.64| l.] 



#2. 



Let G SL(2,M) act on 
as usual, 
a) For 



. U {oo} by linear-fractional transformations. 



e G, 



#3. 



show that the only u-invariant probability measure on M U {oo} is 
concentrated on the fixed point of u. 
b) Since the fixed point of u is not fixed by all of G, conclude that there 
is no G-invariant probability measure on K U {oo}. 

[Hint: ^2a.\ The action of u is conjugate to the homeomorphism 4> in the hint to 
Exercise |10C#9"l|10C#9"a[ ), so a similar argument applies.] 

Show that if a semisimple Lie group G is not compact, then any lattice F 
in G is not amenable. 



f^i. Give an example of a nonamenable Lie group that has a closed, cocom- 
pact, amenable subgroup. 



§10E. Closed subgroups of amenable groups 



Before proving that closed subgroups of amenable groups are amenable (Propo- 
sition 10.131, let us introduce some notation and establish a lemma. (Proofs for 



the case of discrete groups have already been given in Remarks 10.24|and 10.35 ) 
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(10.43) Notation. 

1) We use £j°°{H; C) to denote the space of all measurable functions from 
the Lie group H to the compact, convex set C, where two functions are 
identified if they are equal a.e. (with respect to the Haar measure on H). 

2) If A is a closed subgroup of and C is a A-space, then 

ijj is essentially 1 
A-equivariant J ' 

(To say ip is essentially A-equivariant means, for each A G A, that 
tpiXh) = A • Tpih) for a.e. h e H.) 

(10.44) Example. 

1) If H is discrete, then every function on H is measurable, so Si°°{H; C) = 

is the cartesian product of countably many copies of C. Thus, in this 
case, Tychonoff's Theorem implies that £j°"{H;C) is compact. 

2) If C is the closed unit disk in the complex plane (and H is arbitrary), 
then Ji°°{H;C) is the closed unit ball in the Banach space iL°°(i/), so 



the Banach- Alaoglu Theorem (Exercise 10C#1) states that it is compact 
in the weak* topology. 

More generally, for any choice of the compact, convex iJ-space C, one can 
put a weak topology on ii°°{H; C) that makes it compact: 

(10.45) Lemma. // 

• A is a closed subgroup of H , and 

• C is a nonempty, compact, convex A-space, 

then £j°°(H;C) and li^{H;C) are nonempty, compact, convex H- spaces. 

Proof. We know C is contained in some Frechet space T', let Zj°°{H\ JF) be the 
space of all hounded measurable functions from H to (where two functions 
are identified if they are equal a.e.) Since £j^{H) is separable, this is a Frechet 
space with respect to the semi-norms 

J H 



for / G fi^{H) (see Exercise 10F#1). Since C is nonempty and convex, it 



is obvious that li,°°{H]C) is nonempty and convex. Also, since C is com- 
pact (hence bounded), the Banach- Alaoglu Theorem implies that L°°{H;C) 
is compact. Furthermore, the action of H by right-translation is continuous 



(see Exercise 10F#2| 



It is not difficult to see that iL^ (if; C) is a nonempty, closed, convex, H- 



invariant subset (see Exercise 10F#3l. □ 



Proof of Proposition |10.13[ Suppose A is a closed subgroup of an amenable 
group H. For simplicity, let us assume H is discrete (see Exercise [2|. Given a 



nonempty, compact, convex A-space C, Lemma 10.45 tells us that iL^(i/; C) is 



a nonempty, compact, convex _ff-spacc. Thus, the amenability of H implies that 
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H has a fixed point in £j']^{H; C). The iJ-invariance implies ■0 is constant. 
Thus, for any h € H, we have 

A • i^ih) = ■ip{Xh) {ip is A-equivariant) 

— tp{h) {tp is constant), 

so V'(^) is a fixed point for A. □ 

Exercises for §10E 

#1. Suppose A is a closed subgroup of H, and that A acts measurably on a 
measure space f2. Show there is a A-equivariant, measurable map tp: H 

n. 

[Hint: tp can be defined arbitrarily on a fundamental domain for A in H.] 

#2. Prove Proposition |10. 13] without assuming H is discrete. 

[Hint: The only issue is to modify the given proof to deal with sets of measure that 
may arise because, for example, ip is essentially equivariant, rather than equivariant. 
For A in a countable dense subset of A, the argument in the final sentence applies to 
a.e. h 6 H.] 



§10F. Equivariant maps from G/P to Prob(X) 



We now use amenability to prove a basic result that has important consequences 
for the theory of arithmetic groups. In particular, it is an ingredient in two 



fundamental results of G. AMargulis: his Superrigidity Theorem (12.1 1 and his 



Normal Subgroups Theorem (13.1) 



(10.46) Proposition. // 

• T is a lattice in G, 

• P is a closed, amenable subgroup of G, and 

• r acts continuously on a compact metric space X , 

then there is a Borel measurable map ip: G/P — > Prob(X), such that -tp is 
essentially T -equivariant. 

Proof. The argument is similar to the proof of Proposition |10.13[ 



Lemma 



10.45 



1 tells us that ilp (G; Prob(A')) is a nonempty, compact, convex 
G-space. By restriction, it is also a nonempty, compact, convex P-space, so P 
has a fixed point iJjq (under the action by right-translation). Then ipQ factors 
through to an (essentially) well-defined map ip: G/P — > Prob(Ar). Because V'o 
is F-equi variant, it is immediate that ip is F-equi variant. □ 

Here is an important special case: 

(10.47) Corollary. // 
• G = SL(3,M), 



• P 



C G, and 



* * * 

• F acts continuously on a compact metric space X , 
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then there is a Borel measurable map ip: G/P — > Prob(X), such that ip 
essentially T-equivariant. 



Proof. P is amenable (see Exercise 10B#15). □ 



(10.48) Remark. 



1) The map tp of Proposition 10.46 can be thought of as being a "random" 
map from G/P to X; for each z £ G/P, the value of ip{z) is a probability 
distribution that defines a random value for the function at z. However, 
we will see in |§12F| that the theory of proximality allows one to show, in 
certain cases, that ip{z) is indeed a single well-defined point of X, not a 
random value that varies over some range. 



2) When applying Proposition 10.46 to a semisimple Lie group G, the sub- 
group P is usually taken to be a "minimal parabolic subgroup." Corol- 
lary [10^47] is an example of this. 

Exercises for §10F 

#1. Show that L°^{H;T) is a, Frechet space. 

#2. Show that the action of H on L°^ {H; C) by right translations is contin- 
uous. 

#3. Show that £^(i7;C) is a nonempty, closed, convex, i7-invariant subset 

[Hint: To show CJ^{H; C) is nonempty, take i/i to be constant on a Borel fundamental 
domain for A in H } 



Notes 



{not written yet) 

The monograph [3j is a standard reference on amenability. A more con- 
densed treatment appears in [1] . Some of the material in this chapter can also 
be found in [5l §4.1]. Quite a different approach to amenability appears in [U 
Chaps. 10-12] (for discrete groups only). 

The fact that closed subgroups of amenable groups are amenable (Proposi- 
T0l3l ) is proved in Prop. 4.2.20, p. 74], Prop. 13.3, p. 118], and [TJ 
.2, pp. 30-32]. 

See [TJ p. 67] for a proof of Proposition 10.33'^) that does not require H 
to be discrete. 

Remark 10.28 is proved in [1 



tion 
Thm 



Our proof of Proposition 10.33 ' 



pp. 46-47]. 

) is taken from [T, pp. 66-67]. 



A nonamenable group with no nonabelian free subgroup (Remark 10.38 1 1) 
was constructed in ^2^. In this example, every proper subgroup of the group is 
cyclic. 

The book of S. Wagon [¥ is one of the many places to read about the 
Banach-Tarski Paradox (Remark 10.38 13|) 



The existence of a F-equivariant map (Proposition 10.461 is proved in [5J 
Prop. 4.3.9, p. 81]. 
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Chapter 11 



Kazhdan's Property (T) 



Recall that if H is not amenable, then Si^{H) does not have almost invariant 
vectors (see 10.14[ 6|). Kazhdan's property is the much stronger condition that 



no unitary representation of H has almost invariant vectors (except for the 
obvious example of the trivial representation of H, or representations that 
contain the trivial representation). Thus, in a sense, Kazhdan's property is the 
"opposite" of amenability. 

We already know that F is not amenable (unless it is finite) (see Exer- 
cise 10D#3l. In this chapter, we will see that F usually has Kazhdan's Prop- 



erty (T), and we look at some of the consequences of this. 
§11A. Kazhdan's property (T) 

(11.1) Definition. A Lie group H has Kazhdan's property (T) if every unitary 
representation of H that has almost invariant vectors also has invariant vectors. 

(11.2) Proposition. A Lie group is compact iff it is amenable and has Kazh- 
dan's property. 

Proof. Exercises [l] and |2] □ 

(11.3) Corollary. A discrete group A is finite iff it is amenable and has Kazh- 
dan's property. 

(11.4) Example. Z" does not have Kazhdan's property. 

(11.5) Corollary. If A is a discrete group with Kazhdan's property, then: 
1) every quotient A/N of A has Kazhdan's property, 



The Standing Assumptions ijSAjl are in effect, so, as always, F is a lattice in the 
semisimple Lie group G. 
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2) the abelianization A/[A, A] of A is finite, and 

3) A is finitely generated. 

Proof. For ^ and see Exercises [3] and |4] 

([3]) Let {A„} be the collection of all finitely generated subgroups of A. We 
have a unitary representation of A on each iL^(A/A„), given by (7/)(a;A„) = 
/(7~^a:A„). The direct sum of these is a unitary representation on 

n = L'iA/ Ai) (B Si'iA/ A2) (B ■ ■ ■ . 
Any compact set C C A is finite, so we have C C A„, for some n. Then 
C fixes the base point p = A„/A„ in A/A„, so, letting f = Sp he a, nonzero 
function in iL^(A/A„) that is supported on {p}, we have 'yf = f for all 7 e C. 
Thus, Ti. has almost invariant vectors, so there must be an i/-invariant vector 
in n. 

So some £;^(A/A„) has an invariant vector. Since A is transitive on A/A„, 
an invariant function must be constant. So a (nonzero) constant function is in 
il^(A/A„), which means A/A„ is finite. Because A„ is finitely generated, this 
implies that A is finitely generated. □ 

Since the abelianization of any (nontrivial) free group is infinite, we have 
the following example: 

(11.6) Corollary. Free groups do not have Kazhdans property. 
Exercises for §11A 



#1. Prove Proposition 11.2'^). 

[Hint: If H is compact, then almost-invariant vectors are invariant.] 



#2. Prove Proposition 11.2 '-<=). 

[Hint: Combining amenability with Kazhdan's property implies that C/^(H) has an 
invariant vector.! 



#3. Prove Corollary 11.5 ll. 



#4. Prove Corollary 11.5 2 1. 

[Hint: A/[A, A] is amenable and has Kazhdan's property.] 

#5. Show that if H has Kazhdan's property, then H/[H, H] is compact. 

#6. Show if iV is a closed, normal subgroup of H, such that N and H/N have 
Kazhdan's property, then H has Kazhdan's property. 

(11.7) Warning. The converse is not true: there are examples in which 
a normal subgroup of a Kazhdan group is not Kazhdan (see Exer- 
cise 



11B#1|. 



#7. Show that Hi x H2 has Kazhdan's property iff Hi and H2 both have 
Kazhdan's property. 

#8. Show that if (p, V) is a unitary representation of a Kazhdan group H, then 
almost-invariant vectors in V are near invariant vectors. More precisely, 
given e > 0, find a compact subset C of H and (5 > 0, such that if v is 
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any [S, C)-invariant vector in V, then there is an invariant vector vq in V, 
such that II w — Wo II < e. 

[Hint: There are no almost-invariant unit vectors in (V^)^, the orthogonal comple- 
ment of the space of invariant vectors.] 

§11B. Semisimple groups with Kazhdan's property 

(11.8) Example. SL(2,E) does not have Kazhdan's property. 

To see this, choose a torsion-free lattice F in SL(2,R). Then T is either a 
surface group or a nonabelian free group. In either case, r/[r, F] is infinite, so F 
does not have Kazhdan's property. Thus, we conclude from Proposition |1 1 . 1 T] 
below that SL(2,]R) does not have Kazhdan's property. 

Alternate proof: The conclusion can be deduced from the classification of 
the irreducible unitary representations of SL(2,IR). Namely, it is known that 
the trivial representation is a limit of complementary series representations, so 
an appropriate direct sum (or direct integral) of complementary series repre- 
sentations has almost invariant vectors. 

(11.9) Theorem. SL(3,M) has Kazhdan's property. 

Proof (optional), {not written yet)lll □ 

A similar argument shows that if G is simple, and R-rankG > 2, then G 
has Kazhdan's property. A more detailed analysis (which we omit) determines 
exactly which semisimple groups have Kazhdan's property: 

(11.10) Theorem. G has Kazhdan's property if and only if no simple factor 
of G is isogenous to SO(l,n) or SU(l,n). 

Exercises for §11B 

^1. Show that the natural semidirect product SL(3,M) k M"^ has Kazhdan's 
property. 

[Hint: The proof of Theorem |ll .9| shows that if a unitary representation of SL(3, M) IxM^ 
has almost-invariant vectors, then it has vectors that are invariant under the normal 
subgroup M.^. Now use the fact that SL(3, M) has Kazhdan's property.] 

§11C. Lattices in groups with Kazhdan's property 

In this section, we will prove the following important result: 

(11.11) Proposition. // G has Kazhdan's property, then F has Kazhdan's 
property. 

Combining this with Theorem |11.10| we obtain: 

(11.12) Corollary. If no simple factor of G is isogenous to SO(l,n) or SU(1, n), 
then F has Kazhdan's property. 

By Corollary |11.5| this has two important consequences: 
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(11.13) Corollary. If no simple factor of G is isogenous to SO{l,n) orSU(l,n), 
then 

1) T is finitely generated; and 

2) r/[r,r] is finite. 

The proof of Proposition |11.11| uses some machinery from the theory of 
unitary representations. 

(11.14) Notation. Let {p,V) and {<t,W) be unitary representations of G, or 

of r. 

1) We write p < cr if p is (isomorphic to) a subrepresentation of a. 

2) We write p ^ tr if p is weakly contained in a, that is: if for every compact 
set C in G, every e > 0, and all unit vectors 0i, . . . , 0„ € V , there exist 
corresponding unit vectors ^"1, • ■ • > G W , such that \{g'ipi \ ipj) — {g4>i \ 
4>j)\ < e, for all g € G and all I < i, j < n. 

(11.15) Remark. Using 1 to denote the (1-dimensional) trivial representation, 
we see that 

• a has invariant vectors if and only if 1 < cr, and 

• (7 has almost invariant vectors if and only if 1 < a. 

Thus, Kazhdan's property asserts, for all a, that if 1 cr, then 1 < a. 

(11.16) Definition (Induced representation). Suppose (p, V) is a unitary rep- 
resentation of r. 

1) A measurable function ip: G V is (essentially) right F-equivariant if, 
for each 7 S F, we have 

figi"^) = Ph) fig) for a.e. g £ G. 

2) We use ZriG; V) to denote the space of right F-equivariant measurable 
functions from G to V, where two functions are identified if they agree 
almost everywhere. 

3) For (f e Lr{G; V), we have |j¥'(57)||v — \\'p{9)\\v for every 7 g F and a.e. 
g £ G (see Exercise|2|. Thus, ||'y3(5)||y is a well-defined function on G/F 
(a.e.), so we may define the £,^-norm of ip by 




4) We use £p(G; V) to denote the subspace of iLr(G; V) consisting of the 
functions with finite £j^-norm. It is a Hilbert space (see Exercise [3|. 

5) Note that G acts by unitary operators on £p(G; V), via 

{g-ip){x) = ip{g-^x) ior g gG, lUG;V), andx eG (11.17) 
(see Exercise |4]) . This unitary representation of G is called the represen- 
tation induced from p, and it is denoted Indp (p). 

It is not difficult to show that induction preserves weak containment (see Ex- 
ercise [5|: 

(11.18) Lemma. If p^cr, then lnd^{p) -< Ind^(cr). 
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Proof of Proposition \11. Tl\ Suppose a representation p of F has almost-invariant 
vectors. Then p ;^ 1, so 

Ind^(p) > lnd^{l) ^ L'iG/T) > 1 
(see Exercises [6] and [t]) . Because G has Kazhdan's property, we conclude that 
Indp(p) > 1. This implies p> 1 (see Exercise^, as desired. □ 



Exercises for §11C 

7^1. Prove the converse of Proposition 111.11] Show that if F has Kazhdan's 
property, then G has Kazhdan's property. 

[Hint: Find a F-invariant vector, and average it over G/F.] 

#2. Let if G iir{G;V) and 7 € F, where {p,V) is a unitary representation 
of F. Show 11^5(57) Ik = llv(fl')lk, for a.e. g eG. 

^3. Show £p(G'; V) is a Hilbert space (with the given norm). 



#4. Show that (11.171 defines a continuous action of G on £;p(G; V). 
#5. Prove Lemma [TTISl 

#6. Show that Indp (1) is (isomorphic to) the usual representation of G on 
a'^iG/T) (by left translation). 

#7. Show 1 < H^iG/T). 

^8. Show that if p is a unitary representation of F, such that 1 < Indp (p), 
then 1 < p. 



§11D. Fixed points in Hilbert spaces 

We now describe (without proof) an important geometric interpretation of 
Kazhdan's property. 

(11.19) Definition. Suppose 7i is a Hilbert space. A bijection T: H ^ H is 
an affine isometry of H if 

• T(v — w) = Tiv) — Tiw) and 
. \\T{v-w)\\ = \\v-wl 
for all v,w ^Ti.. See Exercise [T] for a more concrete characterization. 

(11.20) Example. Suppose wq is a nonzero vector in a Hilbert space H. For 
i G K, define an affine isometry ^* on H by (/)*(v) = v + two; this yields an 
action of R on 7i by affine isometries. Since (^^{v) = v + wq v, we know that 
the action has no ffxed point. 

The following result shows that the existence of such an action characterizes 
the groups that do not have Kazhdan's property: 

(11.21) Theorem. For a Lie group H , the following are equivalent: 

1) H has Kazhdan's property; 

2) for every continuous action of H by affine isometries on a Hilbert 
space TL, the orbit Hv of each vector v in TL is a bounded subset of Ti.; 
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3) every continuous action of H by affine isometrics on a Hilbert space Ti. 
has a fixed point. 

Proof, {not written yet)lll □ 
This theorem can be restated in cohomological terms. 

(11.22) Definition. Suppose p is a unitary representation of a group H on Ti. 
Define 

1) Z\H- p)^{f: H^n\yg,heH. f{gh) = /(.g) + p{g) f{h) }, 

2) B\H;p) = {f: H ^H\3v eH, \/h^H, f{h)^v~p{h)v}, 

3) n\H;p) = Z\H;p)/B\H;p) (see Exercise [sj) . 

(11.23) Corollary. H has Kazhdan's property iffT-L^{H; p) = 0, for every uni- 
tary representation p of H . 

Proof. Exercise [sj □ 

In Definition |ll.22 the subspace B^{H;p) may fail to be closed. In this 
case, the quotient space Ti^{H; p) do es not have a good topology. Fortunately, 
it can be shown that Corollary 11.23 remains valid if we replace B^{H; p) with 
its closure: 

(11.24) Definition. In the notation of Definition 11.22[ let: 
1) B'^{H;p) be the closure of B^{H; p) in Z^{H; p), and 



2) n iH;p) = Z^{H;p)/B^{H;p). This is called the reduced 1st cohomol- 
ogy. 

(11.25) Theorem. H has Kazhdan's property iffH^ {H; p) = 0, for every uni- 
tary representation p of H . 

Because reduced cohomology behaves well with respect to the direct integral 
decomposition of a unitary representation (although the unreduced cohomology 
does not), this theorem implies that it suffices to consider only the irreducible 
representations of H: 

(11.26) Corollary. H has Kazhdan's property iff Ti^ {H ; p) = 0, for every ir- 
reducible unitary representation p of H . 

We conclude by mentioning another geometric application of Kazhdan's 
property. 

(11.27) Definition. A iree is a contractible, 1-dimensional simplicial complex. 

(11.28) Theorem. Suppose A is a discrete group that has Kazhdan's property. 
If A acts on a tree T {by isometrics) , then A has a fixed point in T . 
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Exercises for §11D 

#1. Suppose T : Ti ^Ti, where 7i is a Hilbert space. Show that T is an affine 
isometry if and only if there is a unitary operator U : Ti Ti and a vector 
ben, such that T{v) = Uv + b, for all v eH. 



#2. Prove (|2] =^[3]) in Theorem [TT^T 



#3. In the notation of Definition 11.22 show that B^{H;p) C Z^{H;p) (so 



the quotient Z^{H; p)/B^{H; p) is defined) 

#4. Suppose 

• (p, V) is a unitary representation of H, and 

• f : H ^ V is continuous. 

For each h G H, define an affine isometry cj)'^ by (j)^{v) — p{h) v + f{h). 
Show that (j) defines an action of on V iff / € Z^{p; p). 



4t^b. Prove Coroll ary [TPs 



[Hint: Theorem |l 1.2 1| and Exercise [i]] 

#6. Assume 

• r has Kazhdan's property T, 

• y is a vector space, 

• 7i is a Hilbert space that is contained in V , 

• V eV , and 

• cr: r ^ GL(T^) is any homomorphism, such that 

o the restriction a{"f)\u is unitary, for every 7 £ F, and 
o Ti + v \s a(F)-invariant. 
Show (t(F) has a fixed point in 7i + w. 

[Hint: Theorem [IL21J3}.] 

7^7. Show H has Kazhdan's property iff Ti}{H; p) = 0, for every irreducible 
unitary representation p of H. 



Notes 



The monograph [2J has been the standard reference on Kazhdan's property for 
many years, but it has been replaced by an expanded and updated edition [1]. 
Brief treatments can also be found in [HI Chap. 3] and [THl Chap. 7]. 



Kazhdan's property (T) was introduced in [5], where Corollary 11.5 The- 
orem [TF9] and Proposition 111.11] were proved. Theorem |1 1 . 1 0| combines work 
of Kazhdan ^5 , Wang [TP, and Kostant [Sl[7]. 

is due to Delorme [3] and Guichardet [3]. 
and Corollary 11.26 are due to Y. Shalom [10, Thms. 6.1 



Theorem 
Theorem 
and 0.2]. 



11.21 



11.25 



Theorem 11.28 is due to Watatani [T^]. Serre's book [S] is a very nice ex- 



position of the theory of group actions on trees, but, unfortunately, does not 
include this theorem. 
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Chapter 12 



Margulis Superrigidity Theorem 



Roughly speaking, the Marguhs Superrigidity Theorem tells us that homomor- 
phisms defined on T can be extended to be defined on all of G (if M-rank G > 2). 
This fundamental theorem implies the Margulis Arithmeticity Theorem (5.21 1. 
It is also a strengthening of the Mostow Rigidity Theorem, which states that, 
in most cases, nonisomorphic groups cannot have nonisomorphic lattices. 



§12A. Margulis Superrigidity Theorem 

It is not difficult to see that every group homomorphism from Z,'' to M" can 
be extended to a continuous homomorphism from M.'^ to M" (see Exercise [ij . 
Noting that Z'^ is a lattice in M.'^, it is natural to hope that, analogously, 
homomorphisms defined on T can be extended to be defined on all of G. The 
Margulis Superrigidity Theorem accomplishes this if M-rankG > 2, but there 
are some minor technical issues in the statement. 

(12.1) Theorem (Margulis Superrigidity Theorem). Assume 

i) K-rankG > 2, 

ii) r is irreducible, and 

Hi) G and G' are connected, with trivial center, and no compact factors. 
If ip:T ^ G' is any homomorphism, such that ip(T) is Zariski dense in G' , 
then if extends to a continuous homomorphism ip: G ^ G' . 

See [§T2Dl for the proof. 

(12.2) Remark. The assumption ^ that M-rankG > 2 can be weakened to 
the assumption that G is not isogenous to SO(l,n) or SU(l,n). On the other 
hand, ^ cannot simply be eliminated. For example, if G = PSL(2,IR), then we 

The Standing Assumptions | |3A| are in effect, so, as always, F is a lattice in the 
semisimple Lie group G. 

Copyright © 2001-2008 Dave Witte Morris. All rights reserved. 
Permission to make copies of these lecture notes for educational or scientific use, including 
multiple copies for classroom or seminar teaching, is granted (without fee), provided that 
any fees charged for the copies are only sufficient to recover the reasonable copying costs, 
and that all copies include this copyright notice. Specific written permission of the author is 
required to reproduce or distribute this book (in whole or in part) for profit or commercial 
advantage. 
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could take F to be a free group (see 6.9 1. In this case, there exist many, many 



homomorphisms from T into any group G", and many of them will not extend 
to G (see Exercise |2]) . 



Because of our standing assumption (3A| that G" is semisimple, Theo- 



12.1 



implicitly assumes that the Zariski closure (p(T) = G' is semisimple. 



In fact, that is automatically the case: 

(12.3) Theorem. Assume 
i) M-rankG > 2, 
ii) r is irreducible, and 
Hi) ip:T ^ GL(n,M) is a homomorphism. 

Then: 

1 ) The Zariski closure ip{T) is semisimple. 



2) IfT is not cocompact, then (p{T) has no compact factors. 

Thus, the assumption that is Zariski dense in G' can be fulfilled by 

replacing G' with the Zariski closure of f{V). However, in general, this Zariski 
closure may be disconnected, or have nontrivial center, or have compact factors. 
This leads to minor technical complications in stating a theorem that does 
not require to be Zariski dense (see Exercise [9]) . On the other hand, an 

interesting special case of the theorem can be stated very cleanly, after we make 
a definition: 

(12.4) Definition. We say that a homomorphism (p:T^H virtually ex- 
tends to a homomorphism from G to -ff if there exists a continuous homo- 
morphism ip: G H, such that (p is equal to ip on some finite-index subgroup 

of r. 

(12.5) Corollary. // 

• G = SL(fc,M), with fc > 3, 

• G/r is not compact, and 

• ip is any homomorphism from T to SL(ri,M), 

then p virtually extends to a continuous homomorphism ip: G ^ SL(7i,IR). 

See Exercise [8] for the proof of a more general result. 
Exercises for §12A 

#1. Suppose (p IS a, homomorphism from Z''' to M". Show that (p> extends to a 
continuous homomorphism from M.^ to M". 

[Hint: Let (p: — > M" be a linear transformation, such that (p(ei) = <fi(ei), where 
{ei, . . . , ej;} is the standard basis of M*.] 

#2. Suppose G — PSL(2,M) and T is free on n > 3 generators. Construct 
homomorphisms p: T ^ G, such that 

a) ip{T) is Zariski dense in G, but 

b) ip does not virtually extend to a continuous homomorphism ip: G 
G. 

[Hint: ip may have an infinite kernel.] 
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^3. Show that if G has no factors isogenous to SO(l,n) or SU(l,n), then 
[r, r] has finite index in T. 

[Hint: You may assume Remark |12.2| ] 

^i. Assume T is irreducible, and G has no factors isogenous to SO(l,n) or 
SU(l,n), Show that if N is an infinite normal subgroup of F, such that 
T/N is linear (i.e., isomorphic to a subgroup of GL(^, C), for some £), 
then T/N is finite. 

^5. In each case, find 

• a lattice F in G and 

• a homomorphism ip: T G' , 
such that 

• </j(r) is Zariski dense in G', and 

• if does not extend to a continuous homomorphism ip: G — > G'. 
Are they counterexamples to Theorem [T2Tlp Why or why not? 

a) G = G' = PSL(2, K) x PSL(2, R). 

b) G = PSL(4, K) and G' = SL(4, M) . 

c) G = S0(2, 3) and G' = S0(2, 3) x S0(5). 

#6. Assume G has no compact factors. Show that the extension if in Theo- 
rem [T2?T] is unique. 

[Hint: Borcl Density Theorem.] 

7^7. Suppose the homomorphism ip:T ^ SL(n,M) extends to a continuous 
homomorphism (p: G SL(n,M). Show that the almost-Zariski closure 

</?(r) is connected and semisimple. 

(12.6) Definition. We say G is algebraically simply connected if every 
continuous homomorphism from G to PSL(n,M) lifts to a well-defined 
homomorphism from G to SL(rt,M), for every n. 

It is known that SL(n,E) is algebraically simply connected, so the fol- 
lowing exercise is a generalization of Corollary |12.5[ 

#8. Assume 

• M-rankG > 2, 

• G is algebraically simply connected, 

• G/F is not compact, and 

• (/s: F — + SL(n,IR) is a homomorphism. 

Show that Lp virtually extends to a continuous homomorphism (p: G ^ 
SL{nreal). 

[Hint: If ip(r) is connected, let G' = (^JT) and W = G'/Z{G'). Then Theorem 
apphes to the homomorphism Tp : G —> G' .] 



12.1 



#9. Show that if 

• K-rankG > 2, 

• ip is any homomorphism from F to SL(n,]R), and 

• G' is the identity component of (p(T), 
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then there exist: 

a) a finite-index subgroup T' of F, 

b) a compact, normal subgroup K of G", and 

c) a homomorphism ip: G G' /K, 
such that Lp{'-^)K = (^(7), for all 7 G F'. 



§12B. Mostow Rigidity Theorem 



The special case of the Margulis Superrigidity Theorem (12.1 1 in which the 
homomorphism is assumed to be an isomorphism onto a lattice F' in G" is 
very important: 

(12.7) Theorem (Mostow Rigidity Theorem). Assume 

• Ti is a lattice in Gi, for i = 1,2, 

• Gi is adjoint, and has no compact factors, for i= 1,2, 

• Gi ^PSL(2,M), 

• Fi is irreducible, and 

• (^: Fi — > F2 is a group isomorphism. 
Then ip extends to an isomorphism (p: Gi G2. 

In most cases, the Mostow Rigidity Theorem follows easily from the Mar- 
gulis Superrigidity Theorem (see Exercise [T]) . However, the theorem of Mar- 



gulis does not apply to SO(l,n) or SU(l,n) (cf. 12.21, so a different argument 
is needed for those cases; see {not written yet) for a sketch of the proof. 

The Mostow Rigidity Theorem implies there are no nontrivial deformations 
of F in G (see Exercise [9| : 

(12.8) Definition. We say {Ftjtgj is a continuous family of lattices in G if 

• Ft is a lattice in G, for each t G J, 

• J is an interval in M that contains 0, and 

• there is a continuous function p: TqX J ^ G, such that F^ = p(Fo x {i}) 
for each fixed t. 

We may also say that {Ff} is a continuous deformation of the lattice Fq. 

(12.9) Example. If {gt} is a continuous curve in G, with go = e, then setting 
Ft — gtTgf^^ defines a continuous deformation of F (see Exercise [s]). Such 
examples are considered to be trivial. 

(12.10) Corollary. Suppose 

• Tt is a continuous family of lattices in G, and 

• no simple factor of G is compact or isogenous to SL(2,IR). 
Then Ft is conjugate to Tq, for every t. 
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Exercises for §12B 

^1. Prove the Mostow Rigidity Theorem (12.71 under the additional assump- 
tion that Gi is neither PSO(l,rt) nor PSU(l,n). 

#2. Let Gi ^ SL(4,M) and G2 =PSL(4,M). 

a) Show Gi ^ G2. 

b) Show there exist lattices Fi and T2 in Gi and G2, respectively, such 
that Fi^ Fa. 

c) Why is this not a counterexample to Theorem 12.7? 

^3. Let G = PSL(2, E). Find an automorphism ip of some lattice F in G, such 
that if does not extend to an automorphism of G. 
Why is this not a counterexample to Theorem |12.7| :' 

#4. Let Gi ^ PSO(2,3) and G2 = PSO(2,3) x PS'0(5). 

a) Show Gi ^ G2. 

b) Show there exist irreducible lattices Fi and F2 in Gi and G2, re- 
spectively, such that Fi = F2. 

c) Why is this not a counterexample to Theorem 12.7! 

#5. In the statement of Theorem |1 2. 7[ 

a) Show the assumption that Fi is irreducible can be replaced with the 
assumption that r2 is irreducible. 

b) Show the assumption that Fi is irreducible can be replaced with 
assumption that no simple factor of Gi is isomorphic to PSL(2,M). 

#6. Suppose 

• G has trivial center and no compact factors, 

• G^PSL(2,M), and 

• F is irreducible. 

Show that every automorphism of F extends to a continuous automor- 
phism of G. 

^7. For i = 1,2, suppose 

• F; is a lattice in Gi, and 

• Gi is connected and has no compact factors. 

Show that if Fi is isomorphic to F2, then Gi is isogenous to G2. 



=ff8. Verify that the construction of Example 12.9 defines a continuous defor- 
mation of F. 

#9. Prove Corollary |12.10| 

[Hint: You may assume, without proof, that the identity component of the automor- 
phism group of G consists of inner automorphisms.] 



§12C. Why superrigidity implies arithmeticity 

The Margulis Arithmeticity Theorem ( |5.21[ ) states that every irreducible lattice 
in G is arithmetic, unless (roughly speaking) G is SO(l,n) or SU(l,ri). This 
important fact is a consequence of the Margulis Superrigidity Theorem, but 
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the implication is not at all obvious. In this section, we will explain the main 
ideas that are involved. 

For simplicity, let us assume 

• G C SL(^,M), for some £, 

9 G = SL(3,M) (or, more generally, G is algebraically simply connected; 



see Definition 12.61, and 
• G/r is not compact. 
We wish to show that T is arithmetic. It suffices to show F C Gz, that is, 
that every matrix entry of every element of F is an integer, for then F is 



commensurable with Gz (see Exercise AK^l ) 



Here is a loose description of the 4 steps of the proof: 



1) The Margulis Superrigidity Theorem (12.5) implies that every matrix 
entry of every element of F is an algebraic number. 

2) By Restriction of Scalars, we may assume that these algebraic numbers 
are rational; that is, F C Gq. 

3) For every prime p, a "p-adic" version of the Margulis Superrigidity The- 
orem provides a natural number Np, such that no element of F has a 
matrix entry whose denominator is divisible by . 

4) This implies that some finite-index subgroup F' of F is contained in Gz- 

Step 1. Every matrix entry of every element of F is an algebraic number. 
Suppose some 7,^- is transcendental. Then, for any transcendental number a, 
there is a field automorphism of C with (t>{'^ij) = a. Applying (/) to all the 
entries of a matrix induces an automorphism (/) of SL(i',C). Let 

(p be the restriction of </) to F, 

so is a homomorphism from F to SL(^!,C). The Margulis Superrigidity Theo- 
rem implies there is a continuous homomorphism ^: G — > SL(n, C), such that 



if — ip on a finite-index subgroup of F (see Exercise 12A#8l. By passing to 
this finite-index subgroup, we may assume = 1^9 on all of F. 

Since there are uncountably many transcendental numbers a, there are 
uncountably many different choices of (/), so there must be uncountably many 
different n-dimensional representations of G. However, it is well known from 
the the theory of "roots and weights" that G (or, more generally, any connected, 
simple Lie group) has only finitely many non-isomorphic representations of any 
given dimension, so this is a contradiction.^ 

Step 2. We have F C SL(n,Q). Let F be the subfield of C generated by the 
matrix entries of the elements of F, so F C SL(n, F). From Step[l] we know that 
this is an algebraic extension of Q. Furthermore, because F is finitely generated 



^Actually, this is not quite a contradiction, because it is possible that two different choices 
of ip yield the same representation of F, up to isomorphism; that is, after a change of basis. 
The trace of a matrix is independent of the basis, so the preceding argument really shows 
that the trace of f(-f) must be algebraic, for every 7 £ F. Then one can use some algebraic 
methods to construct some other matrix representation ip' of F, such that the matrix entries 
of 'p'{-f) are algebraic, for every 7 £ F. 
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(see 4.57), we see that this field extension is finitely generated. Thus, F is finite- 
degree field extension of Q (in other words, F is an "algebraic number field"). 
This means that F is almost the same as Q, so it is only a slight exaggeration 
to say that we have proved F C SL(n, Q). 

Indeed, Restriction of Scalars provides a way to change F into Q: there is 
a representation p: G ^ SL(r, C), for some r, such that p[G n SL(^, F)) C 
SL(r, Q) (see Exercise [l]). Thus, after replacing G with p{G), we have the 
desired conclusion (without any exaggeration). 

Step 3. For every prime p, there is a natural number Np, such that no element 
of r has a matrix entry whose denominator is divisible by p^^ . The fields 
K and C are complete (that is, every Cauchy sequence converges), and they 
obviously contain Q. For any prime p, the p-adic numbers Qp are another field 
that has these same properties. 

As we have stated it, the Margulis Supcrrigidity Theorem deals with homo- 
morphisms into SL(n,F), where F = M, but Margulis also proved a version of 
the theorem that applies when F is a p-adic field. Now G is connected, but p- 
adic fields are totally disconnected, so every continuous homomorphism from G 
to SL(n,Qp) is trivial. Thus, superrigidity tells us that ip is trivial, after we 



mod out a compact group (cf. Exercise 12A#9l. In other words, the closure of 
(p{T) is compact in SL(n,Qp). 

This conclusion can be rephrased in more elementary terms, without any 
mention of p-adic numbers. Namely, it says that there is a bound on the highest 
power of p that divides any matrix entry of any element of F. This is what we 
wanted. 

Step 4- Some finite-index subgroup F' o/F is contained in SL(n, Z). Let D <Z N 
be the set consisting of the denominators of the matrix entries of the elements 
of (^(F). 

We claim there exists N G N, such that every element of D is less than N. 
Since F is known to be finitely generated, some finite set of primes {pi, . . . ,pr} 
contains all the prime factors of every element of D. (If p is in the denominator 
of some matrix entry of 7172, then it must appear in a denominator somewhere 
in either 71 or 72.) Thus, every element of D is of the form p™^ • • ■p]"'', for 
some mi, . . . , G N. From Step [3] we know < Np., for every i. Thus, 

every element of D is less than pf''^ ■ ■ ■p^''' . This establishes the claim. 

From the preceding paragraph, we see that F C -^ MatixeC^)- Note that 
if iV = 1, then F C SL{£,Z). In general, iV is a finite distance from 1, so it 
should not be hard to believe (and it can indeed be shown) that some finite- 
index subgroup of F must be contained in SL{i,Z) (sec Exercise |2|. Therefore, 
a finite-index subgroup of F is contained in Gz, as desired. 

Exercises for §12C 

#1. Suppose 

• Gc SL(^,C), 

• F C SL{£,F), for some algebraic number field F, and 

• G has no compact factors. 
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Show there is a continuous homomorphism p: G ^ SL(7', C), for some r, 
such that p{GC^ SL(£, F)) C SL(r, Q). 

[Hint: The Borel Density Theorem imphes G is defined over F. Apply Restriction of 
Scalars.] 

#2. Show that if A is a subgroup of SL(^, Q), and A C Mat£x^(^), for some 
e N, then SL(£, Z) contains a finite-index subgroup of A. 

[Hint: The additive group of contains a A-invariant subgroup V , such that C 
V C ^Z*^. Choose g G GL{^, Q), such that g{V) = Tl . Then g commensurates SL(£, Z) 
and we have gKg~^ C SL(^,Z).] 

§12D. Proof of the Margulis Superrigidity Theorem 

In order to estabhsh Theorem |12.1| it suffices to prove the following special 
case (see Exercise [l]) : 

(12.11) Theorem. Suppose 

• E-rank G > 2, 

• the lattice T is irreducible in G, 

• H is a connected, noncompact, simple subgroup of SL(n,IR), for some n 
{and H has trivial center), 

• ip: T H is a homomorphism, and 

• ip{T) is Zariski dense in H . 

Then ip extends to a continuous homomorphism ip: G ^ H. 

Geometric reformulation 

To set up the proof of Theorem |12.11| let us translate the problem into a 
geometric setting, by replacing the homomorphism ip with the corresponding 
G-equi variant flat vector-bundle over G/F: 

(12.12) Notation. Let 

£^ = (G X M")/r, 

where the action of T is given by 

{x,v) ■ 7 = {x-f,ip{j~'^)v). 
Thus, S-ip — > r\G is a vector bundle with fiber V — M" (see Exercise |2]) . 
Furthermore, since the action of G on the left of G x M", given by 

g ■ {x,v) = {gx,v), 

commutes with the action of F on the right, we know that G has a well-defined 
action on the quotient space £.^. Thus, we may say that is a G-equivariant 
(fiat) vector-bundle over G/F. 

(12.13) Remark. The sections of the vector bundle £^ are in natural one-to- 
one correspondence with the right F-equivariant maps from G to M" (see Ex- 
ercise [3]) . 
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(12.14) Lemma. The homomorphism tp extends to a homomorphism ip: G 
GL(n,IlX) if and only if there exists a G-invariant suhspace V C Sect(£;^), such 
that the evaluation map V ~+ V[e] is bijective. 

Proof. Since V is G-invariant, we have a representation of G on V; let us 
say tt: G — > GL{V). Thus, the isomorphism V V[e] = M" yields a representa- 
tion TT of G on M". It is not difficult to verify that n extends if (see Exercise |4]) . 
(=^) For w e M" and 5 G G, let 

It is easy to verify that : G — > K" is right G-equivariant (see Exercise |5]) , so 
we may think of as a section of E^p (see 12.131. Let 

V^{£.^ I w e M"} C Sect(£^). 
Now the map v > is linear and G-equivariant (see Exercise [6| , so V is a 
G-invariant subspace of Sect(£^). Since 

Ci,([e]) = lp{e)v = V, 
it is obvious that the evaluation map is bijective. 

In fact, if we assume the representation ip is irreducible, then it is not 
necessary to have the evaluation map V — > Vjej be bijective. Namely, in order to 
show that (p extends, it suffices to have V be finite dimensional (and nonzero): 

(12.15) Lemma. Assume the representation ip is irreducible. If there exists a 
{nontrivial) G-invariant subspace V o/Sect(£^) that is finite dimensional, then 
If extends to a homomorphism ip: G GL(n,K). 



Proof. Exercise [7] 



□ 



The need for higher real rank 

We now explain how the assumption that M-rank G > 2 comes into play. 



(12.16) Notation. Let A be a maximal 
G = SL(3,M), we let 



A = 



-split torus of G. For example, if 



By definition, the assumption that M-rank G > 2 means dim A > 2. 

It is the following result that relies on our assumption M-rank G > 2. It 
is obvious if G has more than one noncompact simple factor (see Exercise |8| , 
and is not difficult to verify for the case G = SL(i!,M) (cf. Exercise |9]) . Readers 
familiar with the structure of semisimple groups (including the theory of real 
roots) should have little difficulty in generalizing to any semisimple group of 



real rank > 2 (see Exercise 10 1 



(12.17) Lemma. Assume M-rank G > 2. Then there exist closed subgroups 
Li, L2, . . . , Lr of G {for some r e N), such that 
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1) G = LrLr-i ■ ■ ■ Li, and 

2) both Hi and Hj- are noncompact, where 

• Hi — Li D A, and 

• H^ = CA{Li) {so Li centralizes H^). 
Outline of the proof 



The idea for proving Theorem 12.11 is quite simple. We begin by finding a 



(nonzero) ^-invariant section of £;^; this section spans a (1-dimensional) sub- 
space Vq of £(o that is invariant under A. Since the subgroup Hi of Lemma 12.17 



is contained in A, we know that Vq is invariant under Hq, so Lemma |12.18 be- 
low provides a subspace of Sect(£,^) that is invariant under a larger subgroup 
of G, but is still finite dimensional. Applying the lemma repeatedly yields 
finite-dimensional subspaces that are invariant under more and more of G. 
Eventually, the lemma yields a finite-dimensional subspace that is invariant 
under all of G. Then Lemma 1 1 2 . 1 5| implies that (p extends to a homomorphism 
that is defined on G, as desired. 

(12.18) Lemma. // 

• H is a closed, noncompact subgroup of A, and 

• V is an H -invariant subspace of Sect(£;^) that is finite dimensional, 
then {Gg{H) ■ V) is finite dimensional. 

Proof. To illustrate the idea of the proof, let us assume V — Mc is the span of 
an 7?-invariant section. Since H is noncompact, the Moore Ergodicity Theorem 



(9.8 1 tells us that H has a dense orbit on G/T (see Exercise QB^ji^lSl. (In fact 



almost every orbit is dense.) This implies that any continuous if-invariant 



section of E,^ is determined by its value at a single point (see Exercise 111, so 



the space of i7-invariant sections is finite-dimensional (see Exercise 12 1. Since 



this space contains {Gg{H) ■ V) (see Exercise 13), the desired conclusion is 
immediate. 

The general case is similar, but needs to take into account the action of H 
on a basis of V (because this action is no longer assumed to be trivial). See 
Exercise [Ml □ 

Here is a more detailed outline: 



Idea of the proof of Theorem \12.11\ Assume there exists a nonzero A-invariant 
section a of t^p. Let 

Hq^ A and Vq = (cr) ; 

thus, Vo is a 1-dimensional subspace of Sect(£(p) that is i7o-invariant. 
Now, for i = 1, . . . , r, let 

V,^ {L,- A- L,^i- A---Li- A-Vo). 

Since L^-L^-i • • ■ Li = G, it is clear that Vj. is G-invariant. Thus, it will suffice 
to show (by induction on i) that each Vi is finite dimensional. 

Since C it is clear that Vi-i is _ffi_i-invariant. Thus, since 



A centralizes Lemma 12.18 implies that {A ■ Vi-i) is finite dimensional. 
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Now, since H^ C A, we k now th at {A ■ Vi-i) is ffj^-invariant. Then, since 
Li centralizes H^, Lemma 12.18 implies that Vi = {Li ■ A ■ Vi_i) is finite 
dimensional. □ 



Thus, the key to proving Theorem 12.11 is finding a nonzero A-invariant 
section a oi E-^p. Unfortunately, the situation is a bit more complicated than 
the above would indicate, because we will not find a continuous A-invariant 
section, but only a measurable one (see Key Fact 12.21 1. Then the proof appeals 
to Lemma [12.20| below, instead of Lemma 12.18 We leave the details to the 
reader (see Exercise 16 1. 

(12.19) Definition. Let Sectmeas(£i/3) be the vector space of measurable sec- 
tions of where two sections are identified if they agree almost everywhere. 

(12.20) Lemma. Suppose 

• H is a closed, noncompact subgroup of A, and 

• V is an H-invariant subspace of Sectiiieas(£ip) that is finite dimensional, 
then {Cg{H) ■ V) is finite dimensional. 



Proof. Exercise [Ts] 
Exercises for §12D 

^1. Derive Theorem 1 1 2. 1| as a corollary of Theorem 12.11 



□ 



fl^2. In the notation of ([2]), show that £^ is a vector bundle with fiber M". 



#3. Suppose ^: G 



Show that ^: G/T ^ E-^p, defined by 



e(5r)-[(.9,e(5))], 

is a well-defined section of £^ iff ^ is right F-equi variant; i.e., ^{g^) — 
¥'(7-')C(3)- 

#4. In the notation of the proof of Lemma 12.14[ <^), show that = (^(7) 
for every 7 €E F. 



#5. In the notation of the proof of Lemma 12.14 '=^>), show that ^1,(5/1) 



fj^Q. In the notation of the proof of Lemma 
where the action of G on Sect(£^) is 



12.14^ ^) , show that ^^(g)^ = Ci, • , 
3y right translation, as usual. 



#7. Prove Lemma 12.15 

{Hint: [not written yet)\ 



#8. Prove Lemma [T2TT7] under that additional assumption that G — GiX G2, 
where Gi and G2 are noncompact (and semisimple). 

[Hint: Let Li = d for i = 1, 2.] 



#9. Prove the conclusion of Lemma 12.17 for G = SL(3,M). 

[Hint: A unipotent elementary matrix is a matrix with I's on the diagonal and only one 
nonzero off-diagonal entry. Every element of SL(3,M) is a product of < 10 unipotent 
elementary matrices, and any such matrix is contained in a subgroup isogenous to 
SL(2, M) that has a 1-dimensional intersection with A] 



208 



CHAPTER 12. MARGULIS SUPERRIGIDITY THEOREM 



#10. Prove Lemma [T2T7I 

#11. Let H he a, subgroup of G. Show that if ci and a2 are i?-invariant, 
continuous sections of £,^, and there is some x e G/T, such that 

• Hx is dense in G/T and 

• ai{x) = a2{x), 
then (Ti — a2- 

#12. Let iJ be a subgroup of G, and assume H has a dense orbit in G/T. Show 
the space of iJ-invariant, continuous sections of has finite dimension. 

#13. Let iJ be a subgroup of G. Show that if a is an iJ-invariant section of E^, 
and c is an element of G that centrahzes H, then ct • c is also iJ-invariant. 

#14. Prove Lemma [T2l8l 

[Hint: {not written yet)] 

#15. Prove Lemma [12^ 

[Hint: This is similar to Lemma |12.18| but use the fact that H is ergodic on G/F.] 

#16. Prove Theorem |12.11| 



§12E. An A-invariant section 



This section sketches the proof of the following result, which completes the 
proof of Theorem |12.11| 

(12.21) Key Fact. For some n, there is an embedding of H in SL(n, R), such 
that 

1) the associated representation (p: T H <Z SL(rt,M) is irreducible, and 

2) there exists a nonzero A-invariant a G Sect,„oas(£ip)- 



Remark 12.13 allows us to restate the proposition as follows: 



(12.21') Key Fact. For some embedding of H in SL(n,IR), 

1) H acts irreducibly on M", and 

2) there exists a T-equivariant, measurable function ^: G/A M". 

In this form, the result is closely related to the following consequence of 



amenability (from Chapter 10). For simplicity, it is stated only for the case 
G = SL(3,M). 



(10.47') Proposition. // 

• G = SL(3,M), 

* * 

• P = * * C G, and 

* 



• r acts continuously on a compact metric space X , 
then there is a Borel measurable map ip: G/P Prob(X), such that ip is 
essentially T-equivariant. 
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For convenience, let W = M". There are 3 steps in the proof of Key 
Fact ll2.21'l 

1) (amenabiht y) Letti ng X be the projective space P(VK), which is compact, 



Proposition 10.47' provides a F-equi variant, measurable map ^: G/P 
Prob(p(VF)). 

2) (proximality) The representation of F on W induces a representation of F 
on any exterior power /\'' W. By replacing W with an appropriate sub- 
space of such an exterior power, we may assume there is some 7 € F, 
such that 7 has a unique eigenvalue of maximal absolute value (see Exer- 
cise [ij. Thus, the action of 7 on p(Ty) is "proximal" (see Lemma 12.241. 



The theory of proximality (discussed in §12F) now tells us that the F- 



equivariant random map ^ must actually be a well-defined map into P(T4^) 



(seeHOO) 



3) (algebra trick) We have a F-equivariant map ^: G/P F{W). By the 
same argument, there is a F-equivariant map ^* : G/P V{W*), where 
W* is the dual of W. Combining these yields a F-equivariant map 

l:G/P^ V{W ^W*)-^ p(End(M/)) . 

One can lift ^ to a well-defined map ^: G/P End(Ty), by specifying 
that trace(^(a;)) = 1 (see Exercise [2]) . Since the action of F on End(M^) 
is by conjugation (see Exercise |3| and the trace of conjugate matrices are 
equal, we see that ^ is F-equivariant (see Exercise |4|. 

Exercises for §12E 

#1. Let 

• 7 be a semisimple element of F, such that some eigenvalue of 7 is 
not of absolute value 1. 

• Ai, . . . , Afc be the eigenvalues of 7 (with multiplicity) that have max- 
imal absolute value. 

• W' = /\^W. 

Show that, in the representation of F on W' , the element 7 has a unique 
eigenvalue of maximal absolute value. 

#2. Let G/P W and I* : G/P W* be well-defined, measurable lifts 
of^and^. 

a) Show, for a.e. x € G/P, that ^(x) is not in the kernel of the linear 
functional i^*(a;). 

b) Show, for a.e. x G G/P, that, under the natural identification of 
W<g)W* with End(W^), we have 

trace (f(x) (E)C{x)) ^0- 

c) Show ^ can be lifted to a well-defined measurable map ^: G/P 
End(W^), such that trace(^(a;)) = 1, for a.e. x G G/P. 

[Hint: F acts irreducibly on W, and ergodically on G/P X G/P.] 

#3. Show that the action of F on End(iy) = is given by conjugation: 
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#4. Show that ^ is F-equi variant. 



§12F. A quick look at proximality 

(12.22) Assumption. Assume 

1) r c SL(£,M), 

2) every finite-index subgroup of T is irreducible on M^, and 

3) there exists a semisimple element 7 £ F, such that 7 has a unique eigen- 
value A of maximal absolute value (and A > 1). 

(12.23) Notation. 

1) Let V be an eigenvector associated to the eigenvalue A. 

2) For convenience, let W = R^. 

(12.24) Lemma (Proximality). The action of T on V{W) is proximal. That 
is, for every [wi],[w2] G P(W^), there exists a sequence {7^} in T, such that 
diilniwi)], [7ri(w2)]) ^ as n ^ 00. 

Proof. Assume, to simplify the notation, that all of the eigenspaces of 7 are 
orthogonal to each other. Then, for any w £ W \v'^, we have 7"[?i'] ^ [u], as 
n ^ 00 (see Exercise [ij . Since the finite-index subgroups of F act irreducibly, 
there is some 7 € F, such that 7(^1), 7(^2) ^ v-^ (see Exercise [2]) . Thus, 

rf(7"7(K]),7"7(K])) - d{[v],[v]) = 0, 
as desired. □ 

In the above proof, it is easy to see that the convergence 7"'[u'] [v] is 
uniform on compact subsets of W \ (see Exercise This leads to the 
following stronger assertion (see Exercise |4]) : 

(12.25) Proposition (Measure proximality). Let fi be any probability measure 
on P{W). Then there is a sequence {7,1} in T, such that (7n)*(M) converges to 
a delta-mass supported at a single point ofP(W). 



It is obvious from Proposition 1 1 2 . 2*5 that there is no F-invariant probability 



measure on P(M^). However, it is easy to see that there does exist a probability 
that is invariant "on average", in the following sense (see Exercise |5|: 

(12.26) Definition. 

1) Fix a finite generating set S of F, such that — S. A probability 
measure fi on P(H^) is stationary for S if 

2) More generally, let ly he a, probability measure on F. A probability mea- 
sure fi on P(VK) is v-stationary li u * ^ — ^. More concretely, this means 

7er 
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(Some authors call /i "harmonic," rather than "stationary.") 

(12.27) Remark. One can define a random walk on P(PF) as follows: Choose 
a sequence 71,72, .. . of elements of F, independently and with distribution v. 
Also choose a random xo G P(M^), with respect to some probability distribu- 
tion fi on V{W). Then we may define x„ G P(VF) by 

Xn = 7172 • ■■^nixo), 

SO Xn is a random walk on P(VF). A stationary measure represents a "sta- 
tionary state" (or equilibrium distribution) for this random walk. Hence the 
terminology. 

If the initial distribution fi is stationary, then a basic result of probability 
(the "Martingale Convergence Theorem") implies, for almost every sequence 
{7„}, that the resulting random walk {xn} has a limiting distribution; that is, 

for a.e. {7„}, (7172 • • •7n)*(Ai) converges in Prob(p(iy)). 
This theorem holds for stationary measures on any space. Although it is not at 
all obvious, measure proximality implies that the limit distribution is a point 
mass: 

(12.28) Theorem (Mean proximality). Let 11 be any v-stationary probability 
measure on Prob(Vl^). For a.e. {"fn} G T°° , there exists Xoc G P(W^), such that 

{lil2- ■ ■ln)*{y) ^ as CO. 

Proof, {not written yet) [2, p. 202]. □ 
In order to apply this theorem, we need a technical result: 

(12.29) Lemma. There exist: 

• a probability measure v on V , and 

• a v-stationary probability measure fi on G/P, 
such that 

1 ) the support of v generates V , and 

2) fi is in the class of Lebesgue measure. {That is, fi has exactly the same 
sets of measure as Lebesgue measure does.) 

Proof {not written yet) [2, Cor. 4.2, p. 209]. □ 



We can now fill in the missing part of the proof of Key Fact 12.21' 



(12.30) Corollary. Suppose ^: G/P Prob(p(T4^)) is T-equivariant. Then 
^{x) is a point mass, for a.e. x G G/P. 

Thus, there exists ^: G/P ¥{W), such that S,{x) — for a.e. x G 

G/P. 

Proof. Let 

• (5p(^y) = {5x \ X & V{W) be the set of all point masses in Prob(p(W^)), 
and 

• /i be a ^/-stationary probability measure on G/P that is in the class of 
Lebesgue measure (see 12.291. 



212 



CHAPTER 12. MARGULIS SUPERRIGIDITY THEOREM 



We wish to show ^(x) S <5p(vF); for a.e. x <E G/P. In other words, we wish to 
show that ^^(/i) is supported on (5p(vi/)- 
Note that: 

• ^r{W) is a closed, F-invariant subset of Prob(p(VF)), and 

• because ^ is F-equi variant, we know that is a t/-stationary proba- 
bility measure on Prob(p(M^)). 

Roughly speaking, the idea of the proof is that almost every tr ajecto ry of the 
random walk on Prob(p(M^)) converges to a point in 5p(vK) (see 12.28). On the 
other hand, being stationary, ^^,{^J.) is invariant under the random walk. Thus, 
we conclude that ^^(/i) is supported on i5p(vi/), as desired. We now make this 
rigorous. 

Fix any e > 0. Then 

^J'F{W) = / dn{x) 
Jg/p 



is a stationary probability measure on P(VF). By mean proximality ( 12.28 1, we 
know, for a.e. (71,72, • . .) G F°°, that 

d{ (7172 • • •7«)*(Mp(H')), Sp(w} ) 0. 
Then, by using the definition of /i, we see that 

I X e G/P I d(7i72 • • • 7« {I{x)) , Spi^w)) > e } 0. 

Thus, 

meas{ ((71, 72, . . .), a;) e F°° x G/P | ^(71 72 ••• 7n(?(a;)), (^rd^/)) >e}^0. 
Since ^ is F-equi variant, this means 

measj ((71, 72, . . .) e T°° ,x) e xG/ P \ d(?(7i72 • • • lnx)),Sp^w)) > e } ^ 0. 

For any n, since ^J.p(w) is stationary, the map 

F°° X G/P ^ G/P: ((71,72,.-.) eF°°,x) ^7172- ••7n^ 
is measure preserving; hence 

Mp(w)| a; e G/P | d{l{x),5p(^w)) > e | ^ 0. 

Since the LHS does not depend on n, but tends to as n ^ 00, we conclude 
that it is 0. Since e > is arbitrary, we conclude that £,{x) € Sp(w) for ^-^^ x, 
as desired. □ 

Exercises for §12F 

In the notation of Lemma 12.24 show, for every w & W \ , that 
7" [w] — > [w] , as n — > 00 . 

#2. Show, for any nonzero wi,W2 € W, that there exists 7 € F, such that 
neither 7W1 nor 7W2 is orthogonal to v. 

[Hint: {not written yet)\ 

#3. Show that the convergence in Exercise [T] is uniform on compact subsets 
oiW \v^. 
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#4. Prove Proposition [12.251 

[Hint: Show max^gj,(,^j^gp^ = 1.] 

#5. Show there exists a stationary probabihty meas ure on P(M^). 

[Hint: Kakutani-Markov Fixed-Point Theorem (cf. |10.6[ l.] 

#6. Show that the F-equivariant map ^ : G/P P{W) is unique (a.e.). 

[Hint: If ip is another F-equivariant map, define S,- G/P —> Prob(p(W)) by = 



Notes 



{not written yet) 

This chapter is largely based on |2] Chaps. 6 and 7]. In particular: 
• Our statement of the Margulis Superrigidity Theorem (12.1 1 is a special 
case of H Thm. 7.5.6, p. 228]. 



In the case where G/T is compact. Theorem 12.3 1 1 is stated in [2J 
Cor. 7.6.18(a), pp. 249-150]. 
In the case where 1 
p. 254]. 

Lemma 



rankG > 2, Theorem 12.7 is stated in [2, Thm. 7.7.5 



Lemma 
Lemma 



12.15 



12.17 



12.20 



is a version of \2., Prop. 4.6, p. 222] 
is a version of [21 Lem. 7.5.5, p. 227]. 
is [H Prop. 7.3.6, p. 219]. 



Key Fact [12.21^1 is adapted from [1 Thm. 6.4.3(b)2, p. 209]. 
Theorem 12.28| is based on Prop. 6.2.13, pp. 202-203]. 

209]. 
200]. 



Lemma 12.29 is taken from [2, Prop. 6.4.2 
Corollary 112.301 is based on [2, Prop. 6.2. 9^ 



The assertion of Remark |12.2| that Theorem |12.1| extends to the groups 
SU(l,n) and F^^i of real rank 1 is due to Corlette [1 . 

Details of the derivation of arithmeticity from superrigidity 
in [a Chap. 9] and ^ §6.1]. 
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Chapter 13 



Normal Subgroups of F 



In this chapter, we present a huge contrast between groups of real rank 1 and 
those of higher rank: 

• If M-rank G = 1, then T has many, many normal subgroups, so T is very 
far from being simple. 

• If R-rankG > 1 (and T is irreducible), then T is simple modulo finite 
groups. More precisely, if N is any normal subgroup of F, then either N 
is finite, or T/N is finite. 



§13A. Normal subgroups in lattices of real rank > 2 

(13.1) Theorem (Margulis Normal Subgroups Theorem). Assume 

• M-rank G>2, 

• r is an irreducible lattice in G, and 

• N is a normal subgroup of T . 
Then either N is finite, or T/N is finite. 

(13.2) Example. Every lattice in SL(3,M) is simple, modulo finite groups. In 
particular, this is true of SL(3,Z). 

(13.3) Remark. 

1) The hypotheses on G and T are essential: 

a) If R-rank G = 1 , then every lattice in G has an infinite normal 



subgroup of infinite index (see Theorem 13.9). 
b) If r is reducible (and G has no compact factors), then T has an 
infinite normal subgroup of infinite index (see Exercise [ij . 



The Standing Assumptions ijSAjl are in effect, so, as always, F is a lattice in the 
semisimple Lie group G. 
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2) The finite normal subgroups of T are easy to understand (if F is irre- 
ducible): the Borel Density Theorem implies that they are subgroups of 
the finite abelian group F fl Z{G) (see Corollary 4.421. 

3) If F is infinite, then F has infinitely many normal subgroups of finite 
index (see Exercise [4|, so F is not simple. 

The remainder of this section presents the main ideas in the proof of Theo- 



13.1 In a nutshell, we will show that if N is an infinite, normal subgroup 



of F, then 

1) T/N has Kazhdan's property (T), and 

2) T/N is amenable. 

This implies that T/N is finite (see 11. 3[ ). 

In most cases, it is easy to see that T/N has Kazhdan's property (because 
F has the property), so the main problem is to show that T/N is amenable. 
This amenability follows easily from an ergodic-theoretic result that we will 
now describe. 

(13.4) Assumption. To minimize the amount of Lie theory needed, let us 
assume 

G = SL(3,M). 



(13.5) Notation. Let 



P 



C SL(3,M) = G. 



Thus, P is a (minimal) parabolic subgroup of G. 

Note that if Q is any closed subgroup of G that contains P, then the natural 
map G/P ^ G/Q is G-equi variant, so we may say that G/Q is a G-equivariant 
quotient of G/P. Conversely, it is easy to see that spaces of the form G/Q are 
the only G-equivariant quotients of G/P, even if we allow quotient maps that 
are merely measurable, not continuous (see Exercise [s]) . 

Furthermore, since F is a subgroup of G, it is obvious that every G- 
equivariant map is F-equi variant. Conversely, the following surprising result 
shows that every F-equivariant quotient of G/P is G-equivariant (up to a set 
of measure 0): 

(13.6) Theorem. Suppose 

• G = SL(3,K), 

• P is a parabolic subgroup of G, 

• F acts by homeomorphisms on a compact, metrizable space Z , and 

• "0: G/P —tZisa measurable Junction that is [essentially) T-equivariant. 
Then the action of T on Z is measurably isomorphic to the natural action of T 
on G/Q (a.e.), for some closed subgroup Q of G that contains P. 

(13.7) Remark. 

1) Perhaps we should clarify the implicit choice of measures in the statement 
of Theorem 13.6 (The choice of a measure class on G/P is implicit in 
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2) 
3) 



the assumption that is essentially F-equivariant. Measure classes on Z 
and G/Q are implicit in the "(a.e.)" in the conclusion of the theorem.) 
a) Because G/P and G/Q are C°° manifolds, Lebesgue measure pro- 
vides a measure class on each of these spaces. The Lebesgue class 
is invariant under all diffeomorphisms, so, in particular, it is G- 
invariant. 

There is a unique measure class on Z for which tp is measure-class 
preserving (see Exercise [6]) . 
The proof of Theorem 13.6 will be presented in 
on a first reading. 

Although Theorem 13.6 is stated only for G — SL(3,E), it is valid (and 
has essentially the same proof) whenever K-rankG > 2 and F is irre- 
ducible. 



b) 
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Proof of Theorem [TsTTl Assume, for simplicity, that G = SL(3,M). Let N 
be a normal subgroup of F, and assume N is infinite. We wish to show T/N is 
finite. Since T/N has Kazhdan's Property (T) (see Corollaries [11.12 and [11.5 1, 
it suffices to show that T/N is amenable (see Corollary 11.31. 

Suppose T/N acts by homeomorphisms on a compact, metrizable space X. 
In order to show that T/N is amenable, it suffices to find an invariant prob- 
ability measure on X (see 10.14 3 1). In other words, we wish to show that F 



has a fixed point in Prob(X). 

• Because P is amenable, there is an (essentially) F-equivariant measurable 
map tp: G/P Prob(X) (see Corollary [10.47 1. 



• From Theorem |13.6| we know there is a closed subgroup Q of G, such 
that the action of F on Prob(X) is measurably isomorphic (a.e.) to the 
natural action of F on G/Q. 
Since N acts trivially on X, we know that it acts trivially on Prob(X) = G/Q. 
Thus, the kernel of the G-action on G/Q is infinite (see Exercise |9]) . However, 
G is simple (modulo its finite center), so this implies that the action of G on 
G/Q is trivial (see Exercise 10 1. Since F C G, then the action of F on G/Q is 
trivial. In other words, every point in G/Q is fixed by F. Since G/Q = Prob(X) 
(a.e.), we conclude that almost every point in Prob(X) is fixed by F; therefore, 
F has a fixed point in Prob(X), as desired. □ 



(13.8) Remark. The proof of Theorem 13.1 concludes that "almost every point 
in Prob(X) is fixed by F," so it may seem that the proof provides not just a 
single F-invariant measure, but many of them. This is not the case: The proof 



implies that -0 is essentially constant (see Exercise 111. This means that the 
F-invariant measure class [V'+m] is supported on a single point of Prob(X), so 
"a.e." means only one point. 

Exercises for §13 A 

#1 



#2. 



Verify Remark 13.3[|lb I. 

[Hint: Proposition |4.24| ] 

Suppose F is a lattice in SL(3, 
normal subgroups. 



I). Show that F has no nontrivial, finite. 
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#3. Suppose r is an irreducible lattice in G. Show that T has only finitely 
many finite, normal subgroups. 

#4. Show that if T is infinite, then it has infinitely many normal subgroups 
of finite index^ 

[Hint: Exercise [4I#7] ] 

#5. Suppose 

• is a closed subgroup of G, 

• G acts continuously on a metrizable space Z, and 

• ip: G/H — > Z is a measurable map that is essentially G-equi variant. 
Show the action of G on Z is measurably isomorphic to the action of G 
on G/Q (a.e.), for some closed subgroup Q of G that contains H. More 
precisely, show there is a measurable 0: Z — > G/Q, such that: 

a) (f) is measure-class preserving (i.e., a subset AoiG/Q has measure 
iff its inverse image (/)~^(v4) has measure 0), 

b) (j) is one-to-one (a.e.) (i.e., (/) is one-to-one on a conuU subset of Z), 
and 

c) (j) is essenti ally G -equi variant. 

[Hint: See Remark |13.7| [T|| for an explanation of the measure classes to be used on 
G/H, G/Q, and Z. For each g e G, { a; e G/H \ i)(gx) = g ■ } is conuU. By 
Pubini's theorem, there is some xq £ G/H, such that ■>p{gxo) = g ■ ip{xo) for a.e. g. 
Show the G-orbit of ip{xo) is conuU in Z, and let Q = Stabg (^/'(i^o)) •] 

#6. Suppose 

• ijj: Y ^ Z is measurable, and 

• fii and fi2 are measures on Y that are in the same measure class. 
Show: 

a) The measures V'*(mi) and '0*(M2) on Z are in the same measure 
class. 

b) For any measure class on Y, there is a unique measure class on Z 
for which tjj is measure-class preserving. 

^7. In the setting of Theorem |13.6[ show that ip is essentially onto. That is, 
the image ip{G/P) is a conuU subset of Z. 

[Hint: By choice of the measure class on Z, we know that ip is measure-class preserv- 
ing.] 

#8. Let G = SL(3, M) and T = SL(3, Z). Show that the natural action of T on 
M.^/Z'^ = T'^ is a F-equivariant quotient of the action on M'^, but is not a 
G-equivariant quotient. 



#9. In the notation of the proof of Theorem 13.1 since Prob(X) ^ G/Q 
(a.e.), we know that each element of N fixes a.e. point in G/Q. Show 
that N acts trivially on G/Q (everywhere, not only a.e.). 

[Hint: The action of N is continuous.] 

#10. In the notation of the proof of Theorem ] 13.11 show that the action of G 
on G/Q is trivial. 

[Hint: Show that the kernel of the action of G on G/Q is closed. You may assume, 
without proof, that G is an almost simple Lie group. This means that every proper, 
closed, normal subgroup of G is finite.] 
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#11. In the setting of the proof of Theorem 13.1 show that ip is constant (a.e.). 

[Hint: The proof shows that a.e. point in the image of ip is fixed by G. Because ?/) is 
G-equivariant, and G is transitive on G/P, this implies that ip is eonstant (a.e.).] 



§13B. Normal subgroups in lattices of rank one 

(13.9) Theorem. // M-rankG — 1, then T has a normal subgroup N, such 
that neither N nor T/N is finite. 

Proof. We will assume the reader has some familiarity with manifolds of neg- 
ative curvature. Assume, for simplicity, that: 

• r is torsion free, so it is the fundamental group of the locally symmetric 
space M — T\G/K (where if is a maximal compact subgroup of G). 

• M is compact. 

• The locally symmetric metric on M has been normalized to have sectional 
curvature < — 1. 

• The injectivity radius of M is > 2. 

• There are closed geodesies 7 and A in M, such that 

o length(A) > 27r, and 
o dist(7, A) > 2. 

Now 7 and A represent (conjugacy classes of) nontrivial elements 7 and A of 
the fundamental group F of M. Let N be the smallest normal subgroup of T 
that contains A. 

It suffices to show that 7" is nontrivial in T/N, for every n e Z+ (see Ex- 
ercise [1]) . Construct a CW complex M by gluing the boundary of a 2-disk D\ 
to M along the curve A. Thus, the fundamental group of M is T/N. 

We wish to show that 7" is not nuU-homotopic in M. Suppose there is a 
continuous map /: M, such that the restriction of / to the boundary 

of is 7". Let 

Dl = f-\M), 

so Dq is a surface of genus with some number k of boundary curves. We 
may assume / is minimal (i.e., the area of under the pull-back metric is 
minimal). Then Dg is a surface of curvature k{x) < — 1 whose boundary curves 
are geodesies. Note that / maps 

• one boundary geodesic onto 7", and 

• the other k — \ boundary geodesies onto multiples of A. 
Thus, we have 

27r(fc - 2) = -27r x{DI) (see Exercise ^ 

= k{x) dx (Gauss-Bonnet Theorem) 

Jdi 

> / Ida; 
Jdi 

> (fc — 1) length(A) (see Exercise [3]) 

> 27r(fc- 1). 
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This is a contradiction □ 



There are numerous strengthenings of Theorem |13.9 that provide normal 



subgroups of r with various interesting properties (if M-rankG = !)■ We will 
conclude this section by briefly describing just one such example. 

A classical theorem of Higman, Neumann, and Neumann states that every 
countable group can be embedded in a 2-generated group. Since 2-generated 
groups are precisely the quotients of the free group F2 on 2 letters, this means 
that F2 is "SQ-universal" in the following sense: 

(13.10) Definition. T is SQ-universal if every countable group is isomorphic 
to a subgroup of a quotient of F. (The letters "SQ" stand for "subgroup- 
quotient.") 

More precisely, the SQ-universality of T means that if A is any countable 
group, then there exists a normal subgroup of F, such that A is isomorphic 
to a subgroup of T/N. 

(13.11) Example. F„ is SQ-universal, for any n > 2 (see Exercise |4]) . 
SQ-universality holds not only for free groups, which are lattices in SL(2, M) 



(see 6.9), but for any other lattice of real rank one: 

(13.12) Theorem. // M-rankG^ 1, then F is SQ-universal. 

(13.13) Remark. Although the results in this section have been stated only 
for r, which is a lattice, the theorems are valid for a much more general class of 
groups. This is because normal subgroups can be obtained from an assumption 



of negative curvature (as is illustrated by the proof of Theorem 13.91. Indeed 



Theorems 13.9 and 13.12| remain valid when F is replaced with the fundamental 



group of any compact manifold of strictly negative curvature. More generally, 
the theorems are valid for any group that is (relatively) hyperbolic in the sense 
of M. Gromov. 

Exercises for §13B 

#1. Suppose 

• 7 and A are nontrivial elements of F, 

• F is torsion free, 

• A^ is a normal subgroup of F, 

• A e A^, and 

• 7" ^ A^, for every positive integer n. 
Show that neither A^ nor T/N is infinite. 

#2. Show that the Euler characteristic of a 2-disk with fc — 1 punctures is 
2-k. 



7^3. In the notation of the proof of Theorem 1 13. 9 1 show 

/ Idx > (fc- l)length(A). 



[Hint: All but one of the boundary components are at least as long as A, and a 
boundary collar of width 1 is disjoint from the collar around any other boundary 
component.] 
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#4. Justify Example |13.11[ 

[Hint: You may assume the theorem of Higman, Neumann, and Neumann on embed- 
ding countable groups in 2-generated groups.] 



§13C. F-equivariant quotients ot G/P (optional) 

In this section, we explain how to prove Theorem |13.6[ The space Z is not 
known explicitly, so it is difficult to study directly. Instead, we will look at 
the algebra of functions on it. (This is the usual practice in modern algebraic 
geometry.) In order to deal with the measurable map ip, it is natural to consider 
a class of measurable functions. Thus, we note that ijj induces a F-equivariant 
inclusion 

(see Exercise [ij . Furthermore, it is simpler to look at only the subsets B{Z) 
and B{G/P) consisting of {0, l}-valued functions (the characteristic functions 
of sets). These are Boolean algebras under the usual set-theoretic operations 
of union and complement. Via the inclusion ip* , we can identify B{Z) with a 
Boolean subalgebra of S( G/P): 

B{Z) c B{G/P). 

Now B{Z) is a F-invariant Boolean subalgebra oiB{G/P) that is weak*-closed 
Exercise |2] In order to establish that Z is a, G-equivariant quotient of G/P, we 
wish to show that B{Z) is G-invariant (see Exercise |4|. Thus, Theorem 13.6 
can be reformulated as follows: 

(13.6') Theorem. IJ B is any T -invariant, weak* -closed Boolean subalgebra of 
B{G/ P), then B is G-invariant. 

To make things easier, let us settle for a lesser goal temporarily: 

(13.14) Definition. The trivial Boolean subalgebra of B{G/P) is {0,1} (the 
set of constant functions). 

(13.15) Proposition. IfB is any nontrivial, T-invariant, weak* -closed Boolean 
subalgebra of B{G/P), then B contains a nontrivial G-invariant Boolean alge- 
bra. 

(13.16) Remark. 



• To estabhsh Proposition |13.15| we will find some / S B{G/P) \ {0, 1}, 
such that G f d B. 



• The proof of Theorem 13.6' is similar: let Bq be the (unique) maximal 
G-invariant Boolean subalgebra of B. If Bq B, we will find some / G 
B{G/P) \ Bg, such that Gj C B. (This is a contradiction.) 



(13.17) Assumption. To simplify the algebra in the proof of Proposition 13.15 
let us assume G = SL(2, M) x SL(2, E). 

(13.18) Notation. 

• G = Gi X G2, where Gi = G2 = SL(2,E), 
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• P = Pi X P2, where Pi ~ 

• U = Ui X U2, where Ui = 



CP,, 

c G„ 



"1 

* 1 
1 *" 

• V — Vi X V2, where Vi — ^ 

• r some irreducible lattice in G, and 

• B = some weak*-closed, F-invariant Boolean subalgebra of B{G/P) . 

(13.19) Remark. We have G/P = (Gi/Pi) x (G2/P2)- Here are two useful, 
concrete descriptions of this space: 

• G/P = RPi X Rpi ^ R2 g )^ j^jjj 

• G/P =VixV2 (a.e.) (see Exercise [6|. 

Note that, for the (a.e.) action of Gi on E^, we have 

k 1 

j^-i {x,y) = {k'^x,y), and 

1 il 
1 

(see Exercise [5|. 

The proof of Proposition |13.15| employs two preliminary results. The first 
is based on a standard fact from first-year analysis: 

(13.20) Lemma (Lebesgue Differentiation Theorem). Let 

• X be the Lebesgue measure on M", and 

• Br{p) be the ball of radius r centered at p. 
For a.e. p M", we have 



{x,y) = {x + t,y) 



lim 

r^a X B, 



i— / fdX = f{p). 



(13.21) 



Letting n — I and applying Fubini's Theorem yields: 



(13.22) Corollary. Let 

• /ei:°°(M2), 

"fc 

l'^ —)■ {0} X M &e the projection onto the y-axis. 



• a = 



• 7^2 ■ 



G Gi, for some k > I, and 



Then, for a.e. v G Vi, 

a^vf converges in measure to (vf) o 1^2 as n 

Proof. Exercise [8j 



□ 



The other result to be used in the proof of Proposition 13.15 is a consequence 
of the Moore Ergodicity Theorem (9.8 1: 

(13.23) Proposition. For a.e. w G Vi, Vv^^a~^'* is dense in G. 
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Proof. We wish to show a^^vT ~ G; i.e., the (forward) a-orbit of vT is dense in 
G/T, for a.e. v £Vi. We will show that 

flN^r = G, for a.e. g e G, 
and leave the remainder of the proof to the reader (see Exercise |9|. 
Given a nonempty open subset O oi G/T, let 

E ^ U„<oa" O ■ 

Clearly, a^^E C E. Since fi{a^^E) — ^jl{E) (because the measure on G/V is 
G-invariant), this implies E is a-invariant (a.e.). Since the Moore Ergodicity 
Theorem (9.8 1 implies that a is ergodic on G/V, we conclude that E = G/T 
(a.e.). This means that, for a.e. g G G, the forward a-orbit of g intersects O- 

Since O is an arbitrary open subset, and G/T is second countable, we 
conclude that the forward a-orbit of a.e. g is dense. □ 



it is not constant. This means that 

(vf) o is not 



Proof of Proposition |13.15| for G = SL(2, R) x SL(2, R). Since B is non- 
trivial, it contains some nonconstant /. Now / cannot be essentially constant 
both on almost every vertical line and on almost every horizontal line (see Ex- 
ercise 10), so we may assume there is a non-null set of vertical lines on which 

V £ V-\ ^"■'Z. " "7" , )■ has positive measure, 
essentially constant J 

Corollary |13.22| and Proposition |13. 23] tell us we may choose v in this set, with 
the additional properties that 

• a"w/ — * (f/) o 772, and 

• Tv-^a-f* is dense in G. 
Let 7 = (u/) o 7r2, so 



Now, for any g (z G, there exist 7^ e F and n. 

-1 



00, such that 



9- 



7. er, 



gi := jiV a 

Then we have 

so the F-invariance of B implies 

B = gi a'^'vf ^ gj. 

Since B is closed, we conclude that g f £ B (see Exercise [s]); since g is an 
arbitrary element of G, this means G f C B. Also, from the choice of v, we 
know that / = (vf) o tt2 is not essentially constant. □ 

Combining the above argument with a list of the G-invariant Boolean sub- 



algebras of B{G/P) yields Theorem 13.6' 



Proof of Theorem |13.6'| for G = SL(2, M) x SL(2, M). Let Bq be the largest 
G-invariant subalgebra of B, and suppose B ^ Bg- (This will lead to a contra- 
diction.) 



Exercise 12 tells us that the only G-invariant subalgebras of B{G/P) = 
B{M?) are 



224 



CHAPTER 13. NORMAL SUBGROUPS OF T 



• {functions constant on horizontal lines (a.e.) }, 

• {functions constant on vertical lines (a.e.) }, and 

• {0,1}, 

so Bg must be one of these 4 subalgebras. 

We know Bq B{R'^) (otherwise B = Bq). Also, we know B is nontrivial 
(otherwise B — {0, 1} = Bg), so Proposition 13.15 tells us that Bg {0, 1}. 
Thus, we may assume, by symmetry, that 

Bg = {functions constant on vertical lines (a.e.) }. (13.24) 

Since B ^ Bg, there is some f € B, such that / is not essentially constant on 
vertical lines. Applying the proof of Proposition 

• G/ C S, so 7 € Bg, and 



13.15 



yields /, such that 



/ is not essentially constant on vertical lines. 



This contradicts (13.241 



□ 



Very similar ideas yield the general case of Theorem |13.6| if one is familiar 
with real roots and parabolic subgroups. To illustrate this, without using exten- 
sive Lie-theoretic language, let us explicitly describe the setup for G — SL(3, M). 



Modifications for SL(3, 



Let P = 
Let 





1 * * 




"1 * 




"1 




1 * 




1 




1 * 




1 




1 




1 



Note that V= (Vi,T^2)- 

There are exactly 4 subgroups containing P, namely. 



P, G, Pi = 



= and P2 = 



Thus, there are only 4 G-invariant subalgebras of B{G/ P). Namely, iden- 
tifying B{G/P) with B{V), the G-invariant subalgebras of B{V) are 

o B{V), 

o {0,1}, 

o right Vi -invariant functions, and 
o right V2-invariant functions. 

(13.25) Remark. The homogeneous spaces G/Pi and G/P2 are MP^ and 
the Grassmannian 62,3 of 2-planes in K'^ (see Exercise 13). Hence, in 



geometric terms, the G-invariant Boolean subalgebras of B{G/P) are 
B{G/P), {0,1}, e(Mp2), and ^(62^3). 
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• Let 7r2 be the projection onto V2 in the semidirect product V — V2t< V^, 
"1 



where = 



• For a — 



1 



1/P 



e G, we have 





1 X z 




1 X k^z 


a 


1 V 


P = 


1 k^y 




1 




1 



p 



(13.26) 



(see Exercise 14 1 . 

• A generalization of the Lebesgue Differentiation Theorem tells us, for 
/ e BiG/P) = B(y) and a.e. v € V^^, that 

a"vf converges in measure to (vf) o 712. 



With these facts in hand, it is not difficult to prove Theorem 13.6' under the 
assumption that G — SL(3,M) (see Exercise 15 1. 



Exercises for §13C 

^1. In the setting of Theorem 13.6 define ip 

ru) 



L^{Z) ^ L°°iG/P) by 



f o tp. Show that ip* is injective and F-equi variant. 

[Hint: Injectivity relies on the fact that i/) is measure-class preserving. 



#2. In the setting of Theorem 13.6 show that tp* (^B{Z)) is a F-invariant 



Boolean subalgebra of B{G/P) that is closed in the weak* topology. 

#3. Suppose K is a weak*-closed Boolean subalgebra of B{G/P). Show that 
B is closed under convergence in measure. That is, if 

• Ae B{G/P), 

• An € B for every n, 

• /i is a representative of the Lebesgure measure class on G/P, and, 

• for every finite-measure subset F of G/P, we have 

^i{iAr,nF)A{AnF))^0, 

then Ae B. 



#4. In the setting of Theorem 13.6 show that if ■(/;*(S(Z)) is a G-invariant 
Boolean subalgebra of B{G/ P), then Z is a G-equivariant quotient of 
G/P (a.e.). 

[Hint: {not written yet)] 

#5. Let Gi and Pi be as in Notation |13.18[ Show that choosing appropriate 
coordinates on KP^ = MU {00} identifies the action of Gi on Gi/Pi with 
the action of Gi = SL(2,M) on M U {00} by linear-fractional transforma- 
tions: 



(x) 
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#8. 
#9. 

#10. 
#11. 

#12. 

#13. 



In particular, 



and 



1 t 
1 



(x) — k^x 



{x) = X + t. 



[Hint: Map a nonzero vector (xi, X2) S to its reciproeal slope xi/x2 £ K U {00}. 



#6. 



#7. 



Let Gi, Pi, and Vt be as in Notation |13.18[ Show that the map Vi 
Gil Pi'. V I— > vPi injective and measure-class preserving. 

[Hint: Exercise [5]] 



Show that Equation (|13.21|) is equivalent to 
lim 



?i(0)) Jsi(o) V kJ 



[Hint: A change of variables maps -Bi(O) onto Br(p) with r = 1/fc.] 



Prove Corollary [TX22I 

[Hint: Exercise [t]] 



Complete the proof of Proposition |13.23| assume, for a.e. g E G, that 
a}'^gT is dense in G, and show, for a.e. w S Vi, that a^vT is dense in G. 

[Hint: If a^gF is dense, then the same is true when g is replaced by any element of 
CG{a)Uig.] 

Let / £ S(M^). Show that if / is essentially constant on a.e. vertical line 
and on a.e. horizontal line, then / is constant (a.e.). 



Assume Notation |13.18[ Show that the only subgroups of G containing P 
are P, Gi x P2, Pi x G2, and G. 

[Hint: P is the stabilizer of a point in MP^ X KP^ , and has only 4 orbits.] 



Assume Notation |13.18[ Show that the only G-equivariant quotients of 
G/P are G/P, G2/P2, Gi/Pi, and G/G. 

[Hint: ParabolicsInSL2xSL2Ex] 



In the notation of Remark 13.25 show that G/Pi and G/P2 are G- 
equivariantly diffeomorphic to M.P'^ and G2.3, respectively. 

[Hint: Verify that the stabilizer of a point in M.P-^ is Pi , and the stabilizer of a point 
in G2,3 is P2-] 



#14. Verify Equation (|13.26l 
#15 



[Hint: Since a £ P, we have agP = {aga ^)P, for any g £ G.] 



Prove Theorem 13.6' under the assumption that G = SL(3,M). 

[Hint: You may assume (without proof) the results stated in the "Modifications for 
SL(3,1R).] 
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Notes 



The Normal Subgroups Theorem ( |13.1[ ) is due to G. A. Margulis H|SJ[B]. Ex- 
positions of the proof appear in [7, Chap. 4] and [1(1] Chap. 8]. (However, the 
proof in [10 assumes that G has Kazhdan's property (T).) 

When r is not cocompact, the Normal Subgroups Theorem can be proved by 
algebraic methods derived from the proof of the Congruence Subgroup Problem 
(see [8, Thms. A and B, p. 109] and [9, Cor. 1, p. 75]). (Some special cases, 
such as SL(3,Z), were known classically [reference???].) On the other hand, it 
seems that the ergodic-theoretic approach of Margulis provides the only known 
proof in the cocompact case. 

Theorem 13.6| is stated for general G of real rank > 2 in [7, Cor. 2.13] and 
[ini Thm. 8.1.4]. Theorem is in [7; Thm. 4.2.11] and [10, Thm. 8.1.3]. See 
[TUl §8.2 and §8.3] and [7, §4.2] for expositions of the proof. 



The proof of Theorem pj| is adapted from 5.5.F, pp. 150-152]. 
The Higman-Neumann-Neumann Theorem on SQ-universality of F2 (see 
220 1 was proved in [3j. A very general version of Theorem 13.12 that applies 



to all relatively hyperbolic groups was proved in [T]. 

The notion of a relatively hyperbolic group was introduced in [5]. 
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Reduction Theory: A Fundamental Set 
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The Standing Assumptions (jSAjl are in effect, so, as always, F is a lattice in the 
semisimple Lie group G. 
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Chapter 15 



Arithmetic Lattices in Classical Groups 



§15A. Complexification of G 

Intuitively, the complexification of G is the complex Lie group that is obtained 
from G by replacing real numbers with complex numbers. That is, G is (isoge- 
nous to) the set of real solutions of a certain set of equations, and we let G (8) C 
be the set of complex solutions of the same set of equations. For example, the 
complexification of SL(n,IR) is SL(rt,C). 

(15.1) Warning. The notation may be misleading: the complexification G(8)C 
is not a tensor product, because the group G is a nonlinear object. However, 
this construction does correspond to the usual tensor product at the level of 
Lie algebras (see Exercise [T|) . 

(15.2) Notation. Assume G C SL(^, M), for some I. There is a subset Q of 



K[xi,i, . . .,xe,^i], such that G Var(Q)° (see |3.36| . Let 

G (g) C = Varc(Q) ^{g€ SL(^, C) | Q{g) = 0, for all Q G Q }. 
Then G ® C is a (complex, semisimple) Lie group. 

(15.3) Example. 

1) SL(n,E) ®C = SL(n,C). 

2) SO(n)«)C = SO(n,C). 



3) SO(p, q)®C^ SO(p + q, C) (see Exercise 15B#1 1 



(15.4) Definition. If G ® C is isomorphic to _ff , then we say that 

• iJ is the complexification of G, and that 

• G is a real form of H . 



The Standing Assumptions ijSAjl are in effect, so, as always, F is a lattice in the 
semisimple Lie group G. 
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From Example 15.3 3 1, we see that a single complex group may have many 



different real forms. 

There is an explicit list of all the complex simple Lie groups (see Fig. B.2|: 

(15.5) Proposition. Each simple factor of G <^ C is isogenous to either 

1) SL(n,C), for some n>2, or 

2) SO(n, C), for some n>5, with n ^ 6, or 

3) Sp(2n,C), for some n>3, or 

4-) one of the five exceptional complex Lie groups: Eq(C), E^iC), Eg,(C), 
Fi{C), G2(C). 

Thus, for a classical simple Lie group G, determining the complexification 
of G is a matter of deciding whether it is special linear, orthogonal, or sym- 
plectic, and choosing a value of n. (This determines the type Ai, Bi, Ci, or Di 
of G (see Fig. B.l).) It is not difficult to memorize the correspondence. For 



example, it is obvious from the notation that the complexification of Sp(p, q) 
is symplectic. Indeed, the only case that really requires memorization is the 



complexification of SU(p, (7) (see 15.6 4 1) 



(15.6) Proposition. We have 

1) SL(n,M) (g)C = SL(n,C); 

2) SL(n, C) ® C = SL(n, C) x SL(n, C); 

3) SL(n,IHI)®C = SL(2n,C); 

4) SU(p,g)0C = SL(p+g,C); 

5) SO(n, C) (g) C = SO(n, C) x SO(n, C); 

6) SO(n, H) C = S0(2n, C); 

7) SO(p,g)0C = SO(p + g,C); 

8) Sp(n,E) ® C = Sp(n,C); 

9) Sp(n, C) (g) C = Sp(n, C) x Sp(n, C); and 
10) Sp(p, g) (g) C = Sp(2(p + -7), C) . 



Some parts of this proposition are obvious (see 15.3 1. A few other examples 
appear in §15B| below, and the methods used there can be applied to all of the 
cases. In fact, all of the calculations are straightforward adaptations of the ex- 
amples, except perhaps the calculations for SO(n,IHI)®C (see Exercise 15B#5l. 



(15.7) Remark. 

1) The Lie algebra of G g) C is the tensor product ® C (see Exercise [l]). 
This is independent of the embedding of G in SL(^, C), so, up to isogeny, 
G (g C is independent of the embedding of G in SL(£, C). Thus, we will 
often speak of the complexification of G, even if G is not a group of 
matrices, with the understanding that the complexification is not entirely 



well defined (see 15 



2) There is a technical problem in Notation 15.2 there may be many differ 



ent choices of Q (having the same set of real solutions), and it may be 
the case that different choices yield different sets of complex solutions. 
(In fact, a bad choice of Q can yield a set of complex solutions that is not 
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a group.) To eliminate this problem, we should insist that Q be maximal; 
that is, 

Q - { Q e R[xi^i, xe^e] I Q{g) = 0, for all .g G G }. 

Then G (8) C is the Zariski closure of G (over the field C), from which it 
follows that G (8) C, like G, is a semisimple Lie group. 

(15.8) Example. Because the center of SL(3, M) is trivial, we see that SL(3, M) 
is isomorphic to PSL(3,M)°. On the other hand, we have 

SL(3, K) O C = SL(3, C) ^ PSL(3, C) = PSL(3, R)° (g) C. 

This is a concrete illustration of the fact that different embeddings of G 
can yield different complexifications. Note, however, that SL(3,C) is isoge- 
nous to PSL(3, C), so the difference between the complexifications is negligible 

(cf.fTsjpl). 



Exercises for §15A 

#1. Show that the Lie algebra of G (g) C is g ^ 



§15B. Calculating the complexification of G 

Obviously, SL(n,C) is a complex Lie group. However, we can think of it as a 
real Lie group of twice the dimension. As such, it has a complexification, which 
we now calculate. 

(15.9) Proposition. SL(n, C) ® C ^ SL(n, C) x SL(n, C) . 

Proof. We should embed SL(n, C) as a subgroup of SL(2n,M), find the corre- 
sponding set Q of defining polynomials, and determine the complex solutions. 
However, it is more convenient to sidestep some of these calculations by using 



restriction of scalars, the method described in S5E 



Define A: C ^ C©C by A(z) = (z,z). Then A(l) = (1,1) and A(i) = 
{i, —i) are linearly independent (over C), so they form a basis of C ® C. Thus, 
A(C) is the M-span of a basis, so it is a M-form of C © C. Therefore, letting 
y = C^", we see that 

Fk = A(C") = {(«,«) I «eC"} 

is a real form of V. Let 

(SL(n, C) X SL{n, C))^ = {ge SL(n, C) x SL(n, C) | g(Vk) = Vr} . 
Then we have an isomorphism 

A: SL(n,C) ^ (SL(n,C) x SL(n,C))^, 
defined by A(.g) = {g,g), so 

SL{n, C)(E)C^ (SL(n, C) x SL(n, C))^ C = SL(n, C) x SL(7i, C). 



(15.10) Remark. 
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1) Generalizing Proposition 15.9 one can show that if G is isogenous to a 
complex Lie group, then G (X) C is isogenous to G x G. For example, 

S0(1, 3)(g)C = S0(4, C) - SL(2, C) x SL(2, C) ~ S0(1, 3) x S0(1, 3) 



(see (3d I and (|3b[) of Remark B.3l 



2) From Proposition 15.9 we see that G(8)C need not be simple, even if G is 
simple. However, this only happens when G is complex: if G is simple, 
and G is not isogenous to a complex Lie group, then G (g) C is simple. 



Although not stated explicitly there, the proof of Proposition [T5T9] is based 
on the fact that C (E)r C = C ® C. Namely, the map 

C (g)R C C e C defined by {v, A) A{v) A 

is an isomorphism of C-algebras. Analogously, the understanding of groups 
defined from H will be based on a calculation of H (g)R C. 



(15.11) Lemma. The tensor product 

Proof. Define an M-linear map (p: M - 
'i 



C is isomorphic to Mat2x2( 



(1) = Id, 







Mat2x2(C) by 

1 

-1 



m = 



It is straightforward to verify that is an injective ring homomorphism. 
Furthermore, 0({l,i,j, fc}) is a C-basis of Mat2x2(C). Therefore, the map 
0: M (g) C Mat2x2(C) defined by (j){v,X) = 4>{v) A is a ring isomorphism 
(see Exercise [2|. □ 



(15.12) Proposition. SL(n,] 



SL(2n,C). 



Proof. From Lemma |l5.11| we have 

SL(n,H) (g)C SL(n,Mat2x2(C)) ^ SL(2n,C) 
(see Exercises |3] and |4]) . □ 

As additional examples, let us calculate the complexifications of the classical 



compact simple Lie groups, namely, SO(n), SU(n), and Sp(n) (see 7.421. As 
observed in 15.3 2), we have SO(n) (g) C = SO(77,C). The other cases are not 
as obvious. 



(15.13) Proposition. SU(n) 
Proof. Let 



= SL(n,C). 



• a : 



• a- : iL" - 

• a: SL(n, 



, and 

-> SL(n,C) 

be the usual complex conjugations cr(^) = z, a (v) = v, and tT(g) = g. We have 
SU(n) = {.geSL(n,C) |5*g = Id} 

-{.geSL(n,C) |a(g^).g = Id}, 
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so, in order to calculate SU(n)(g)C, we should determine the map fj on SL(n, C) x 
SL(n,C) that corresponds to a when we identify C" with (C" (g) C")r under 

the map A . 

First, let us determine if. That is, we wish to identify C" with M^", and 
extend cr to a C-linear map on C^". However, as usual, we use the M-form 

A (C"), in place of K^". it is obvious that if we define V : C" ® C" ^ C" ® C" 
by 77 (a;, y) = (y, x), then 77 is C-linear, and the following diagram commutes: 



A 



Thus, it is fairly clear that f}{g^h) — {h,g). Hence 

SU(n) (g) C = { (g, /i) e SL(n, C) x SL(n, C) \f]{g'^, h^) (5, h) = (Id, Id) } 
= { (g, h) e SL(n, C) x SL(n, C) | {h^ , (5, h) = (Id, Id) } 
= {(3,(5"^)"') l5eSL(n,C)} 
^ SL(n,C), 

as desired. □ 
(15.14) Proposition. Sp(n) C = Sp(2n, C). 



Proof. Let 

• 0: H ^ Mat2x2(C) be the embedding described in the proof of Lemma 15.11 

• r be the usual conjugation on H, 



• J 



1 

-1 



and 



• T]-. Mat2x2(C) ^ Mat2x2(C) be defined by r]{x) = J'^x'^J. 
Then rj is C-linear, and the following diagram commutes: 

M ^ Mat2x2(C) 

•n 



Mats X 2(C). 



Thus, because 

Sp(2) ^{ge SL(2, 



9 9 



a b 
c d 



e SL(2, 



Id} 
T(a) r(c) 

T{b) T{d) 



a b 
c d 



= Id 
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we see that 
Sp(2) ® C = 



a b 

c d 

a b 

c d 



e SL(2,Mat2x2(C)) 
e SL(2,Mat2x2(C)) 



77(a) 77(c) 
77(6) 77(d) 



a b 
c d 



J- 



■ rp rp 

a c 



J 



Id 

= Id 



= { .9 G SL(4, 
= {5GSL(4, 
= Sp(4,C). 
Similarly, letting 



J-^g'^Jg = Id } 
g^Jg = J } 



□ 



J 



J 



the same calculations show that 

Sp(n) (g) C = { .9 e SL(2?T., 



e SL(27i,C), 



Jng = Jn}^ Sp(271, C). 



Exercises for §15B 

#1. Show that SO(p,g) (g)C ^ SO(p+g,C). 

[Hint: SO(p, q)(X)C is conjugate to SO(p + g, C) in SL(p + g, C), because —1 is a square 
in C] 

^2. In the proof of Lcmma |15.11| verify: 

a) (/> is an injective ring homomorphism; 

b) </)({!, fc}) is a C-basis of Mat2x2(C); and 

c) (/) is an isomorphism of C-algebras. 

#3. Show SL(7i,IHI) 0C SL(7i,Mat2x2( C)) 

[Hint: Define (f> as in the proof of Lemma |15.11| Use the proof of Proposition |15.9| 
with (f> in the place of A.] 

#4. Show SL(n,Matdx<i(C)) ^ SL(dn,C). 
#5. Show that SO( n,Il) C ^ SO(27i,C). 

[Hint: Similar to l |l5.14| . To calculate Tr(l)C, note that T,.(a;) = t{x) j, for x £ H.] 



§15C. Cocompact lattices in some classical groups 

In this section, we construct cocompact lattices in some classical simple groups. 
This introduces some of the ideas that will be used in the following section, 
where we will show that every classical group has a cocompact lattice. (Al- 
though we will not prove it, this result also holds for the non-classical groups.) 
Let us begin by briefly recalling the prototypical case (cf. 5.41 1. 

(15.15) Proposition. SO{p,q) has a cocompact, arithmetic lattice. 



Proof. Let 
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• a he the Galois automorphism of F over 

• = Z[V2], 



Vp+j, for x,yeFP+i, 



• r — Go, and 

• A: Gf -> G X G"" defined by A{g) = (3,(1(3)). 

We know (from Restriction of Scalars) that A(r) is an irreducible, arithmetic 
lattice in G X G"' (see 5.451. Since G'^ = SO(p + q) is compact, we may mod 
it out, to conclude that T is an arithmetic lattice in G = SO{p,q)°. Also, since 
is compact, we know that T is cocompact (see 5.46). □ 

(15.16) Proposition. SU(p, g) has a cocompact, arithmetic lattice. 

Proof. Let 

. F^Q{V2), 

• L^F[i]^Q{V2,i), 

• r be the usual complex conjugation (that is, the Galois automorphism 
of L over F) , 

• cr be the Galois automorphism of F over Q, so 5*00 = { Id, c }, 

• = Z[V2,i], 

• B{x, y) ^ Y.'j^i X] TiVi) - n/2 Ej=i Xp+j T{yp+j), for x,y e L'p+i, 

• G = {g e SL(p + g,C) | B(gx, gy) = B(x, y), for all x, y e } ^ 
SU(p, q), and 

• r = Go. 

Since G°" = SU(p + q) is compact, we see that F is a cocompact, arithmetic 



lattice in G. 



□ 



The same argument can easily be applied to Sp{p,q) (see Exercise |2|. Let 
us see that it also applies to SL{n, M). First, we introduce some useful notation. 

(15.17) Remark. In order to specify a group G that is defined over F, it suffices 
to specify Gp. Because Gp is dense in G (cf. 5.8 1, this does determine G 
uniquely. 



Recall that the complexification G(8)C is obtained by replacing real numbers 
with complex numbers. Analogously, if G is defined over F, then, for any field L 
containing F, we may replace elements of F with elements of L; the resulting 
group is denoted Gp (^p L. 



(15.18) Definition (cf. |15.2| and |15.7p |). • For any subfield i of C and 
any subset Q of L[xi^i, . . . , xej], let 

Vari(Q) = {ge SL{£,L) \ Q{g) = 0, VQ G Q}. 

• We say that G is defined over F (as an algebraic group over Foo) if there 
is a subset Q of F[xi^i, . . . , x^/], such that G — Var^^ (Q)°- 



238 CHAPTER 15. ARITHMETIC LATTICES IN CLASSICAL GROUPS 



• If G is defined over F (as an algebraic group over i^oo), and L is any 
subfield of C that contains F, then we define 

Gf ®_fL = Vari(Q), 

where 

Q={Qe F[xi,i, . . . , Xi,i] I Q{Gf) = }. 
(15.19) Proposition. SL(n,M) has a cocompact, arithmetic lattice. 

Proof. Let 

• F = Q{V2), 

. L = F[n]=Q[^l 

• r be the Galois automorphism of L over F, 

• C' = Z[</2], 

• B{x,y) = Y.'j^iXjT{yj), for x,y e i", 

• Gf = SU(B;L,t), and 
•T^Go. 

Let cr be the Galois automorphism of F over Q, and extend a to an embedding 
of L in C. Note that cr{L) is an imaginary extension of F (because the square 
root of cr(-\/2) — — \/2 is imaginary), but (7{F) — F is real. This implies that 
the Galois automorphism of (j{L) over a{F) is the usual complex conjugation, 
so B'^{x,y) = X]J=i ^jVj fo'^ 2;,?/ e C". Therefore G'^ = SU(n) is compact, so 
r is a cocompact, arithmetic lattice in G. 

Since Fqo = M, we have Gf (8)f Hi ~ G (see Exercise 15H#1 1. On the other 
hand, because L C M., the proof of Proposition 1 1 5 . 1 3] shows that Gp '^f ^ — 
SL(n,M) (see Exercise [l]) . Hence G « SL(rt,E), so F is a cocompact lattice in 
SL(n,M). □ 

In general, to prove that a simple group G has a cocompact, arithmetic 
lattice, let K be the compact form of G (that is, the compact group of the 
same type {An, Bn, Cn or Dn) as G), and show that G x K has an irreducible, 
arithmetic lattice. Since the choice of K implies that G x K is isotypic, this is 
a special case of the results in the following section (if G is classical) . 

Exercises for §15C 

#1. Let 

• L be a quadratic extension of a real algebraic number field F, 

• r be the Galois automorphism of L over F, and 

• I? be a nondegenerate Hermitian form on L". 
Show that if L C M, then SU( g:£, r ) «)f K = SL(n,M). 



[Hint: See the proof of Proposition 15.13 For A(x) = (x,(7(a;)) and r]{x,y) = (y,x), 
the diagram 



L 



commutes.] 

#2. Show that Sp(p, g) has a coco mpact lattice. 

[Hint: Use the proof of Proposition 1 1 5. 16| with the quaternion algebra Z)_i in 
place of L.] 
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§15D. Isotypic classical groups have irreducible lattices 

(15.20) Proposition. Every isotypic classical group has an irreducible, arith- 
metic lattice. 

Before proving the proposition, let us note that irreducible lattices are often 
cocompact. (The restriction to arithmetic lattices cannot be omitted (see Ex- 
ercise [T|.) 

(15.21) Proposition. Suppose G C SL(£, M), and G is defined over Q. If at 
least one of the simple factors of G is compact, and Gz is a irreducible lattice 
in G, then Gz is cocompact. 

Proof. Every irreducible, arithmetic lattice can be constructed by restriction 
so this is the assertion of Corollary 5.46 Alternatively, the 



.22 1 provides an argument that does not rely on restriction 



of scalars (see 5.50 
proof of Corollary 

of scalars. □ 

(15.22) Corollary. IfG is isotypic, then G has a cocompact, irreducible, arith- 
metic lattice. 

Proof. Choose a compact simple Lie group K, such that G x i^T is isotypic. 
Then Gx K has an irreducible, arithmetic lattice T'. (This follows from Propo- 
sition 15.20 if G is classical, but we will not prove the general case.) The com- 
pact factor K implies that T' is cocompact (see 15.21[ ) . By modding out K, we 
obtain a cocompact, irreducible, arithmetic lattice in G. □ 

(15.23) Corollary. G has a cocompact, arithmetic lattice. 

Proof. We may assume G is simple. (If Fi and r2 are cocompact, arithmetic 
lattices in Gi and G2, then Fi x F2 is a cocompact, arithmetic lattice in Gi x 
G2.) Then G is isotypic, so Corollary 15.22 applies. □ 

Let us begin the proof of Proposition 1 1 5 . 20] with a simple example. 

(15.24) Proposition. H = SO(2,3) x S0(l,4) x S0(l,4) x S0(5) has an ir- 
reducible, arithmetic lattice. 

Proof. Let 

• F = Q{V2,V3), 

• Soo ^ {o-i,cr2,cr3,CT4}, with 

cri(a)= V2 + Vi « 3.1 

cr2(a) = -\/2+ %/3 « 0.3 

asia)^ V2^VS « -0.3 

a4{a)^-V2~V3 w -3.1, 

• G ^SO{{a + 2)xl + {a-2)xl + {a-A)xl + {a-A)xl + {a-A)xl)°, and 
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• r = Go. 

Then Restriction of Scalars implies that T is an irreducible, arithmetic lattice 
in Uaes^ (see [5l5| ). Since 

^ (+,+, 

we have 0.^5^ G^^H. □ 



0-1 (a - 


h2,a 


- 2,a 


- 4, a 


- 4,a 


-4). 


a (5.1,1.1,-0.9,-0.9,-0.9) 


a-2(a - 


1-2, a 


- 2,a 


- 4, a 


- 4,a 


-4). 


a (2.3,-1.7,-3.7,-3.7,-3.7) 


0-3(0; - 


1-2, a 


-2, a 


- 4, a 


- 4,Q! 


-4). 


s (1.7,-2.3,-4.3,-4.3,-4.3) 


04(0; - 


h2,a 


-2, a 


- 4, a 


- 4,Q! 


-4). 


s (-1.1,-5.1,-7.1,-7.1,-7.1 



The same elementary method applies to any product of various groups of 
the form SO(p, q). 



(15.25) Proposition, //pi. 



,Pr are na 



tural 



ihers with < pj < n, the 



has an irreducible, arithmetic lattice. 

Proof. There is no harm in adding several copies of the compact factor S0(7i), 
so we may assume that r = 2' is a power of 2. Also, we may assume that 

Pi>P2>---> Pr- 

Let 

• mi , . . . , mt > 2 be square- free positive integers that are pairwise rela- 
tively prime; 

• F = Q(^ml, . . . , ym^), 

• O = Z(ymT, . . . , ^/rnl), 

• a = ^Jm\ -f • • • -|- ^TTit, 

• Soo = {ci, . . . ,(Tr}i with 0-1(0;) > 02(0;) > • • • > Or(a), 

• Of G Q with max{oj(a) \ £ > pj} < a£ < min{oj(Q;) | £ < Pj}, for 
£=l,...,n, 

• G = SO(^"^]^(q: — ai)x'f), and 

• r = Go. 

From the choice of a^, we have (jj{a — ai) > if and only if ^ < pj. Hence, 
^SO{pj,n~pj). □ 

Let us also give a more abstract version of the proof that generalizes more 
easily. It relies on two basic facts of Algebraic Number Theory. 
The first is a special case of the Weak Approximation Theorem. 

(15.26) Lemma. // F is any algebraic number field, then A(i^) is dense in 
®<t6S°° ^<^- 

roof. 
of ®cres= 



Proof. This follows from Exercise 5E#5 which states that A(F) is a Q-form 
F„. □ 
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Figure 15.1: The polynomials /(x) and g{x) have the same number of real 
roots. 



(15.27) Lemma. For any natural numbers r and s, not both 0, there is an 
algebraic number field F with exactly r real places and exactly s imaginary 
places. 

Proof. Let n = r + 2s. It suffices to find an irreducible polynomial f{x) e Q[x] 
of degree n, such that f{x) has exactly r real roots. (Then we may let F = Q{a), 
where a is any root of f{x).) 

Choose a monic polynomial g(x) e Z[2;], such that 

• g{x) has degree n, 

• g{x) has exactly r real roots, and 

• all of the real roots of g{x) are simple. 

(For example, choose distinct integers ai, . . . , a^, and let g{x) = (x — ai) ■ ■ ■ {x— 
ar){x^' + l).) 

Fix a prime p. Replacing g(x) with k'^g(x/k), for an appropriate integer fc, 
we may assume 

1) g{x) = (modp^), and 

2) mm{g{t)\g'{t)=0}>p 
(see Exercise [7|. 

Let f{x) = g{x) — p. From (jlj, we know that f{x) = x" — p (mod p^), so 
the Eisenstein Criterion (A.57I implies that / is irreducible. From we see 
that f{x), like g{x), has exactly r real roots (see Fig. 15.1). □ 



Conceptual proof of Proposition \15.25\ 

• Let F be a totally real algebraic number field of degree r over Q; that is, 



F has exactly r real places and no imaginary places (see 15.271 

, n, define el 



• For j = 1, . . . ,r and i = 1, 



+ if£< pj 

- a e > pj. 
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• Because A{F) is dense in ^„^g fo- (see 15.261, we may choose, for 
each £ — 1, . . . , n, some ai G F, such that the sign (positive or negative) 
of aj{ai) is e;^ for j — 1, . . . ,r. 

• Then the signature of cjj o.txf) is (pj, n — pj), for j = 1, . . . , r. □ 

By requiring F to have precisely s imaginary places, along with r real 
places, the above conceptual proof can easily be extended to show, for any 
natural number s, that there is an irreducible, arithmetic lattice in 

r 

SO{n,Cy xY[SOipj,n-pj) (15.28) 

(see Exercise [2]) . Hence, every isotypic group of type Be has an irreducible, 
arithmetic lattice. 

Now let us show that every isotypic group of type Z?„ has an irreducible 
lattice. Many such groups are of the form (15.28). All that remains is the case 
where the group has at least one simple factor that is isogenous to SO(n,IHI). 
This requires some understanding of unitary groups over quaternion algebras 
Dp^.y{F) (see Definition 6.561. 

(15.29) Lemma. // 

• P is any nonzero element of an algebraic number field F, 

• D = Dp_i{F), and 

• B is a nondegenerate T^-Hermitian form on D"" , 
then 

S0(2n,C) ifF^ = C, 

SV{B; D,Tr)(^FF^^ ■{ SO(p, 2n - p) {for some p) ifF^ = R and /5 > 0, 

SO(n, H) ifFoo = M. and (3 < 0. 

Proof. One case is fairly obvious: if F^o = K and /3 < 0, then 

S\JiB;D,Tr)(g)FFoo = SV{B;D(SFR,Tr) = SU(B;IHI,t^) = SU(Id„xn; H, r^) = S0( 

The other cases are com pletely an alogous to the calculation that SO(n, IHI)(g)C = 
S0(2n, C) (see Exercise 15B#5l. The key point is to verify that X 1-^ X'^ is 
the Foo-linear map on Mat2x2(-Foo) that corresponds to the antiinvolution r^.D 

It is now easy to prove that isotypic groups of type I?„ have irreducible 
lattices. 

(15.30) Proposition. If pi, . . . ,pj. are natural numbers with < Pj < 2n, and 

s and t are any natural numbers, then 

r 

SO(n,IHI)* xS0(2n,C)" x Y[SO{pj ,2n ~ pj) 

has an irreducible, arithmetic lattice. 
Proof. 

• Let F be an algebraic number field with exactly r + t real places 
(Ji, . . . , (7r+t and exactly s imaginary places (see 15.271. 
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• Because A{F) is dense in ©^.g^ F^- (see 15.261, there is some nonzero 
f3 & F, such that 

o cr(/9) ^ K, for each imaginary place cr, and 
o aj{(3) < if and only ii r + 1 < j < r + t. 

• Let 

o D^Dp^^,{F), 

O = {x e D \ Tr{x) = x}, 

o diag„(Z)^) be the set of n x n diagonal matrices with entries in , 
o Mat2x2(]R)^ = { ^ e Mat2x2(K) | = X }, and 
o diag„(Mat2x2(K)^) be the set of nxn diagonal matrices with entries 



in Mat 2 



x2\ 



For j = 1, . . . , r, we have <Tj{(3) > and Fcj = M, so 

D,^^py^,{aj{F)) (g),i^p^) F,^ = Mat2x2(K); 

hence, aj induces an embedding 

ij-. D-~^ Mat2x2(K), 

with cr'jiD^) C Mat2x2(IR)^- Because A{F) is dense in 0^g5 F^, we see 
that 

{ (^K^))j=i I ^ e diag„(i?t) } is dense in n;=i diag„(Mat2x2(K)t), 

so we may choose B £ diag„(D'''), such that the signature of cr'j{B), 
thought of as a 2n X 2n real symmetric matrix, is (pj, 2n — Pj), for each 
i = 1, • ■ • 

we see that Uaes^ SV{B; D, r^) ^ iJ. □ 



• From Lemma 



15.29 



Fairly similar considerations apply to the other classical groups (that is, of 
type An or C„), but we omit the details. 

The following example shows that the converse of Proposition |15.2l1 is false, 
even under the assumption that G is isotypic. The proof relies on material from 
later in the chapter. 

(15.31) Proposition. Every irreducible lattice in S0(l,5) x S0(3,H) is co- 
compact. 

Proof. Suppose F is an irreducible lattice in G = S0(l,5) x S0(3,IHI), such 
that F\G is not compact. This will lead to a contradiction. 

The Margulis Arithmeticity Theorem (5.21 1 implies that F is arithmetic, so 
Corollary |5.50| implies that F can be obtained by restriction of scalars: there 
exist 

• an algebraic number field F C M, 

• a connected, simple subgroup H of SL(£,Foo), for some t, such that 

o H IS isogenous to S0(3,IHI), and 
o H is defined over F, and 

• a continuous surjection 

<P: n H'^^G, 

with compact kernel. 
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such that (j){^{Ha)) is commensurable with F. 

From the classification of arithmetic lattices (see fig. 15.2 on p. 
that (after replacing H by an isogenous group) the group H must be described 
TKisP : there is a quaternion algebra D over F (such that I? is a central 



254 1 , we see 



simple division algebra), and a Hermitian form B on D^, such that Hp 
S\J{B;D,Tr). 

Now, because G/F is not compact, we have 



rank(F) > 1 (s ee |8^, s o 
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there must be a nontrivial isotropic vector v in (see fig. 15. 2| on p. 
We know, from Proposition 15.70 2 1, that there is a basis of D'^, for which the 
matrix of B is 



[B] 



1 

-1 




for some p € D (see Exercise [5]) . Thus, we may assume 

HF^SV{[B];D,Tr). 

There is some a G S°°, such that H'^ is isogenous to S0(l,5). Then 

I) (see[ 

f1 



D 



3<t(F)J 



. is isomorphic to Mat2> 



of 1 e Z? under the isomorphism D ( 



15.55 



5 1). Since Id2x2 is the image 



H" = SV{(j{[B]);D° 



r{F) . 



SO 



^Mat2x2( 


M), 


we see 


that 






/ 


"1 








0" 


\ 






1 




















-1 
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-1 
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Thus, H"^ is isomorphic to either SO(2,4) or SO(3,3); it is not isogenous to 
S0(1, 5). This is a contradiction. □ 

Exercises for §15D 

#1. Show that there is an irreducible lattice in SL(2,IR) x S0(3) that is not 
cocompact . 

[Hint: The free group F2 is a noncocompact lattice in SL(2, M). Let F be the graph of 
a homomorphism F2 — + 50(3) that has dense image.] 



lattice in SO(n, ( 
r = or s = 0? 



=ff2. Use (|15.27| and (|15.26l to show that there is an irreducible, arithmetic 

xn;=iSO(p„. 



- Pj). Is your proof still valid when 



#3. Show that if 

• G is isotypic of type _B„ , and 

• G has no compact factors, 

then G has an irreducible lattice that is not cocompact. 

#4. Show that if 

• G is isotypic of type with n > 5, and 

• K-rank(Gj) > 2, for every simple factor Gj of G, 
then G has an irreducible lattice that is not cocompact. 
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^5. Let i? be a central simple division algebra over an algebraic number 
field F, and let B be a nondegenerate Hermitian form on , with respect 



to some antiinvolution r of D. Show (without using Proposition 15.701 
that if there is a nonzero vector v in D^, such that B(v,v) = 0, then 
there is a _B-orthogonal Z?-basis {x,y,z} of D^, such that B{x,x) — 1 
and B{y,y) = -1. 

#6. Let G ^ S0(l,2n - 1) x SO(n,H), with n > 3. Show that if F is an 
irreducible lattice in ei ther G or G x S0(2n, C), then F is cocompact. 

[Hint: Proof of Proposition ! 15. 31] ] 

#7. a) Suppose g{x) is a monic polynomial of degree n, and /c is a nonzero 
integer, such that k g{x) E l^x]. Show that k"g{x/k) £ 1\x\. 

b) Suppose g{x) is a monic, integral polynomial of degree n, and p is a 
prime. Show that p^'^g{x/p^) = a;" (modp^). 

c) Suppose g{x) and h{x) are monic polynomials, and k and n are 
nonzero integers, such that h{x) = k"g{x/k). Show that 

mm{\h{t)\\h'{t) = 0} = k^mm{\git)\\g'it)^0}. 

#8. Show that cont(5i(a;)g2(a;)) = cont((7i(x)) •cont((72(a;)) , for 171(0;), (72(2;) £ 
Z[x]. 

[Hint: Assume cont(gj(a;)) = 1. If p| cont(gi (x)g2 (2;)) , then gi{x) g2{x) = in lip[x].] 

§15E. What is a central division algebra over F? 

The list of classical simple Lie groups includes groups, such as SL(?i,IEl[), that 
are based on the quaternions. Analogously, the list of simple groups over an 
algebraic number field F includes groups, such as SL{n,D), that are based 
on central division algebras over F. In this section, we provide some basic 
information on central division algebras and the associated unitary groups. 
For most of our purposes, it suffices to have some familiarity with the special 



case of quaternion algebras (see 6.56 and 15.35 3 1). The interested reader can 



find a more substantial introduction to the theory of central division algebras 



(including how to construct them) in Chapter C 



(15.32) Definition. An associative ring D is a, central division algebra over a 
field F if 

1) D contains F as a subring, 

2) the element 1 e F is the identity element of D, 

3) F is the center of D; that is, 

F = { z £ D \ yx £ D, xz = zx}, 

4) dim p D < 00, and 

5) every nonzero element of D has a multiplicative inverse. 

(15.33) Remark. 

• is an algebra over F if (jlj and ([2| hold, and F is contained in the 
center of D. 
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The word central requires the center of D to be exactly F, not some 
larger field. 

Although not all authors agree with this terminology, we also use central 
to include Q. We have no need for infinite-dimensional algebras. 
The word division requires (|5]). 

We consider only associative algebras here, but the algebra of octonions, 
which is nonassociative, also arises in the theory of arithmetic groups 



(cf. 7.481 



(15.34) Other terminology. Division algebras are sometimes called sfcew /leWs 
or division rings. 

(15.35) Example. 

1) Any field F is a central division algebra over itself. 

2) H = £'_i,_i(M) is a central division algebra over M. 

3) A quaternion algebra Dj^ ,y{F) is a central division algebra over F if and 
only if Ni.cd(a;) ^ 0, for every nonzero x € Dp^~^{F) (see Exercise |2|. Note 
that this is consistent with (|2]). 

(15.36) Definition. Let D he a. central division algebra. A map t: D ^ D is 
an antiinvolution if = Id and t is an ant i- automorphism; that is, T{x + y) = 
T{x)+T{y) and T{xy) = T{y) t{x). (Note that r reverses the order of the factors 
in a product.) 

(15.37) Other terminology. Some authors call t an involution, rather than 
an antiinvolution, but, to avoid confusion, we wish to emphasize the fact that 
T is not an automorphism (unless D is commutative). 

(15.38) Example. Let Z) be a quaternion division algebra. Then 

1) The map t^: D ^ D defined by 

Tc(a + bi + cj + dk) ^ a — bi — cj — dk 

is an antiinvolution. It is called the standard antiinvolution of D, or the 
conjugation on D. 

2) The map t,.: D ^ D defined by 

Tr{a + 6i + cj + dk) ~ a + bi — cj + dk 
is an antiinvolution. It is called the reversion on D. 

(15.39) Definition. 

1) Let r be an antiinvolution of a central division algebra D over F. A 
Hermitian form (or, more precisely, a t -Hermitian form) on Z?" is a map 
B: X D" D, such that 

• B{xi + X2,y) = B{xi,y) + B{x2,y) and B{x,yi + ^2) = B{x,yi) + 
B{x,y2), for all x,xi,X2,y,yi,y2 e 

• B{ax,y) = aB{x,y) and B{x,ay) = B{x,y) T{a) for all a e D and 
x,y G D", and 

• B{y,x) = T(^B{x,y)) for all x,y G D". 
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2) The Hermitian form B is nondegenerate if, for each nonzero x S D^, 
there exists y G D", such that B{x,y) ^ 0. 

The following lemma provides an analogue, for a central division algebra Z?, 
of the ring of integers in an algebraic number field F . 

(15.40) Lemma. Ij D is a central division algebra over an algebraic number 
field F, then there is a subring Od of D, such that Od is a vector-space lattice 
in D. 

Proof. Let {vq, vi, . . . , Vr} be a basis of D over Q, with vq = 1. Let {c^ j.}^ j, 
be the structure constants of D with respect to this basis. That is, for j, k G 
{0, . . . , r}, we have 

r 

There is some nonzero m e Z, such that mcj j, £ Z, for all j, k,£. Let Ojj he 
the Z-span of {1, mvi, . . . , mVr}- □ 

(15.41) Definition. Suppose Z? is a central division algebra over a field F, 
and L is some extension field of F. We say that D splits over L ii D ®f L = 
Matrix £i(-^), for some natural number d. In this case, we call d the degree of D, 
and we have dim^? D ^ (because dimL(D ®f L) — d"^). 

Every central division algebra splits over some extension of F: 

(15.42) Proposition. If D is a central division algebra over a subfield F ofC, 
then D splits over C. 

In fact, D splits over a much smaller field than C (unless F itself is almost 
all of C). 

(15.43) Proposition. If D is a central division algebra over a field F , and L is 
any maximal subfield of D, then D splits over L. 

Proof. Define a ring homomorphism /: D ®p D ^ Endi?(£') by f{x,y){v) = 
xvy. Because _D is a division algebra, it is obvious that D is an irreducible 
module for /(I (g) D), so D is irreducible for f{L D). Thus, the Jacobson 
Density Theorem ( |C.23 1 implies that /(L ®p D) is isomorphic to yia,id-Kd{E), 
where 

E = Endf(L^^D){D) = /(i ® 1) - L 

(see Exercise C.6#18l. Since L®fE> is simple (see Exercise C.6#19l, we know 
that / is faithful, so L^p D = f{L®p D). □ 

Exercises for §15E 

#1. Show Ni-cd(a;2/) = Ni.cd(a;) ^rcd{y) for all elements x and y of a quaternion 
algebra Dp^-y{F). 

^2. Show that the quaternion algebra Dp,^{F) is a central division algebra 
over F if and only if Ni.od(a^) 7^ 0, for every nonzero x G Dfj^^^F). 

[Hint: If N^odC^^) 7^ 0, then multiply the conjugate of x by an element of F to obtain 
a multiplicative inverse of x. If Ni.(,(j{a:^) = 0, then x is a zero divisor.] 
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^3. Let D = D/3^^{F) be a quaternion algebra over some field F, and let 
L = F + Fi C D. 

a) Show that if /3 is not a square in F, then L is a subfield of D. 

b) Show that Z? is a two-dimensional (left) vector space over L. 

c) For each x G D, define Rx'- D ^ D by Rx{v) — vx, and show that 
Rx is an L-linear transformation. 

d) For each x E D, show det(i?j;) — Ni.od(a^)- 

#4. Let T be an antiinvolution on a division algebra D. 

a) For any J e Mat„xn(£'), define Bj: Z?" x D"- D by 

Bj{x,y) = T{x^)Jy 

for all x,y E D" — Mat„xi(-D). Show that Bj is a Hcrmitian form 
if and only if t{J'^) = J. 

b) Conversely, show that if i? is a Hcrmitian form on D", then B = Bj, 
for some J £ Mat„ x 

#5. Let Z3 be a (finite-dimensional) central algebra over a field F. Show that 
D is a central division algebra over F if and only if D has no proper, 
nonzero left ideals. (We remark that, by definition, D is simple if and 
only if it has no proper, nonzero two-sided ideals.) 



§15F. What is an absolutely simple group? 

(15.44) Definition. 

• G is absolutely simple (as a real Lie group) if G i8) C is simple. 

• Suppose G is defined over an algebraic number field F (as an algebraic 



group over i^oo) (see Definition 15.18 1. We say that Gp is absolutely simple 
over F if and only if Gp (^f'C is simple. (See Exercise [l] for an alternate 
characterization that avoids mention of (8)f-) 

From Remark |15.10| we see that if G is simple, but not absolutely simple 
(as a real Lie group), then (up to isogeny), G is a Lie group over C. This 
generalizes to other fields: if Gp is simple, but not absolutely simple over F, 
then, after replacing G by an isogenous group (over F) there is an extension 
field L of F, and a group H that is absolutely simple over L, such that Gp is 
isomorphic to Hj^. 

(15.45) Example. If L I) F, then SL(n,L) is absolutely simple over L, but it 
is not absolutely simple over F (see Exercise [s]) . 

(15.46) Definition. Suppose Gi and G2 are defined over F (as algebraic 
groups over Foe)- 

• A map (/) : Gi — > G2 is an isogeny over F (or an F -isogeny) if 
o (j) IS a, surjective homomorphism with finite kernel, and 
o each matrix entry of (l){g) is a polynomial function of the matrix 

entries of g, and all of the coefficients of these polynomials belong 

to F. 
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• Gi and G2 are isogenous over F if there is a group G that is defined 
over F (as an algebraic group over Foe), such that there exist F-isogenies 
01 : G ^ Gi and 02 : G G2- This is an equivalence relation. 

(15.47) Remark. 

1) Note that if 0: G ^ is an isogeny over F, then (p{Gp) C ff^- However, 



4>{Gf) niay have infinite index in i/j;- (cf. Exercise 5B=ff3\. 
2) If O is the ring of integers of F, then there is a finite- index subgroup A of 
Go, such that 0(A) C -ffo (see Exercise |4|. Then, by using the fact that 
arithmetic subgroups are lattices, one can show that 4i{Go) is commen- 
surable with Hq (see Exercise [S]) . Thus, when studying an arithmetic 
group Gq, there is no real harm in replacing G with a group that is 
isogenous over F. 

Exercises for §15F 

#1. Show that Gp is absolutely simple over F if and only if either 

a) Foo — and G ® C is simple, or 

b) i^oo = C, and G is simple. 

[Hint: Use the fact that Gp ^p -Foo is isogenous to G (see Exercise |15H#l"| |.] 

^2. Show that if G is absolutely simple, then G is simple. 

#3. Suppose F and L are algebraic number fields with F C L, and let S be 
the set of places a of L, such that ctIf = Id. 

a) Show that SL(n,L) (g)p F^o^ Hcrgs SL(n, Lo-)- 

b) Show that SL(n, L) ^pC = SL(ri,C)'^, where d is the degree of L 
over F. 

c) Show that if F C L, then SL{n,L) is not absolutely simple over F. 

#4. Assume G C SL(£,M) is defined over Q, and let T = Gz. Show that if 
0: G is a Q-isogeny, then there is a finite-index subgroup T of Gz, 

such that 0(r) C Hz- 

[Hint: Show that if / 6 Q[xi^i, . . . , X£ i], and /(Id) £ Z, then there is a principal 
congruence subgroup r„ of F (see pf. of |4.60[ l, such that /(r„) C Z.] 

#5. Suppose 

• : Gi — > G2 is a (continuous) surjective homomorphism, 

• Fi and r2 are lattices in Gi and G2, respectively, and 

Show 0(ri) is a finite-index subgroup of r2. 

[Hint: Show the invariant measure on Gi/Fi pushes to a G2-invariant probabiUty 
measure on G2/<7!'(ri), so <^(ri) is a lattice in G2-] 



§15G. Absolutely simple classical groups 

From Corollary |530l we know that every irreducible, arithmetic lattice can be 
obtained by restriction of scalars. Thus, to construct an irreducible lattice, we 
choose 

• an algebraic number field F, and 
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• a simple Lie group G C SL(^, J^oo), for some £, such that G is defined 
over F. 

(Then Go embeds as an irreducible lattice in J1ctgs°° "^ti^re O is the ring 
of integers of F.) 

Therefore, to understand all of the different arithmetic lattices, we wish to 
understand all of the possible choices of G (up to isogeny). That is, for each 
algebraic number field F, we wish to describe all of the simple Lie groups G 
that are defined over F. 

As mentioned in Remark |l5.17| it is usually most convenient to specify Gp 
(rather than G itself); recall that Gp is dense in G, so Gp does determine G 
uniquely. 



We assume that Gi? is absolutely simple over F (see §15F|. This avoids the 
redundancy that would result from listing each complex group twice (once as 
a complex group, and again as a real group of twice the dimension). 

Recall that any classical simple Lie group is either a special linear group, a 



symplectic group, an orthogonal group, or a unitary group (see 3.22 and 3.23 1 



Theorem |15.48 shows that the same is true for simple groups over any num- 



ber field (except in the special case where G (8) C is isogenous to S0(8,C) or 



S0(8,C) X S0(8,C) (see 15.511). 



(15.48) Theorem. Let F be an algebraic number field. If G is a classical group 
that is absolutely simple over F , and G is not of type D^^, then G is isogenous 
{over F) to a simple group H , such that Hp is one of the following: 

1) SL(n, D), for some n>\, and some central division algebra D over F; 
or 

2) Sp(2n,F) for some n > 2; or 

3) SO{B; F), for some nondegenerate, symmetric, bilinear form B on F^ , 
for some n > 3; or 

4) SU{B; D,Tc) , for some quaternion algebra D over F, with the standard 
antiinvolution Tc, and some nondegenerate Hermitian form B on D"; or 

5) S\J{B; D,Tr), for some quaternion algebra D over F, with the rever- 
sion Tj,, and some nondegenerate Hermitian form B on D"' ; or 

6) S\]{B; D,t), for some central division algebra D over a quadratic exten- 
sion L of F, with an antiinvolution r whose restriction to L is the Galois 
automorphism of L over F , and some nondegenerate Hermitian form B 
on D". 



(15.49) Remark. Theorem 15.48| is directly analogous to the classification of 



the classical simple Lie groups (see 3.22 and |3.23 1. Specifically: 
T 



SL(n,D) is the analogue of SL(n,E), SL(n,C), and SL(n,IHI); 
Sp(2n,F) is the analogue of Sp(n,E) and Sp(n,C); 
SO(B; F) is the analogue of SO{p,q) and SO(n,C); 
SU(-B; D, Tc) is the analogue of Sp{p, q); 
SIJ{B; D,Tr) is the analogue of SO(n,H); and 

SU(i3; D, t) (with r nontrivial on the center) is the analogue of SU(p, q). 
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(15.50) Warning. 



1) In 15.48 6 1, the division algebra D is not central over F. (Its center is L, 



not F.) In all other cases, D is central over F. 



2) Theorem 15.48 asserts that G is isogenous to H. However, this does not 
imply that Gf is essentially equal to Hp. For example, the image of 
SL(2,Q) in PSL(2,Q) has infinite index (cf. Exercise [5B#3| . 



(15.51) Remark. The assumption that G is not of type D4 cannot be omitted 
from Theorem 1 15. 48 1 Let us see why. 

• The map g t-^ (.9^^)^ is a holomorphic outer automorphism of SL(rt, C), 
and this automorphism has order 2. Any quadratic extension L of F has 
a Galois automorphism a of order 2. By combining the automorphism 
of SL(n, C) with the Galois automorphism of L, unitary groups are con- 
structed. Namely, for any B G GL{n,L), such that 

(7{B) = (B-^f, (15.52) 

we have 

SV{B; L,a) = {ge SL{n, L) \ {g-'f B = Ba{g) }. 

The group SU(-B; L, a) is said to be an outer form of SL(n, C), because 
it is constructed using an outer automorphism in an essential way. To 
specify that the outer automorphism is of order 2, one may say that 
SU(i3; L, a) is of type ^j4„_i, rather than simply that it is of type 
{if p + q = n). 

• It turns out that PS0(8,C) has a holomorphic outer automorphism 4> 
of order 3. Any cubic extension L of F has a Galois automorphism a of 
order 3. Because the automorphisms have the same order, they can be 
combined (much as in unitary groups) to construct outer forms that do 
not appear in Theorem |15.48| (and are neither orthogonal, symplectic, 
nor unitary); for J G PS0(8,L), satisfying a certain technical condition 
analogous to (15.521, let 



GF = {<?ePS0(8,L) |0(.g)J= Ja(5)}. 

This is an outer form of type '^D^. There are also outer forms of type ^1)4, 
constructed by using the entire outer automorphism group (which has 
order 6), instead of only a cyclic subgroup of order 3. 

• For any connected, classical, complex, simple Lie group that is not isoge- 
nous to S0(8,C), the outer automorphism group has order < 2. (Equiv- 
alently, D/^ is the only irreducible Dynkin diagram with more than two 
automorphisms.) So 80(8, C) is a special case. 

Exercises for §15G 

#1. Show that if G 



S\J{B; D,Tr), as in 15.48 5 1, then there is a skew- 



Hermitian form B' on Z?", with respect to the standard antiinvolution Tc, 
such that G = SU(B'; £>, r^). 

[Hint: Use the fact that Tr{x) = j~^Tc{x)j.] 
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§15H. The Lie group corresponding to each F-group 



We now describe H, given Hp. Recall that H w Hp (X)_f -Foo (see Exercise [TJ. 
Thus, the desired information is provided by either Proposition 15.54 (when 
F ^R) or Proposition |15.55| (when F C M). 

We begin by finding the complexification of each of the groups in Theo- 
rem 15.48 (see 15.541. This is similar to the calculations that appear in ^ 15B 



so we omit the details. 

(15.53) Definition. If 13 is a central division algebra over a field F, then the 
tensor product D(E)pC is isomorphic to Matrfxd(C), for some natural number d 



(see 15.42 1 . This number d is called the degree of D. We remark that dimp D = 
d\ 

(15.54) Proposition. The notation of each part of this proposition is taken 



from the corresponding part of Theorem 15.48 We use d to denote the degree 
of the central division algebra D. 
[7p SL{n,D)^FC^ SL{dn, C) . 



|) Sp{2n,F)(g)F 

1) SO{B;F)(g)F 

^ SV{B;D,T^) C 

1) SV{B-D,Tr) C 

^ SViB;D,T) (& 



^ Sp(2n,C). 
^ SO(n,C). 

C=s:Sp(2n,C). 

C ^ S0(2n,C). 
C^SL{dn,C). 



(15.55) Proposition. Assume F is an algebraic number field, and F d R. 
The notation of each part of this proposition is taken from the corresponding 
part of Theorem \15.4S\ We use d to denote the degree of the central division 
algebra D. 

^ fSL(dn,M) if D splits over R, 

1 SL((in/2, H) if D does not split overR. 
^ Sp(2n,M). 
^ SO(B,M) ^ SO{p,q). 
_ fSp(2n,M) ifD splits overR, 

\S\J{B;M,Tc) ^ Sp(p, q) if D does not split overR 

^ ISO(p, g) ifD splits overR, 

1 SO(n,H) ifD does not split overR. 

(SV{p,q) ifL^R 

< SL{dn, R) ifLcR and D splits over R, 
I SL(nd/2, H) if L (ZR and D does not split over H 



[7p SL{n,D)(»p^ 

|) Sp{2n,F)(g)p : 
|) SO{B;F)(E)f] 

0) SV{B;D,T,)^ 
[|) SV{B;D,Tr)(i 

\§ SViB;D,T)(, 



)FM. = 



(15.56) Remark. Proposition 15.55 does not specify the values of p and q, where 
they appear. However, they can be calculated for any particular form B. 

For example, to calculate them in note that, because L ^ M, we have 
D iS)p R = Matdxd(C), so we may think of [B] E Mat„xn(-D) as a (dn) x 
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(dn) Hermitian matrix. Then p is the number of positive eigenvalues of this 
Hcrmitian matrix, and q is the number of negative eigenvalues. 

In each of the other cases, it is not difficult to give a fairly uniform cal- 
culation of p and q (cf. Exercises [2] and |3] and Propositions 6.19 15.64 ll. 



and 15.7011) 



Exercises for §15H 

#1. Suppose G C SL(£,Foo), and G is defined over F (as an algebraic group 
over Fao). Show that G is isogenous to Gf <8)f ^oo- 

=ff2. Suppose F cR, and B(x, y) is a nondegenerate, symmetric, bilinear form 
on i^", such that [B] is diagonal (with respect to some basis). Show that 
if exactly p of the diagonal entries of [B] are positive, then SU(i3;M) = 
SO{p,n-p). 

#3. Suppose F C M, D = Dfs,^ a quaternion division algebra over F, and 
B{x, y) is a nondegenerate Tc-Hermitian form on _D" such that [B] is 
diagonal (with respect to some basis). Show: 

a) every entry of the matrix [B] belongs to F (and, hence, to E); and 

b) if exactly p of the diagonal entries of [S] are positive, then SIJ { B ; D,Tc)i 
M = Sp(p, n — p). 



§151. The arithmetic lattices in classical groups 



Theorem 1 1 5 .48| provides a classification of all the irreducible, arithmetic lattices 
in semisimple Lie groups. Namely, if F is an irreducible, arithmetic lattice 
in G, then there is a group Hp listed in Theorem [15.48 such that (modulo 



compact factors and commensurability) G is isomorphic to 
an isomorphism that takes F to Hq (sec 5.481. (Restriction of Scalars (5.45 
and |5.47 ) tells us that Hq is (isomorphic to) an irreducible, arithmetic lattice 



Figure 15.2 lists the groups of Theorem 15.48 in a format that is intended 
to make it easier to find the irreducible lattices in a given group. 



The following two propositions illustrate this. We use Sp(p, q) for our ex- 
ample, because it is one of the easiest cases: fig. |15.2| lists only one possibility 
for this group, and the division algebra involved is known to be a quaternion 
algebra. Other groups can be treated similarly, but there are more possibilities 
to consider. 

Our first result describes what we learn from fig. [15. 2| just by knowing one 
of the factors of G. 

(15.57) Proposition. Suppose 

• F is an irreducible, arithmetic lattice in G, 

• some simple factor of G is isomorphic to Sp(p, g) for some p,q> 1, and 
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simple factor of G 


irreducible lattice T 


reference 


m OT p + q 


Q-rank(r) 


SL(m,M) 


SL{n,OD) 


([l]), ^'CM, 
D split/M 


m = dn 


77 - 1 






(|6]), F C i C M, 

D split/M 


m = dn 


_D-subspace 


SL(m,C) 




( 


1 




m ^ dn 


77—1 




SV{B;Od,t) 


(so i M) 


m = dn 


D-subspace 


SL(m,H) 


SL{n,OD) 


D not split/M 


m — (in/2, 
d even 


77 - 1 




SV{B;Od,t) 


(|6]), F C i C M, 
D not split/M 


m = an/ Z, 
d even 


D-subspace 


SU(p,g) 


SV{B;OD,r) 


([6]), FcM, 
LgLR 


p + q = dn 


D-subspace 


SO(p,g) 


SO{B;Of) 


( 


3 


), FcM 


p + q = n 


F-subspace 




SViB;OD,Tr) 


( 


5 
I 


), FcM, 
) split/M 


p + q = 2n, 
d^2 


_D-subspace 




? 


Remark 


15.51 




p+q = 8 


? 


SO(m,C) 


SO{B;Of) 




3 


), F gLR 


m ^ n 


F-subspace 




SViB;OD,Tr) 




5 


), F i^R 


m — 2n, 

A o 

a — Z 


D-subspace 




? 


Remark 


15.51 




771 = 8 


? 


SO(m,H) 


SV{B;OD,Tr) 


(H), FcM, 
D not split/M 


m = 77, 
d — 2 


_D-subspace 




? 


Remark 


15.51 




777 = 4 


? 


Sp(2m,M) 


Sp(27i,C'f) 


( 


2 


), FcM 


777 = 77 


77 




SU(B;0^,r,) 


( 


4 
I 


), FcM, 
) split/M 


7)7, = 77, 
d=2 


_D-subspace 


Sp(2m, C) 


Sp(2n,OF) 




2 


), F M 


m = n 


77 




SV{B;Od,Tc) 


( 


4 


),F(^R 


m = n, 
d = 2 


D-subspace 


Sp(p, q) 


SViB;OD,T,) 


Q, FcM, 
D not split/M 


p + q ~ n, 
d^2 


D-subspace 



Figure 15.2: The irreducible arithmetic lattices in G, except that (as indicated 
by "?") the list is not complete for groups of type D4. The reference is to 15.^ 



and to 15.54 (for F^ = C) and 15.55 (for F^ = M) 
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• G has no compact factors. 
Then (after replacing G with an isogenous group) there are 

1) a quaternion algebra D =^ Dfi_^{F) over an algebraic number field C M, 

2) a T^-Hermitian form B on DP^'' , 

3) a subset S of S°° [containing Id), such that H'^ is compact, for all a G 
S°° \ S, where Hp = SU(B; D, rj, and 

4-) an isomorphism (j): YiaeS ~^ 
such that 

(j) (SIJ (B ; D{0),Tc) is commensurable withT, 
for any subring O of D that is a vector-space lattice in D. 



Proof. Figure 15.2 lists only one possibility for Sp{p,q). The reference is to 
15.48pl), with F cM. and p+q = n. 



□ 



Propositions 15.54 and 15.55 can be used to calculate H'^ , for each a G S°° . 
Thus, we get more precise information about F if a particular group G is given. 
To illustrate, let us take the simplest case, where G has only one simple factor. 

(15.58) Corollary. Let F be an arithmetic lattice in G ^ Sp{p,q), for some 
p,q > 1 . Then there are 

• a totally real algebraic number field F , 

• P,j (z F, such that ff{(3) and cr(^) are negative, for every place a of F; 



G F , such that 



o hi, . . . ,bp are positive. 



o 6, 



Jp+q 



are negative, and 



o for each place a ^ Id, the real numbers cr(bi), . . . , a{bp-f-q) are either 
all positive or all negative; 

and 

• an isomorphism (j): SU(-B; -D^.^(_F), Tc) — > Sp(p, q), where B is the 
Tc-hermitian form on defined by 



p+q 

B{x,y) ^^bjXjTciyj), 



(15.59) 



such that 

(j)(S\](^B; D/3^j{0),Tc)) is commensurable withT, 
for any subring O of Dp_~^{F) that is a vector-space lattice in Dp^^{F). 

Proof. Because G has only one simple factor, we have S = {Id}. 

Because H = Hp ®f'^ — Sp(p, g), we see, from 15.55p l, that Dfj^^{F) 
does not split over M; thus, [3 and 7 are negative (see 6.57 31)). 

For each a ^ Id, we know that H'^ is compact, so we see, from 15.54 4 1 
and 15.55 4 1, that = M and both cr(/3) and (7(7) are negative. 

By a change of basis, we may assume B is diagonal (see 15.70 ll); thus, 
there exist hi,. . . ,bp+q G Dp^j{F), such that B is of the form (15.591. Since 
B is Hermitian, we must have Tc{bj) = bj, so bj G F. 
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Since H = Sp{p, q), we know that p of the b/s are of one sign, and the other 
q of the 6j's are of the opposite sign. Thus, by permuting, and perhaps replac- 
ing B with —B, we may assume that &i, . . . , 6p are positive, and 6p+i, . . . , bp+q 
are negative. 

Since H"^ is compact, for a ^ Id, we see that cr(6i), . . . , (T{bp^q) are all of 
the same sign. □ 

(15.60) Proposition. IfG is simple, T is arithmetic, andT\G is not compact, 
then, in the notation of fig. IT5.S\ we have 



§15J. What are the possible Hermitian forms? 

Some cases of Theorem 115.481 assert the existence of a bilinear or Hermitian 
form. In this section, we provide a description of the possible forms. 

Symplectic forms 

(15.61) Notation. Let B — {vi , . . . , u^} be an ordered basis of a vector space V 
over a field F. 

• If a: e V, then [x] = [xje is the column vector with entries xi, . . . , Xi, 
where x = ^j'^^j- 

• If B{x, y) be a nondegenerate bilinear form on V , then [B] — [Sje is the 
^ y. ^ matrix whose (i,j)-entry is B(vi,Vj). 

(15.62) Lemma. 

1) For x,y G V, we have B{x,y) ~ [x]'^[B][y]. 

2) If B is symmetric, then [B]'^ = [B]. 

3) If B is symplectic, then [B]^ = -[B]. 

It is well known that, up to a change of basis, there is only one symplectic 
form on any given vector space. The following proposition describes the usual 
descriptions of this form. 

(15.63) Proposition. Let B(x,y) be a symplectic form on a vector space V 
over a field F , and let n = dmip V . 

1) n is even. 

2) There is a basis B of V, such that 




Q ifFcR, 
a quadratic extension of Q if F <^R. 



I 



[B]b = J, 








1 



n 




1 



-1 
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3) There is a basis B ofV, such that 





-Id„ 



Id, 



,/2 



,/2 



4 ) There is a basis B of V, such that 



Proof. (|2| Let u G V \ {0}. Because symplectic forms are, by definition, non- 
degenerate, there is some v € V, such that B{u, v) ^ 0. 

By induction on dim V, there is a good basis Bi of W-^ . Let B — {u} U Si U 
{v}. 

^ If {xi, . . . ,a;„/2,2/i, . . . ,yn/2} is a basis as in let 

B = {xi, . . . ,x„/2,y„/2, . . .,y2,yi}- 

Q The desired basis is a permutation of the basis for Q. Alternatively, 
use the same proof as ([2|, but with B = {u, v} (J Bi. 

^ This follows from □ 



Symmetric, bilinear forms 

There is usually more than one symmetric, bilinear form on a vector space V, 
but the following proposition shows that they can all be diagonalized, and that 
the isotropic part of the form can be understood completely. 



(15.65) 



(15.64) Proposition. Let B{x, y) be a nondegenerate, symmetric, bilinear 
form on a vector space V over a field F (of characteristic 0). 

1) There is a basis B of V , such that [-B]b is diagonal. 

2) More precisely, there is a basis B of V , such that 

Iclm,m 

B' 

where 

• m is the maximal dimension of a totally isotropic subspace of V , 
and 

• B' is the matrix of an anisotropic form {and B' is diagonal). 

3) Alternatively, the 2m x 2m submatrix ldm,m in (15.651 can be replaced 
with any of: 

ridi.i 



a) 



Idi 



Idi. 
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b) 



or 



J2 

4 ) There is a basis B of V, such that 



B' 



(15.66) 



with B' as in 

Proof. ([T|) To diagonalize B, choose B to be an orthogonal basis. 

( |3a| We prove the more precise result by induction on dimV. We may 
assume B is isotropic (otherwise, there is nothing to prove), so there is some 
nonzero u with B(u,u) = 0. Because B is nondegenerate, there is some 
V eV, such that B{u, v) ^ 0. 

Note that the expression 

B{v + tu,v + tu) = B{v, v) + 2tB{u, v) + t^B{u, u) = B{v, v) + 2tB{u, v) 
is linear in so it has a zero. Thus, by replacing v with v + tu, for some t F, 
we may assume that B{v,v) = 0. 

Let W = (m, v). Then [-B|Ty]{ti,t>} Idi.i, and, by induction on dim V, there 
is a good basis Bi of W-^. Let B = {u, v}Li Bi. 

([2]) The diagonal entries in ^ are a permutation of the diagonal entries in 
(|3at. Thus, the desired basis is a permutation of the basis for (Sal. 

^v}, then [B]b 



^v, u - 



3c| If [i?]{„,«} = Idi^i, and B — {u- 

)| The desired basis is a permutation of the basis for pc| ). 
(i^The desired basis is a permutation of the basis for ( |3b[ ). 

The following observation is obvious. 



J2 



□ 



(15.67) Corollary. Assume F C If 
SO(B;M) (g)F'. 

where 



For B and B' as in (15.651, we have 
= SO(to + p,m + q), 



• p is the number of positive entries in the diagonal matrix B' , and 

• q is the number of negative entries in the diagonal matrix B' . 
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Hermitian forms 



Let us now see that Proposition 15.64 generalizes to Hermitian forms, even 
over division algebras. 

(15.68) Notation. Let 

• Z? be a division algebra (over a field of characteristic 0) , with an antiin- 
volution T, and 

• B = {vi, . . . , vg} be an ordered basis of a vector space V over D. 

For X €V, and any Hermitian form B{x,y) on V, we define [xjg and [B]^ as 
in Notation [TSJT] 

(15.69) Lemma. 

1) For x,y £V, we have B{x, y) — [x^lB] T([y]) . 

2) We have t{[BY) = [B]. 

(15.70) Proposition. Let 

• D be a division algebra {over a field of characteristic 0), with an antiin- 
volution T , and 

• i?(x, y) be a nondegenerate, Hermitian form on a vector space V over D. 
Then Conclusions Q, Q, and of Proposition 15.64 hold. 

(15.71) Remark. If 

• D is a field (that is, if D is commutative), 

• i? is a nondegenerate r-Hermitian form on £)", and 

• A is an nonzero element of D, such that r(A) = A, 
then 

1) XB is a nondegenerate, Hermitian form, and 

2) SO(S;D) =SO(AB;D). 

Thus, if we are interested in the isometry group of B, not B itself, then addi- 
tional simplification of [B] is possible. 



(15.72) Corollary. Let D, t, and B be as in Proposition 15.70 



1) IfdrniijV — 2, and B is isotropic, then there is a basis of V , such that 
[B] — Idi 1. {There is also a basis with [B] — J2.) 

2) If dim D V — 2, and D is a field, then there are 

• some nonzero A and b in D, with r(A) = A and t(6) = b, and 

• a basis of V, 
such that 

1-1 ^ [; I 

3) If 

• dim£) F = 3, 

• D is a field, and 

• B is isotropic, 
then there are 

• some nonzero X Cz D, with t(A) = A, and 
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• a basis of V , 

such that [XB] = Id2,i. (There is also a basis with [XB] = J3.) 

Proof. ([T|) and ([2| arc immediate from Prop. (15.64). 

([3]) Choose w e y, such that contains an isotropic vector u, and let 
A = 1/B{w,w). Then XB{w,w) — 1, so the desired conclusion follows from the 
proof of fTs^lip af. □ 

(15.73) Warning. Do not try to use ([2| or ^ unless D is commutative. If 
D is noncommutative, then 

1) XB may not be r-Hermitian, even if r(A) = A, and 

2) Sl]{XB; D,t) may not be isogenous to SIJ{B; D,t), even if XB is r- 
Hermitian. 

Should probably give an example!!! 

Let us mention one additional well-known way to simplify [B] . 

(15.74) Lemma. Suppose 

• B — {wi, . . . , Vn\, and 

• [-B]b is the diagonal matrix diag(6i, . . . , 6„). 
Replacing B with {AiWi, . . . , A„f„} results in 

I diag(Af 61, . . . , A^5„) if B is bilinear, 

1 diag(Ai 61 t(Ai), . . . , A„ 6„ r(A„)) if B is T-Hermitian. 



Witt's Theorem 

(15.75) Theorem (Witt's Theorem). Let B(v,w) be a nondegenerate, sym- 
metric bilinear form on a finite- dimensional vector space V over a field F of 
characteristic 0. Suppose Wi and W2 are subspaces ofV, and (p: Wi W2 is 
a bijective linear transformation, such that i3((/)(?;), ^(w)) — B{v,w), for every 
v,w € Wi. Then (j) extends to an isometry of V . 

We begin by proving a special case, from which the general result follows 
easily. 

(15.76) Lemma. Let B{v,w) be a nondegenerate, symmetric bilinear form on 
a finite- dimensional vector space V over a field F of characteristic 0. Sup- 
pose Wi and W2 are subspaces of V, and 4>: Wi W2 is a bijective linear 
transformation, such that 

• B (^<j){v) , (j){w)) — B{v,w), for every v,w £ W\, and 

• there is a codimension-one subspace U of Wi, such that 4>{u) = u, for 
every u G U. 

Then (p extends to an isometry of V . 

Proof. We proceed by induction on the codimension of Wi in V. We may 
assume U ^ W\ (for otherwise Id is an extension of 0); let w\ G W\ \ LJ . 

Case L Suppose [4>{wi) — Wi)^ ^ Wi U W2. Choose uq G {<j>{wi) — Wi)^ \ 
{W1UW2), and define 0: Wi®Fuo W2®Fuo by (^(w + Auq) = (/)(w) + Auo, 
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for w G Wi and X £ F. Then (j) is a. linear bijection, B {^(j){v) , (f>{w)) = B{v,w), 
for every v,w £ Wi + Fuq, and = u, for every m e C/ + Fuq. Since 

codim(W^i + Fuo) < codim(VFi), we know, from the induction hypothesis, that 
(j) extends to an isometry of V . This isometry also extends </>. 

Case 2. Suppose {(f>{wi) — wi)^ C Wi U We must have either {^(f){'Wi) — 

wi)^ C Wi or (y(f){wi) ~ wi)^ C W2. By interchanging Wi with W2 (and 

replacing (f> with 0^^) if necessary, we may assume ((/)(it;i) — wi)^ C Wi. Since 

codim(0(i(;i) — wi)''' = 1, and we may assume Wi ^ V (for otherwise there is 
nothing to prove), we have 

Wi ^ {^{wi) - wi)^ . (15.77) 

Therefore 

= B{wi,(j){wi) - wi) = B{wi,(j){wi)) - B{wi,wi) 
= B{wi,(t>{wi)) - B{^{wi),^{wi)) ^ B{wi~(j){wi),(j){w{)), □ 

so <j){wi) e (0(wi) - wi)^ = Wi. Hence W2 = (/'(W'l) = ((/-(wi), U) C VFi. By 
comparing dimensions, we conclude that 

W2 = Wi. 

This implies that 

0(wi) - wi G W2 - Wi = Wi = (0(iui) - wi)''", 

so 

B^{c^{wi)-wi) =0, 

where, for convenience, we define 

B^{v) = B{v,v). 
Now fix some u G ^ \ Wi. There exists S £ , such that 
B{5,(t){wi)) = -B{v,(j){wi)-wi), 

so 

B{v + 6,<j){wi)) =B{v,wi). 

For any scalar t, we have 

B'^(y + S + t{<j){wi) - wi)) = B^{v + S) + tB{v + 6, 0(u;i) - wi) , 
so, for an appropriate choice of t, we have 

B^ (v + S + t{(j>{wi) - wi)^ = B^{v). 
We may extend to ^ by defining 

(p[v) = V + 6 + t((f){wi) — wi) . 

Proof of Theorem 115.751 Let ?7 be a codimension-one subspace of Wi, By 
induction on dimM^i, we may assume that the restriction (/)|[/ extends to an 
isometry -0 of V . Then, by composing (j) with the inverse of ip, we may assume 



that <^(u) = u, for every u £ U. Hence, Lemma 15.76 applies. □ 
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Exercises for §15 J 

#1. Suppose G is an irreducible subgroup of GL(^, C), and that Bi and B2 
are (nonzero) G-invariant quadratic forms on C^. Show that there exists 
A e C, such that Bi = XB2. 



Notes 



Theorem 15.48 is due to Weil |Wei| . A proof (together with Propositions 15.6 
15.54| appears in p-Rl §2.3, pp. 78-92]. We copied ([Kef, (|15.48|, 



and 



and (15.54) from the summary on |P-R1 p. 92], except that [P-R| uses a different 
description of the groups in 15.48[ [5 1 (see Exercise 15G#1) 



Although we omit the details, a theorem of A. Borel and G. Harder |B-Hj 
on Galois cohomology immediately implies that if G is isotypic, then G has 
a cocompact, irreducible, arithmetic lattice. The concrete approach described 
in { 15D was carried out in detail by F. E. A. Johnson jJohj for all classical 



groups. 

G. Prasad (personal communication) pointed out the example in Proposi- 
tion I15.3I This disproves the statement in |Joh] that the converse of Proposi- 
holds for isotypic groups. 



tion 
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Remark 15.10 is in Bourbaki's Lie Groups and Lie Algebras (at the Lie 
algebra level). Need to relocate the specific reference!!! 



See |P^ Thm. 4.1, p. 204] or |Bot1 Thm. 8.9] for a proof of Remark 15.47 ; 2 1 



Theorem 15.75 was proved by E. Witt |Witl p. 34]. Our proof is based on 
plel Thm. 1.4.1, pp. 80-81] and [Ei §11, pp. 21-22]. 
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Appendix A 



Assumed Background 



This appendix is very preliminary!!! There are no explanations yet, and more 
topics will be added. 

§A.l. Riemmanian manifolds 

(A.l) Definition. Let M be a topological space. An (n-dimensional) coordi- 
nate system on an open set U of M is a difFeomorphism cj) from U onto an open 
subset of M". An (n-dimensional) atlas on M is a collection {{(pa, Ua)}aeA of 
n-dimensional coordinate systems on M, for some n, such that 

• the coordinate patches cover M, that is, IJagA ~ ^^"^ 

• the overlap maps are diffeomorphisms; that is, for all a,P Cz A, the com- 
position (/)q,o0^^ is a difFeomorphism from (j)/3{Uar\Ui3) onto (j)a{Ua'i~^Up). 

A (smooth) manifold is a Hausdorff topological space M, together with an 
atlas. 

(A.2) Definition. 

• An inner product on a real vector space is a symmetric, positive- 
definite, bilinear form (• | •) on V . 

• A Riemannian manifold is a smooth manifold M, together with the choice 
of an inner product (• | ■)x on the tangent space T^M, for each x € M, 
such that (• I ■)x varies smoothly as x varies. 

• The norm \\v\\x of a vector v G T^M is {v \ v)^- 

(A. 3) Definition. If Mi and M2 are Riemannian manifolds, then the cartesian 
product Ml X A/2 is also a Riemannian manifold, with inner product given by 

((U1,U2) I («l>«2))(p^ = (Ul I Wl)pi + {U2 I f2)p2 

for Pi £ Mi and Ui,Vi e Tp. Mi . 

The Standing Assumptions | |3A| are in effect, so, as always, F is a lattice in the 
semisimple Lie group G. 

Copyright © 2001-2008 Dave Witte Morris. All rights reserved. 
Permission to make copies of these lecture notes for educational or scientific use, including 
multiple copies for classroom or seminar teaching, is granted (without fee), provided that 
any fees charged for the copies are only sufficient to recover the reasonable copying costs, 
and that all copies include this copyright notice. Specific written permission of the author is 
required to reproduce or distribute this book (in whole or in part) for profit or commercial 
advantage. 
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§A.2. Geodesies 

(A.4) Definition. 

• For any smooth curve c: [a, 6] ^ M in a Riemannian manifold M, we 
define the length of c to be 

b 

llc'(t)||c(t) dt. 

• Then a topological metric d is defined on M by 

d{x, y) = inf{ length(c) | c is a smooth curve from a: to y }. 

• A smooth curve 7 : [a,b] M is a. length-minimizing geodesic if \\'-f'{t)\\^(^f'^ 
is constant (independent of t) and length(7) = d[j{a),^{b)). 

• A smooth curve 7 : / ^ M is a geodesic if I can be written as a (locally 
finite) union of closed intervals such that the restriction 7!/^ is a 
length-minimizing geodesic, for each m. 

• A difFeomorphism /: Mi M2 between two Riemannian manifolds is 
an Riemannian isometry if \D f{p)v\f(^y) = \v\p^ for every {p,v) G TMi. 
(Note that / must also be an isometry with respect to the associated 
topological metrics on Mi and M2.) 

(A. 5) Warning. If C is a submanifold of a Riemannian manifold M, then C is 
a Riemannian manifold, so there is an associated topological metric dc on C. 
There is also a metric d\c, obtained by restricting the topological metric on M. 

These two metrics can be very different, because two points of C that are near 
to each other in M may not be joined by a short curve that lies entirely in C. 

(A. 6) Proposition (Existence and Uniqueness of Geodesies). Let M he a Rie- 
mannian manifold. For any {p,v) e TM, there is a geodesic 7: (— e, e) M, 
for some e > 0, such that 7(0) = p and 7'(0) = v. 

Furthermore, if^: I ^ M, is any geodesic, such that 7(0) = p and 7'(0) = 
V, then 7(t) = ^{t) for all t G I (1 (— e, e). 

(A. 7) Definition. A neighborhood y of in a real vector space is: 

• star-shaped iftVcV for all t G [0, 1]; 

• symmetric if —V = V. 

(A. 8) Corollary. For each each p G M, there is a star-shaped, symmet- 
ric neighborhood V of in Tp{M), such that we may define a smooth map 
exp^: V ^ M by letting expp{v) — 7(1), where j is a geodesic such that 
7(0) = p and 7'(0) = v. Furthermore, ifV is sufficiently small, then exp^ is a 

diffeommphism, onto its image. 

(A. 9) Definition. Note that, by identifying TpM with M", the inverse of exp^ 
defines a coordinate system on a neighborhood of p. These are called exponential 
coordinates at p. 

There are two different definitions of completeness for a Riemannian man- 
ifold. Fortunately, they are equivalent. 
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(A. 10) Definition. Let M be a Riemannian manifold. 

• M is geodesically complete if, for every geodesic segment 7: (— e, e) M, 
there is a geodesic 7: M — > M, such that 7(t) = 7(f), for all t e (— e, e). 

• M is complete if all Cauchy sequences converge. 

(A. 11) Proposition. A Riemannian manifold is geodesically complete if and 
only if it is complete. 

§A.3. Lie groups 

(A. 12) Definition. A Lie group G is a smooth manifold, equipped with a 
group structure, such that the group operations arc smooth. That is, the maps 
G X G ^ G: {g,h) gh and G ^ G: g ^ g~^ are smooth. 

(A. 13) Proposition. If H is a closed subgroup of a Lie group G, then H is a 
smooth suhmanifold of G, so H is itself a Lie group. Also, the quotient space 
G/H is a smooth manifold. 

(A. 14) Definition. Let G be a topological group, and X be a topological 

space. 

• An action of G on AT is a homomorphism (p: G Perm(X), where 
Perm(X) is the group of all permutations of X. Equivalently, an action 
is a function o : G x X ^ X, such that 

o a(l, x) = X for all a; G A, and 
o a(gf, a{h, a;)) = a{gh, x) for g,h G G and x G X. 
The equivalence is obtained by taking a{g,x) = (^(51)) (a;). 

• An action is continuous if the map a is continuous. 

• An action is proper if the map a is proper; that is, if the inverse image 
of every compact set is compact. 

(A. 15) Definition. Let a group F act continuously on a topological space M. 

• The action is free if no nonidentity clement of T has a fixed point. 

• The action is properly discontinuous if, for every compact subset G of M, 
the set 

{7er|Gn(7G)^0} 

is finite. 

• For any p e M, we define Stabr(p) = {j G T \ ^p = p}. This is a closed 
subgroup of r. 

(A. 16) Proposition. IfT acts freely and properly discontinuously on a topo- 
logical space M, then the natural map M — > r\M is a covering map. 

(A. 17) Proposition. If M is any locally compact metric space, then Isom(M) 
is a locally compact topological group, under the compact-open topology {that 
is, under the topology of uniform convergence on compact sets) . The action of 
Isom(M) on M is proper; that is, for every compact subset C of M, the set 

{ <p € Isom(M) I (PiC) n G ^ } 
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is compact. 

If M is a smooth manifold, then the topological group Isom(M) can be given 
the structure of a Lie group, so that the action o/Isom(M) on M is smooth. 

(A. 18) Notation. For any topological group G, we use G° to denote the iden- 
tity component of G. 

(A. 19) Proposition (Existence and Uniqueness of Haar Measure). IfG is any 
locally compact topological group, then there is a unique {up to a scalar multiple) 
a-finite Borel measure jj, on G, such that 

1) /i(C) is finite, for every compact subset C of G, and 

2) ^i{gA) — /i(A), for every Borel subset A of G, and every g € G. 

(A.20) Definition. 

• The measure /i of Proposition | A . 1 9] is called the left Haar measure on G. 
Analogously, there is a unique right Haar measure with ^J.{Ag) — fJ-{A). 

• G is unimodular if there is a a-finite Borel measure /i on G, such that 

1) /i(C) is finite, for every compact subset C of G, and 

2) iJL{gA) = fJ.{Ag) = fJ.{A), for every Borel subset A of G, and every 
g&G. 

In other words, a group is unimodular if its two Haar measures (left and 
right) are the same. 

(A. 21) Proposition. There is a continuous homomorphism A : G — > such 
that fi(gAg^^) — A(g) fJ.{A), for any {left or right) Haar measure fi on G, and 
any Borel set A d G. 

Proof. Define : G — > G by 4ig{x) = gxg~^ . Then (t>g is an automorphism 
of G, so {(f>g)*fJ' is a (left or right) Haar measure on G. By uniqueness, we 
conclude that there exists A{g) € M+, such that {4>g)*iJ, = A.{g) jjL. It is easy to 
see that A is a continuous homomorphism. □ 



(A. 22) Definition. The function A defined in Proposition A. 21 is called the 
modular function of G. 

(A. 23) Other terminology. Some authors call 1/A the modular function, be- 
cause they use the conjugation g~^Ag, instead of gAg~^. 

(A. 24) Corollary. Let A be the modular function of G. 

1) If fi is any right Haar measure on G, then n{gA) = A{g) /i(A) for any 
Borel set A C G. 

2) If fj, is any left Haar measure on G, then ^i{Ag) ~ A{g^^) ^{A) for any 
Borel set Ac G. 

3) G is unimodular if and only if A{g) ~ I, for all g Cz G. 

4) If G is a Lie group, then A(g) = \ det(AdQg)\ for all g (zG. 

(A. 25) Proposition. Let fi be the left Haar measure on a locally compact topo- 
logical group G. Then fJ.{G) < oo if and only if G is compact. 
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Proof. (<;=) Haar measure is finite on compact sets (see A.19[ l|) 



(=J>) We prove the contrapositive. Let C be a compact subset of nonzero 
measure. Because GxG ^ G: {g,h) ^ gh^^ is continuous, and the continuous 
image of a compact set is compact, we know CC~^ is compact. Since G is not 
compact, then there exists gi ^ CC~^; thus giG is disjoint from C. Continuing, 
we construct, by induction on n, a sequence {<?«} of elements of G, such that 
{gnC} is a collection of pairwise disjoint sets. They all have the same measure 
(since fi is G-invariant) , so we conclude that 

/i(G) > ( U 9nc] = oo. 



(A. 26) Example. Important examples of Lie groups are: 

• SL(n,M), the group consisting of all n x n real matrices of determinant 1; 

• SO(n) — {g £ SL(ri,M) | gg^ = Id}, where g^ denotes the transpose of 
the matrix g; and 

• SO(m,n) = {5 G SL(m + n,M) | glm,ng^ = Im,n}, where Im,n is 
the (m + n) X (m + n) diagonal matrix whose diagonal entries are 
1, 1, . . . , 1, —1, —1, . . . , —1, where there are m I's, followed by n — I's. 

(A. 27) Definition. The Lie algebra of G is the tangent space Te(G). It can 
also be identified with the space of all left-invariant vector fields on G, so the 
usual bracket of vector fields provides it with the structure of a Lie algebra. 

(A. 28) Definition. The adjoint representation of G is the differential of the 
action of G on itself by conjugation. That is, for each g e G, define 

Adcg: 0^0 

by Ada g = dfe, where /: G — s- G is defined by f{x) = gxg'^^ . 
Then Ada'- G GL(0) is a homomorphism. 

(A.29) Example. 

1) For G = GL(^,M), we have = Mat£x£(IR), and {AdGg){x) = gxg'^. 

2) If H C G, then C 0, and we have Ad^ h = (Ado /i)|f|, for he H. 

(A. 30) Theorem. If G is semisimple, then 

1) AdG is a normal subgroup o/Aut(0) and 

2) the quotient group (Aut(0))/(Ad G) is finite. 

(A.31) Theorem. // 

• H and L are Lie groups, and 

• p: H ^ L is a Borel-measurable homomorphism, 
then p is continuous. In fact, p is C°° . 



Proof. Step 1. p is continuous. It suffices to show that p is continuous at e 
(see Exercise [T|). Thus, given a neighborhood V of e in L, we wish to find a 
neighborhood U of e in i/, such that p{U) C V . 
Choose a neighborhood Vi of e in L, such that 
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• Vi is symmetric (that is, (Vi) ^ = Vi), and 

• (Vi)4 = Vi . Vi . T/i . Vi c F. 

Let Ui = p-^iVi), and U = (C/i)^. 

Because (Pi)* C V, it is clear that p{U) C so we need only show that 
U contains a neighborhood of e in H. To this end, note that L is the union 
of countably many translates gVi of Vi, so H is the union of countably many 
translates of Ui; therefore, Ui is not a null set. Hence (Ui)'^ contains an open 
subset of H (see Exercise |2]). So 

;7 = ({/i)* = (c/i)2.([/i)-2 

contains a neighborhood of e. 
S-tep p is C°°. 

Case 1. Assume H = M.. For simplicity, let us assume L = SL{£,M.). There are 
neighborhoods J7 of in Ma.tixe(^) and V of Id in GL(£,M), such that the 
exponential map, 

expX = M+X + — + — + ■■ ■ , 

is a diffeomorphism from U onto V. Furthermore, by shrinking U, we may 
assume that U is star-shaped; that is, if X G U and t G [0, 1], then tX G U . 
Choose a neighborhood Ui of in U , such that 

• tUi C Ui, for all t e [0, 1], and 

• 2Ui C C/, 
and let 

Vi = exp([/i) c y. 

From Step[l] we know there is some e > 0, such that 

pit) e Vi for all t with \t\ < e. 
By rescaling, we may assume, without loss of generality, that 

e= 1. 

Let ^ be the unique element oi Ui with exp^ — p(l), and define p': M ^ 
SL(£,M) by 

p'(t) =exp(iO- 

Then 

1) p' is a homomorphism, and 

2) p'(l)=expe = p(l). 

Let C be the unique element of Ui with expC = p(l/2). Then 
exp(2C)=p(l/2)2 = p(l)=expe 
Since 2^ and ^ each belong to [/, we conclude that 2^ = ^, so C = (1/2)^. 
Therefore 

p(l/2) = exp(C) = exp((l/2)e) = p'(l/2). 

Proceeding by induction on n, we see that 

p(l/2") p'(l/2") for each n e N. 
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Because p and p' are homomorphisms, this implies that p(fc/2") — p'{k/2") 
for all k G Z and all n G N. Since {fc/2"} is dense in M and p is continuous 
(see Step[T]), we conclude that p = p' is C°°, as desired. 

Case 2. The general case. For simplicity, let us assume that _ff is a closed 
subgroup of SL{£, R). Let ^i, . . . , ^„ be a basis of the Lie algebra f) of H, and, 
for each i, define a homomorphism : M — > L by 

Pi{t) = p(exp(tCi))- 

• From Case[l] we know that each pi is C°°. Hence, the map p': M" ^ L, 
defined by 

p'{ti,. ..,tn) = Plih) ^2(^2) ^3(^3) • • ■ Pn{tn), 

is C°°. 

• The Inverse Function Theorem implies that the map M" ^ i?, defined 
by 

(p{ti, . . . ,t„) = exp(ii^i) exp(i26) exp(<3^3) • • • exp(i„,^„), 

is a local diffeomorphism at 0; there is a neighborhood J7 of in M" and 
a neighborhood V of e in H, such that is a diffeomorphism from U 
onto 1^. 

By construction, we have pocj) = p', so we conclude that p is C°° on V^. Hence, 
p is C°° on all of H (see Exercise [l]) . □ 

(A. 32) Remark. It can be shown that every (measurable) homomorphism of 
Lie groups is real analytic, but we do not need this stronger fact. 

Exercises for §A.3 

#1. Suppose p: H ^ L is a homomorphism of Lie groups. Show: 

a) If p is continuous on some open subset of H, then p is continuous. 

b) If p is C°" on some open subset of iJ, then p is C°° . 

#2. Suppose A and B are measurable subsets of a Lie group H , with Haar 
measure p. If p{A) > and p{B) > 0, then 

A- B = {ab\ae A, be B} 

contains an open subset of H. 

[Hint: Assume fJ.{A) and tJ.{B) are finite, and let XA and XB be the characteristic 
functions of the two sets. Define the convolution XA * XB by defined by 

(XA*XBKh)= [ XA{t)XB(t-^h)df^{t). 
J H 

Show that Wxa * Xslli = IIxaIIi llxslli 7^ 0, and that XA * XB is continuous. (Ap- 
proximate XA and XB by continuous functions, and use uniform convergence.)] 

§A.4. Galois theory and field extensions 

(A. 33) Theorem (Fundamental Theorem of Algebra). The field €. of complex 
numbers is algebraically closed; that is, every nonconstant polynomial f{x) € 
C[x] has a root in C. 
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Proof. This can be proved algebraically, by combining Galois Theory with the 
elementary fact that every real polynomial of odd degree has a real zero (see Ex- 
ercise [T|, but we use a bit of complex analysis. 

Suppose f{x) has no root. Then 1// is holomorphic on C. Furthermore, 
because f{z) ^ oo as z ^ oo, it is easy to see that 1// is bounded on C. 
Hence, Liouville's Theorem asserts that 1// is constant. This contradicts the 
fact that / is not constant. □ 

(A. 34) Proposition. Suppose F is a field, and a is a root of some irreducible 
polynomial f{x) G F[x\. Then the extension field F[a\ is isomorphic to F[x\/I, 
where I — f{x) F[x] is the principal ideal of F[x] generated by f{x). 

Proof. The map (j): F[x\ F[a\ defined by (j){g{x)^ = 9{ct) is a surjective ring 
homomorphism whose kernel is /. □ 

(A. 35) Corollary. Suppose F is a field. If a and (3 are two roots of an irre- 
ducible polynomial f{x) £ F[x], then there is an isomorphism a: F[a] F[l3] 
with cr(a) — (3. 

(A. 36) Corollary. Let F be a subfield ofC, and let a: F C be any embed- 
ding. Then a extends to an automorphism a of C 

(A. 37) Notation. If F is a subfield of a field L, then \L : F\ denotes dim^? L. 
This is called the degree of L over F. 

(A. 38) Corollary. If F and L are subfields ofC, such that F C L, then \L : F\ 
is equal to the number of embeddings a of L in C, such that (t|f = Id. 

(A. 39) Definition. An extension L of a field F is Galois if, for every irre- 
ducible polynomial f{x) G F[x], such that f{x) has a root in L, there exist 
ai, . . . , a„ G L, such that 

f{x) = {x - ai) ■ ■ ■ {x - an). 
That is, if an irreducible polynomial in F[x] has a root in L, then all of its 
roots are in L. 

(A. 40) Definition. Let L be a Galois extension of a field F. Then 

Gal(i/i^) = { (7 G Aut(L) I a\F = Id }. 
This is the Galois group of L over F. 

(A. 41) Proposition. If L is a Galois extension of a field F of characteristic 0, 
then #Gal(L/F) = \L : F\. 

(A. 42) Corollary. If L is a Galois extension of a field F of characteristic 0, 
then there is a one-to-one correspondence between 

• the subfields K of L, such that F C K , and 

• the subgroups H ofGal(L/F). 

Proof. Given K, with F C C i, let Hk = Ga.l{L/K). Conversely, given a 
subgroup H of Gal(i/F), let 

KH = {xeL \ a{x) =x, ya e H} 

be the fixed field of H. □ 
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Exercises for §A.4 

#1. Let F be a field of ciiaracteristic zero, sucii tliat 

a) if / e F[x\ has odd degree, then / has a root in F; 

b) if a G F, then cither a or —a has a square root in F; and 

c) —1 docs not have a square root in F. 

Show that F[i] is algebraically closed (where i = V—l). 
[Hint: Let L be a finite, Galois extension of F[i]. If P is a Sylow 2-subgroup of 
Gal(L/F), then the fixed field of P has odd degree over F, so this fixed field must be 
trivial. Thus, \L : F| is a power of 2. Hence, L can be obtained by a series of quadratic 
extensions. Since every element of F has a square root in F[i], the half-angle formulas 
show that every element of F[i] has a square root in F[i]. Therefore L C F[i].] 



§A.5. Algebraic numbers and transcendental numbers 

(A.43) Definition. 

• A complex number z is algebraic if there is a nonzero polynomial f{x) G 
1[t], such that /(z) = 0. 

• A complex number that is not algebraic is said to be transcendental . 

• A (nonzero) polynomial is monic if its leading coefficient is 1; that is, we 
may write f{x) = X^^^q (^kx'^ with a„ = 1. 

• A complex number z is an algebraic integer if there is a monic polynomial 
f{x) G Z[x], such that f{z) = 0. 

(A. 44) Proposition (Z is integrally closed). A rational number t is an alge- 
braic integer if and only iftGZ. 

Proof. {'^) t is a root of the monic polynomial x — t. 

(=>) Suppose f{t) = 0, where f{x) = a;" + J22=o '^kX^ with each ak € Z. 
Writing t = p/q (in lowest terms) with p,q G Z, we have 

= - = q^fit) = 9" + E = P" + E = (mod q). 

\^ k=a ) fe=o 
Since p" is relatively prime to q (recall that t — p/q is in lowest terms), we 
conclude that q = 1, so t = p/1 G Z. □ 

(A. 45) Proposition. // a is an algebraic number, then there is some nonzero 
m gZ, such that ma is an algebraic integer. 

Proof. Suppose g{a) = 0, where g{x) = J2k=o ^kx'^, with each bk G Z, and 
bn 0. Let 

• m = o„, 

• a/c = TO"~'^~^6fe, and 

• !i.x)~Yl=^,auxK □ 
Then j{x) is a monic, integral polynomial, and 

n n 

f{ma) = E(™""''"'^fc)(ma)'' = m"-^ E ^^a'' = m"-^g{a) = m"'^ -0 = 0. 

fe=0 fc=0 
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(A. 46) Lemma. For t € C, the following are equivalent: 

1) t is an algebraic integer; 

2) 'L\t] is a finitely- generated 'L-module; 

3) 'L[t] is a Noetherian Z-module. 

(A. 47) Proposition. The set of algebraic integers is a subring ofC 

(A.48) Proposition. Let 

• LO be a primitive n"* root of unity, and 

• Z,^ denotes the multiplicative group of units modulo n, 
for some n. Then there is an isomorphism 

/:Z,>: ^Gal(QM/Q), 

such that f{k){uj) = w'', for all A: G . 

§A.6. Polynomial rings and the Nullstellensatz 

(A. 49) Definition. A commutative ring R is Noetherian if the following equiv- 
alent conditions hold: 

1) Every ideal of R is finitely generated. 

2) Every nonempty collection of ideals of R has a maximal element. 

3) If /i C /2 C • • • is any increasing chain of ideals of R, then /,„ — Im+i — 
■ ■ ■ for some m. 

(A. 50) Theorem. If R is Noetherian, then the polynomial ring R[x] is Noethe- 
rian. 

Proof. Suppose J is an idea of R[x]. (We wish to show that J is finitely gener- 
ated.) For rf G N, let 

Jd = {0} U {lead(/) I / e J, deg/ = d}. 
Then is an ideal of R, and we have Ji C J2 C • • • , so there is some da, such 
that Jd — J do , for all d> do. 

For each d, let Fd be a finite set of polynomials of degree d, such that 
{lead(/) \ f e Fd} generates Jd. 

Then Fo U Fi U . . . U Fdo generates J. (For any f £ J , there exists /' e 
(Fo U Fi U . . . U Fd„), such that deg/' = deg/, and lead(/') = lead(/). Then 
deg(/ — /') < deg /, so we may assume, by induction, that / — /' G (Fq U Fi U 
...UFdo). □ 

(A. 51) Corollary. For any field F, the polynomial ring F[xi, . . . ,Xs\ {in any 
number of variables) is Noetherian. 

Proof. Note that F has only one proper ideal, namely {0}, so it is obviously 
Noetherian. Now use Theorem lA. 501 to induct on s. □ 

There are many equivalent formulations of the following important theorem. 
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(A. 52) Theorem. Let F be a subfield of a field L. If L is finitely generated as 
an F-algebra {that is, if there exist ci, . . . , Cr (z L, such that L — F[ci, . . . , Cr]), 
then L is algebraic over F. 

Proof. Suppose L is transcendental over F. (This will lead to a contradiction.) 
Let {2:1, . . . , x„} be a transcendence basis for L over F. (That is, L is algebraic 
over F[xi, . . . , a;„], and Xk is transcendental over F[xi, . . . , Xk^i], for each k.) 
By replacing F with F[xi, . . . we may assume n — I. Therefore, L — 

F[x, ai, . . . , a„i], where each aj is algebraic over F[x]. 

From the proof of Proposition A. 44 we see that there exists g G F[x], such 
that gai, . . . , gUm are integral over F[x]. Choose some irreducible / S -^[2;], 
such that 

f\9- 

We have 

1// e i = F[x,ai, . . . ,0™] = F[x,gai, . . .,gam, 
so g'^ / f G F[x, gai, . . . , ga,n], for some fc > 0. Therefore, 5*^// is integral 
over F[x]. 



From the proof of Proposition A. 44 we conclude that gy f e F[x]. (The 



ring F[x] is integrally closed.) This contradicts the choice of /. □ 

(A.53) Corollary. Let 

• F be an algebraically closed field, 

• F[xi, . . . ,Xr] be a polynomial ring over F, and 

• m be any maximal ideal of F[xi, . . . ,Xr]- 
Then 

1) the natural inclusion F s- F[xi, . . . , Srl/iTi is an isomorphism, and 

2) there exist ai, ... ,ar F, such that m = ((.xi — ai), . . . , {xr ~ flr))- 

Proof. ([T|) Let L = F[xi, . . . ,Xr]/m. Then L is a field (because m is maximal), 
so Theorem |A.52| implies L is algebraic over F. Since F is algebraically closed, 
we conclude that L — F, as desired. 

([2]) From ([T|), we know there exists aj € F, such that aj = Xj (mod m); let 

/ = ((^i - ai), ...,{Xr- ttr)). 

From the choice of ai, . . . , a^, we have / cm. On the other hand, it is easy to 
see that 

F[xi,...,Xr]/I^F 

is a field, so / must be a maximal ideal. Hence, it is equal to m. □ 

(A. 54) Corollary (Nullstellensatz) . Let 

• F be an algebraically closed field, 

• F[xi, . . . ,Xr] be a polynomial ring over F, and 

• I be any proper ideal of F[xi, . . . , Xr] . 

Then there exist ai, . . . ,ar (z F, such that /(ai, . . . , a^) = for all f{xi, . . . , Xr) € 
I. 
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Proof. Let m be a maximal ideal that contains /, and choose ai, . . . , a,. G as 
in A.53 2|. Then /(ai, . . . ,ar) =0 for all /(xi, . . . ,Xr) & tn, so, since / cm, 



the desired conclusion follows. □ 

(A. 55) Corollary. If B is any finitely generated suhring ofC, then there is a 
nontrivial homomorphism (p: B Q, where Q is the algebraic closure of Q 
in C. 

Proof. We have B = Z[6i, . . . ,br], for some hi, . . . ,br E B. There is a homo- 
morphism 

0: Q[a;i, ...,Xr]^C, 

defined by (j)(^f{xi, . . . ,Xr)) = f{bi, . . . ,br). Let / be the kernel of 0, and 
choose a maximal ideal m that contains /. Then / C m, so there is a natural 
homomorphism 

B = (p(Z[xi, . . .,Xr\) C (p(Q[xi, . . .,Xr\) = > Q 

I m 

Exercises for §A.6 

^1. Derive Theorem |A.52| as a corollary of Corollary |A.53| 



A.55 



shows that 



[Hint: Let F be the algebraic closure of _F. The proof of Corollary 
there is a nontrivial homomorphism (p: L ^ F, such that if>\p = Id. Show if> is injective, 
so L is isomorphic to a subfield of _F.] 



§A.7. Eisenstein Criterion 

(A. 56) Lemma. // f{x) G is irreducible over Z, then it is irreducible 

over Q. 

Proof. We prove the contrapositive: suppose f{x) is reducible over Q. Clearing 
denominators, we may write nf(x) — gi(x)g2{x), for some nonzero n G Z, with 
gj{x) G Z[x] and deg gj{x) > 1. 

Dividing f{x) by an integer constant, we may assume cont(/(a;)) — 1, where 
cont(/(x)) denotes the content of f{x), that is, the greatest common divisor 
of the coefficients of f{x). Then, letting dj = cont(gj(a;)), we have 

n ~ cont(n/(a;)) = cont((7i(a;)(72(a;)) = did2 
(see Exercise 15D#8). Thus, letting gj{x) = ^gj{x) G 2,[x\, we have 

J[x) = — = gi[x)g2[x), 

UlU2 

SO f{x) is reducible over Z, as desired. □ 

(A. 57) Lemma (Eisenstein Criterion). Let f{x) G Z[x]. // there is a prime 
number p, and some a € Zp \ {0}, such that 

• f{x) = ax" (modp), where n — degf{x), and 

. /(0)^0(modp2), 
then f{x) is irreducible over Q. 
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Proof. Suppose f{x) is reducible over Q. (This will lead to a contradiction.) 
Then f{x) is also reducible over Z (see A. 56 1, so we may write f{x) — 
91(3^)52(2:), with gj{x) G Z[x] and deg gj{x) > 1. Then 

gi{x)g2{x) = f{x) = aa;" (modp). 
From the unique factorization of polynomials in Zp[a;] (recall that 1jp[x] is a 
Euclidean domain, because Zp is a field), we conclude that there exist 5i, 62 G 
Zp \ {0} and mi,m2 G N, such that S'j(a;) = bjx"''^ (modp). Since 

mi + TO2 = n = deg/(x) = deg(5i(a;).g2(a;)) = deg 51 (x) +degg2(2:), 
and rrij < deg gj{x), we conclude that rrij = dcg gj{x) > 1. Therefore gj{0) = 
(mod p), so /(O) = 5i(0)(72(0) = (mod p^). This is a contradiction. □ 



§A.8. Measure theory 

{not written yet) 

Sigma algebra, measure (countable additivity), positive linear functional.??? 

(A.58) Definition. 

1) A measure /i on a measure space X is a probability measure if /i(X) = 1. 

2) Prob(X) denotes the space of all probabihty measures on X. 

3) If /i is a probability measure on X, and f: X ^ Y is measurable, then 
the probability measure on F is defined by 

(/.M)(A) = /i(r'(^)) 

for AcY. 



§A.9. Functional Analysis 

{not written yet) 

Hilbert space, Banach space, Frechet space, £jP space, weak* topology,??? 
integration in Frechet space (center of mass)??? 



Notes 



Need to track down references for this stuff!!! 



The fact that measurable homomorphisms are continuous (see A. 31 1 was 
proved by G. Mackey. A proof can be found in Thm. B.3, p. 198]. A proof 
that continuous homomorphisms are real analytic (hence C°°) can be found in 
[Ij Prop. 1 of §4.8, pp. 128-129]. 
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Appendix B 



Which Classical Groups are Isogenous? 



(B.l) Notation. For reasons that may not be entirely clear to the reader (but 
see Proposition B.7l, the classical simple groups are collected into four infinite 
families: each classical group is of type A„, Bn, C„, or £)„, for some n > 1. See 

fig. EI] 

Similarly, the exceptional groups are of type Eq, Ej, Eg, i^4, or G2. We will 
have nothing in particular to say about exceptional groups, but let us mention 
that there are 22 different isogeny classes of exceptional simple groups (with 
finite center). Of these, 

• 6 are of type Eq ; 

• 5 are of type E^ ; 

• 4 are of type Eg ; 

• 4 are of type F4; and 

• 3 are of type G2 ■ 

Three of the groups of each type (in particular, all of the groups of type G2) 
are easy to account for: each type includes a compact group, a complex group, 
and an M-split group. The 4**^ group of type F4 is the only exceptional group 
that will play any role in this book (cf. 7.451. 



(B.2) Remark. Note that half of the orthogonal groups are of type i?„, and the 
other half are of type Z3„. Although this may not seem natural, there are good 
reasons to divide the orthogonal groups into two classes: orthogonal groups in 
odd dimensions behave very differently than orthogonal groups in even dimen- 
sions. For example, £ is even if and only S0(£) has an outer automorphism (cf. 



Exercise 3D#17l 



The Standing Assumptions ijSAjl are in effect, so, as always, F is a lattice in the 
semisimple Lie group G. 

Copyright © 2001-2008 Dave Witte Morris. All rights reserved. 
Permission to make copies of these lecture notes for educational or scientific use, including 
multiple copies for classroom or seminar teaching, is granted (without fee), provided that 
any fees charged for the copies are only sufficient to recover the reasonable copying costs, 
and that all copies include this copyright notice. Specific written permission of the author is 
required to reproduce or distribute this book (in whole or in part) for profit or commercial 
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type 


G 




Iff ran]^(n\ 


maximal compact 
subgroup K 


dim G 


An 


SL(n + l,M) 




n 


SO(n+ 1) 


+ 2n 


SL(n + 1,C) 




n 


SU(n+ 1) 


2ti? + 4n 


SL(^i±i,H) 


n odd 


(«-l)/2 


Sp((n+l)/2) 


+ 2n 


SU(p,g) 


p + q = n+ I 


min{p, g} 


S(U(P) X U(g)) 


+ 2n 


Bn 


SO(p,g) 


p + q = 2n+l 


min{p, q} 


S{0{p) X 0(g)) 


2r? + n 


S0(2n+ 1,C) 




n 


S0(2n+ 1) 


+ 2n 


Cn 


Sp(p, q) 


p + q = n 


min{p, g} 


Sp{p) X Sp(q) 


2n^ + n 


Sp(2n,]R) 




n 


U(n) 


2v? + n 


Sp(2n,C) 




n 


Sp(n) 


4n^ + 2n 




SO(p,g) 


p + q ~ 2n 


niin{p, q} 


S{0{p) X 0(g)) 


2ii? — n 


S0(2n,C) 




n 


S0(2n) 


An? - 2n 


SO(n,lI) 




[n/2\ 


U(ri) 


2v? — n 



Figure B.l: Basic information about each classical group (for n > 1). 



(B.3) Remark. Groups of different type are never isogenous, except: 

1) Any group of type Bi or C\ is isogenous to a group of type Ai (and vice 
versa). Namely: 

a) S0(3) and Sp(l) are isogenous to SL(1,I1) and SU(2) (see Exer- 
cise [T]); 

b) S0(1, 2) and Sp(2, M) are isogenous to SL(2, M) and SU(1, 1) (see Ex- 
ercises (|2])-(|4|); 

c) S0(3,C) and Sp(2,C) are isogenous to SL(2,C) (see Exercise|5|. 

2) Any group of type C2 is isogenous to a group of type B2 (and vice versa). 
Namely: 

a) Sp(2) is isogenous to S0(5); 

b) Sp(l, 1) is isogenous to S0(l,4); 

c) Sp(4, M) is isogenous to S0(2, 3); and 

d) Sp(4, C) is isogenous to SO (5, C). 

3) Any group of type D2 is isogenous to either a group of type Ai (or Bi 
or Ci) or the direct product of two groups of type Ai (or Bi or Ci). 
Namely: 

a) S0(4) is isogenous to SU(2) x SU(2), S0(3) x S0(3), and Sp(l) x 
Sp(l) (see Exercise |6|; 
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b) S0(l,3) is isogenous to SL(2,C), S0(3,C), and Sp(2,C) (see Exer- 
cise [7|; 

c) S0(2, 2) is isogenous to SL(2, M) x SL(2, M), S0(1, 2) x S0(1, 2), and 
Sp(2,M) X Sp(2,M) (see Exercise [§ ; 

d) S0(4,C) is isogenous to SL(2,C) x SL(2,C), S0(3,C) x S0(3,C), 
and Sp(2,C) x Sp(2,C) (see Exercise |9|; and 

e) S0(2,H) is isogenous to SL(2,K) x SU(2) (see Exercise [lO I . 

4) Any group of type is isogenous to a group of type A3 (and vice versa). 
Namely: 

a) SO (6) is isogenous to SU(4); 

b) S0(l,5) is isogenous to SL(2,H); 

c) SO(2,4) is isogenous to SU(2,2); 

d) S0(3, 3) is isogenous to SL(4,IR) (see Exercise 11); 

e) S0(6,C) is isogenous to SL(4,C); 

f) S0(3,H) is isogenous to SU(1,3). 



We see, from Remark B.3 that the types Bi, Ci, C2, D2, and D3 are 
redundant. Furthermore, groups of type Di are abehan, not semisimplc. Thus, 
we have the following proposition. 

(B.4) Proposition. If G is simple, then G is isogenous to a group that is of 
type 

1) An, with n > 1; or 

2) Bn, with n > 2; or 

3) Cn, with n > 3; or 
4-) Dn, with n > 4; or 

5) Ee, Er, Es, F4, or G2. 

Furthermore, under these restrictions on n, this type is uniquely determined 
by the isogeny class of G. 



(B.5) Proposition. Under the restrictions on n given in Proposition B.4 the 
only redundancies in the list of groups G in fig. \B.1\ are: 

1) SL(1,IHI) is isogenous to SU(2); 

2) SU(1,1) is isogenous to SL(2,M); 

3) S0(4,H) IS isogenous to SO(2,6); 

4) S0(p,<7)-S0(g,p); 

5) SU(p, g) = SU(q,p); and 

6) Sp{p,q) = Sp{q,p). 

Let us close this section with some justification of the above remarks. 



(B.6) Notation. As will be explained in { 15A G has a well-defined complexi- 
fication G(8)C, obtained by replacing real numbers with complex numbers. (In 
terms of the Lie algebra g, we simply tensor with C.) For example, 

• SL(n,E) ®C = SL(n,C), 

• SO(m,n) (g)C = SO(m + n,C), and 

• SL(n,C) ®C = SL(n,C) X SL(n,C). 
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type 


complex group 


restriction on n 


An 


SL(n+ 1,C) 


n > 1 


Bn 


S0(2n + l,C) 


n>2 


Cn 


Sp(2n,C) 


n>3 


Dn 


S0(2n,C) 


n > 4 


En 


En{C) 


n e {6,7,8} 


Fn 




n = 4 


Gn 


G2(C) 


n = 2 



Figure B.2: The complex group of each type. 



(B.7) Proposition. Two simple Lie groups Gi and G2 are of the same type 



{under the restrictions on n given in Proposition B.4\ if and only if either 

• Gi (^C is isogenous to G^ ® C, or 

• Gi (8) C is isogenous to G2, or 

• Gi is isogenous to G2 <8)C. 

Proof. There is (up to isogeny) only one complex group of each type (see 



Fig. B.2 1. One can verify, under the given restrictions on n, that none of these 
complex groups are isogenous to any of the others. (For the classical cases 
Am Bn, Cm Dm it is not too difficult to establish this directly. In any case, one 
can use the theory of roots: the conclusion follows from the observation that 
none of the Dynkin diagrams are isomorphic. Note that if G is complex, then 
G (8) C is isomorphic to G x G. 

If G is a real (non-complex) simple group, then G lE" C is a complex simple 
group, so it is isogenous to one of the groups in fig. |B.2[ It is easy to verify, by 



inspection of fig. B.l that G and G (8 C have the same type. (Indeed, this is 



precisely the criterion that led to the groupings in fig. B.l ) 

Thus, when Gi and G2 are either both real or both complex, we see that 
Gi and G2 have the same type if and only if Gi (g) C is isogenous to G2 ® C. 
On the other hand, when Gi is real and G2 is complex, we see that Gi and G2 
have the same type if and only if Gi (Xi C is isogenous to G2. □ 

This has the following consequence, which is the starting point of Re- 
mark IrH 



(B.8) Corollary. If Gi and G2 are simple Lie groups that are isogenous, then 
Gi and G2 have the same type {under the restrictions on n given in Proposi- 



tion\B.4 1 



Proof of Proposition B.5 Suppose Gi and G2 are two of the groups listed in 
fig. |B.H with the restrictions on n given in Proposition |B.4[ Assume that Gi 
is isogenous to G2. 

From Corollary |B.8| we know that Gi and G2 have the same type. 

We may assume that neither Gi nor G2 is complex. (Otherwise, they must 



both be complex. Since fig. B.l lists only one complex group of each type, we 



conclude that Gi = G2, as desired.) 
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The rest of the proof is based heavily on the observation that M-rank(Gi) = 
E-rank(G'2) (see Chapter 7 for a discussion of real rank, and see fig. B.l for 
a record of the real rank of each classical group). For SO{p,q), SU(p, g), and 
Sp{p, q), we always assume that p < q (see Q, ([s]), and ^ of Proposition B.5 1. 

Case 1. Assume Gi and G2 are of type An, for some n > 1. Let us assume 
n > 1 (see Exercise 12). The groups SL(n + and SU(p, n + 1 — p) all 

have different real ranks, so no one is isogenous to any of the others. Thus, 
we may assume that Gi = SL(^^,H) (which implies that n is odd). Then 
< K-rank(Gi) < n (recall that n > 1), so we must have G2 = SlJ{p,q), for 
some p and q with I < p < q. Now the maximal compact subgroup of Gi is 
Sp(n), which is simple, but the maximal compact subgroup of G2 is 

S(U(P) X U(g)) « U(l) X SU(p) X SJJ{q), 
which is not simple. This is a contradiction. 

Case 2. Assume Gi and G2 are of type Bn, for some n > 2. The groups 
SO(p, 2n + 1 — p) all have different real ranks, so none are isogenous. 

Case 3. Assume Gi and G2 are of type G„, for some n > 3. The groups 
Sp(2n, M) and Sp(p, n — p) all have different real ranks, so none are isogenous. 

Case 4- Assume Gi and G2 are of type Dn, for some n > A. The groups 
SO(p, 2n — p) all have different real ranks, so none are isogenous. Thus, we may 
assume that Gi — SO(n,IHI) (and that G2 = SO{p, q)°). The maximal compact 
subgroup of Gi is \j{n), which is isogenous to U(l) x SU(n). Since the maximal 
compact subgroup of G2 is SO{p) x SO(g), we conclude that p = 2, and that 
SU(n) is isogenous to S0(2n — 2). 

Now SU(n) is of type An-i, and S0(2n — 2) is of type Dn-i- Therefore, 
Corollary B.8 implies that n — 1 < 3, so n = 4. (Recall that, by assumption, 
we have n > 4.) Hence, Conclusion B.5 3 1 applies. □ 

Exercises for §B.O 

#1. Show that S0(3), Sp(l), SL(1,H), and SU(2) are isogenous to each other. 

[Hint: Let H* be the group of unit quaternions. Tlien Sp(l) and SL(1,H) are naturally 
isomorphic to H*. For any g & M* , define Tg : H —> H by Tg{x) = xg~^; then, after 
identifying H with C^, the linear map Tg is unitary. Let 

V = {v £M\ Rev = 0}. 

For 3 e H*, define Sg : V ^ V hy Sg{v) = gvg~^; then, after identifying V with M^, 
the linear map Sg is orthogonal.] 

#2. Show that Sp(2,M) = SL(2,E) and Sp(2,C) = SL(2,C). (These pairs of 
groups are actually equal, not just isogenous.) 

#3. Show that SU(1, 1) is isogenous to SL(2,M). (In fact, these two groups 
are isomorphic, not just isogenous.) 

[Hint: For the usual action of SL(2, C) on CU{oo} by linear-fractional transformations, 
we have 

PSL(2, 1R)° = { g 6 PSL(2, C) I c/(M U 00) = M U 00 }° 

and 

PSU(1, 1) = { 3 6 PSL(2, C) I g{T) = T }° 
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where T = { z e C | |z| = 1 }. Hence, if h e PSL(2,C) with h(M. U oo) = T, then 
/iPSL(2,M)/i-i = PSU(1, 1).] 

#4. Show that SL(2,M) is isogenous to S0(l,2). 

[Hint: The KiUing form K{A, B) = trace(yli3) is a symmetric bihnear form of signature 
(2, 1) on the Lie algebra of SL(2,K). It is invariant under the adjoint representation.] 

#5. Show that S0(3,C), S p(2 C) , a nd SL(2 , C) are isogenous to each other. 

[Hint: Complexify Remark [RSpal or [R3pb| .] 

#6. Show that S0(4) is isogenous to SU(2) x SU(2). 

[Hint: Let H* be the group of unit quaternions. For any g,h a H*, define Tg i^ : H — > 
H by Tg ii{x) = gxh'^^; then, after identifying H with M."^, the linear map Tgj^ is 
orthogonal.] 

#7. Show that S0(l,3) is isogenous to SL(2,C). 

[Hint: Let V be the real vector space of 2 X 2 skew-adjoint matrices. For any g £ 
SL(2,C) and v ^ V, define Tg{v) = gvg*. The determinant is a form of signature 
(1,3) on V that is preserved by Tg.] 

#8. Show that SO(2,2) is isogenous to SL(2,]R) x SL(2,M). 

[Hint: The map (g, h, T) i-> gTh'^ defines a representation of SL(2, K) X SL(2, M) on 
Mat2x2(lli). The determinant is an invariant quadratic form of signature (2,2).] 



#9. Prove B.3[|3dl. 

[Hint: Complexify a known isogeny.] 

#10. Show that S0(2,H) is isogenous to SU(1, 1) x S\J{2). 

[Hint: Let 0: C — > H be the embedding defined by (j>{i) = j. Then SO(2,IHI) contains 
^ °^ </.(SU(l, 1)) ° 



and 0(SU(2)). 



#11. Show that SO(3,3) is isogenous to SL(4,M). 

[Hint: Let F = A M"'. Then V /\V ^ (M'')^* ^ M, so there is a natural bilinear 
form on V. It is symmetric, of signature (3,3).] 

#12. Show that if 

{Gi,G2} C {SL(2,]R),SL(1,H),SU(2),SU(1,1)}, 

and Gi is isogenous to G2, then either Gi = G2, or {Gi,G2} = 
{SL(2,]R),SU(1,1)}, or {Gi, G2} = {SL(1, H), SU(2) }. 



Notes 

{not written yet) 

References 

[1] ?? {not written yet) 



Appendix C 



Central Division Algebras over Number 

Fields 



Many of the arithmetic groups in Chap. 15 were constructed by using division 
algebras. Thus, an understanding of division algebras deepens one's under- 
standing of arithmetic groups. For the interested reader, we present some of 
the basic structure theory, even though it is not needed in later chapters. 



§C.l. How to construct central division algebras over 
number fields 

(C.l) Example. Let cr be a Galois automorphism of some quadratic extension 
L = of a field F\ for clarity, we may write "z, instead of (t{z). 

1) Define a noncommutative i^-algebra 

L[<7] ^ {a + ba \a,b ^ L} 

with multiplication given by 

a) — \ and 

b) az = '^za for z Cz L. 

Then L[a] = Mat2x2(^'), via the i^- linear map defined by 



Id, 



/3i 



"0 


/?■ 




'1 " 


1 





-1 



/3fT I 



-0 




(see Exercise C.6#l I. 
2) The quaternion algebra Dp^^(F) can be obtained by a very slight modifi- 
cation of the preceding construction: define an algebra ^'''[(t] be replacing 
with 

((Tat) 



(la 



7- 



The Standing Assumptions ijSAjl are in effect, so, as always, F is a lattice in the 
semisimple Lie group G. 
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Then L[a] = Mat2x 2(^)1 via the i^-Hnear map defined by 
1 i-^ 1, \f]i ^ a y-^ \/]3ay^k 



(see Exercise C.6#2| 



Additional examples of central division algebras can be obtained by gen- 
eralizing the construction of Eg. |C.1| to field extensions L of degree > 2. We 
consider only the case where L is cyclic. 

(C.2) Definition. Let 

• L be a cyclic extension of a field F (that is, L is a Galois extension of F, 
and the Galois group Gal(L/F) is cyclic); 

• (7 be a generator of the Galois group Ga.l{L/F); and 

• d — \L : F\ he the degree of L over F. 



1) Define an F-algebra 



L[a] 



d-l 
3=0 



e L 



b) a^a^ = 



with multiplication given by 
a) az ^ '^z a for z d L, and 

^(7^+'' ifj+k<d, 

Then L[a] = Mat<ixd(-F) (see Exercise [a6#8| . 
2) For a e i^^, let L"[(t] be defined as in but replacing (lb I with 

'o-J+'= ifj + k<d, 

a a3+^-'^ if j + k>d. 



(Thus, cr'^ = a in L"[(t].) Then L°'[a] is a central simple algebra (see Ex- 



ercises 



C.6#13 and C.6#14l 



(C.3) Example. For L = F[^], we have i"[cr] ^ DfXa{F). 

(C.4) Remark. If oj is any root of unity, then F[lo\ is a abelian extension of F] 
it has many cyclic subextensions. Conversely, a classical theorem of Kronecker 
and Weber states that if L is a cyclic (or, more generally, abelian) extension 
of Q, then L C Q[w], for some root of unity lo. Unfortunately, there does not 
seem to be such a simple characterization of the cyclic extensions of other 
algebraic number fields F . However, because abelian groups are solvable, any 
abelian extension is contained in an extension obtained by taking a sequence 
of n"^ roots, for various n. 

The following theorem shows that the above construction yields all of the 
division algebras of interest to us. Some ideas of the proof appear later in this 
chapter. 

(C.5) Theorem. If D is a central division algebra over an algebraic number 
field F, then there is a cyclic extension L of F, and some a G F^ , such that 

D = L"[cr]. 
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With the help of Thm. [C?9| below, this can be restated in the following more 
concrete form: 

(C.6) Definition. Let L be a cyclic extension of a field F. Define a multiplica- 
tive homomorphism Ni^/p: L^ F^ by 

Nl/f{x) = X ■ cr{x) ■ cr^(a;) • • • cr'^"^(x), 
where a is any generator of Gal(i/F), and d= \L : F\. (Note that Nl/p{x) is 
independent of the choice of a (see Exercise C.6#9).) Then Ni^/p{x) is called 
the norm of x. 



(C.7) Corollary. Let 

• F he an algebraic number field; 

• L be a cyclic extension of F; 

• a be a generator ofGal{L/F); 

• d=\L: F\; 

• p e F, such that ^ Ni^/p{L), for all fc € {1, 2 

• 0: L'' — > Ma,tdxd{L) be given by 

Xi X2 

pcr{xd) <j{xi) 
pa'^{xd-i) pcr^(xd) 



, d — 1}; and 



(j){xi,X2, ■■■,Xd) 



X3 
0-{x2) 

<jHxi) 



pa^-^ixs) pa^-2(x4) pa''-Hx5) 
''-\X2) pa'^-^x^) p<7''-\xi) 



pa 



O-ixd-2) 

a^{xd-3) 



(xi) 
P<J^'\xd) 

Then 4>{L'^) is a central division algebra over F . 

Conversely, every central division algebra over F can be constructed in this 
way. 



(C.8) Remark. I do not know whether Thm. C.5 remains valid when F is al 



lowed to be any field (say of characteristic 0), rather than only an algebraic 
number field. 

If a = 1 (and L F), then L^la] is not a division algebra (see Exer- 



C.6#8l. The following proposition shows, in general, how to tell whether 



L"[(t] is a division algebra or not. (It is always a central simple algebra 
(seejCjl])).) 



(C.9) Theorem. Let a be a generator of Gal(L/F), for some cyclic exten- 
sion L of an algebraic number field F , and let a € F^ . The ring L°'[a] is a cen- 
tral division algebra over F if and only if a'' ^ Ni^jp^L'^), fork = 1,2 



,d-l. 



where d ^ \L : F\ 



Proof. The general case is a rather difficult theorem of Algebraic Number The- 
ory, so let us assume that d is prime. This suffices to construct many interesting 
examples, and we will see that it follows easily from Lem. C.IO below. 

(^) Suppose e N l/p{L^ ), with 1 < fc < d. Because a'^ = NL/p{a) G 
Ni^/p{L'^) (see Exercise C.6#9l, we may assume k\d (by replacing k with 
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gcd{k, d)). From our simplifying assumption that d is prime, we conclude that 
fc = 1; thus, a e Nl/f{x). So ^ Mat<ixd(i^).) Therefore, L"[cr] is not a 

division algebra. 

Alternatively, one can easily give a very elementary proof. We have 1/a = 
Ni^/p{x), for some x G L^ . Then 

{xaf = {x-^x-^'x--- x) (a'^) = {NL/pix)) (a) = 1, 



so 



{{xa) - l){{xaf~' + {xa^-^ + • • • + l) = (xa^ -1 = 0, 



so a; (T is a zero divisor. Therefore, -/j"[cr] is not a division algebra. 

(■<=) Because L"-[a] is central simple (see Exercises C.6#13 and C.6#14l, 
Wedderburn's Theorem (C.25) implies that L^la] = Ma,trxr{D), for some cen- 
tral division algebra D, and some r. Because r\d, and d is prime, there are only 
two possibilities to consider. 

If r = 1, then i"[cr] = D is a division algebra, as desired. 

If r = d, then degD = 1, so L"[a] = Ma.trxr{F). From Lem. |C.10[ we 
conclude that a e A^L/F(i^)- Q 

(C.IO) Lemma. L"[cr] = Ma,tdxd{F) if and only if a G NL/FiL""). 

Proof. Note that i"[cr] = L^[<^] (via the map a xa. Then the desired 
conclusion follows from the observation that L^[a] = Ma.tdxd{F) (see Exer- 
cise 



cm 



(=^) We have L'^la] = Matrxr(-F') — -^^[f], so there is some subfield L' of 
L"[cr], and some t £ L^la], such that 

• L' is isomorphic to L; 

• the map L' — > L' given by a; i— > txt^^ generates Gal(L'/F); and 



t'^ = 1. 



The Noether-Skolem Theorem (C.20 1 implies that we may assume L' = L (after 
conjugating by an automorphism of i"[cr]). Then, replacing r by a power, we 
may assume that txt~^ = axa~^ for all x G L. So T~^a centralizes L. Since 
L is a maximal subfield (see Exercise C.6#13l, we conclude that a — ar, for 
some a E L^ . Then 



a)(r'^) = (7Vi/p(a))(l), 



so a ■■ 



NL/Fia). 



□ 



(C.ll) Corollary. Let D be a central division algebra of degree d over an alge- 
braic number field F. Then D is an element of order (exactly) d in the Brauer 
group B{F) (see Definitional^. That is, dD = in B{F), but kD ^ for 
Kk <d. 



Proof. From Thm. C.5 we know that D = i"[cr], for some cyclic extension L 
of F, and some a G F^ . From the cohomological approach to division algebras 
(see { 
Lem 



C.5|) it is not difficult to see that kD = L" [a] in B{F). Therefore, 
I implies that kD = if and only if a'' E N]:^/p{L'^). So the desired 
conclusion follows from Thm. IC.9I □ 
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This has the following important consequence. 

(C.12) Corollary. If D is a central division algebra over an algebraic number 
field F {with D ^ F), then the following are equivalent: 

1) D is a quaternion algebra {that is, D has degree 2); 

2) D has an antiinvolution that acts as the identity on the center of D; 

3) D = D°P , the opposite algebra, with the same addition and scalar mul- 
tiplication as D, but with multiplication reversed; 

4) 2D = m B{F). 

rU^U We have the antiinvolutions and t^. 

Any antiinvolution is (by definition) an isomorphism from D to _D°p. 




g)) Since D o 1?°? = in B{F) (see Exercise |C76#15[ ), and D ^ 1)°?, 
in B{F). 



[T| From Cor.jcTT we see that D has degree 2. □ 



§C.2. The Brauer group 

(C.13) Definition (Brauer group). Let B{F) be the set of central division al- 
gebras over F . 

We define a binary associative operation o on B{F) in the following way: 
Suppose Di,D2 e B{F). Then Di^p D2 is a central simple algebra over F 
(see Definition C.19), so Wedderburn's Theorem ( |C.25 1 implies that 



Di (g)F 152 = Mat„x„(£'), 
for some central division algebra D over F (and some n). We define 

DioD2 = D. 

This makes B{D) into an abelian group. (For the existence of inverses, see 



Exer. C.6#15 ) It is called the Brauer group of F. 



Now, the following deep theorem provides a classification of the central 
division algebras over any algebraic number field. 

(C.14) Theorem (Brauer-Hasse-Noether Theorem). If F is an algebraic num- 
ber field, then 

0000 

s(F)-(Z2)'^e|e|®|®|®-.. , (C.15) 

where r is the number of real places of F . 

Outline of proof. Let us assume _F = Q. If D is any central division algebra 



over Q, then D®qM. is a simple algebra, so, by Wedderburn's Theorem (C.25 1, 
there is a corresponding central division algebra over M. Thus, we have a 
natural homomorphism B{F) — > ;B(M). It is well-known that there are only two 
central division algebras over E, namely M and H, so B{^) — '^2- 

For each prime p, we have a p-adic field Qp. Since DiS)qQp is a central simple 
algebra over Qp, there is a natural homomorphism B{F) B{Qp)- Classifying 
the central division algebras over Qp yields the conclusion that B{Qp) — Q/Z. 
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By combining the preceding paragraphs, we see that there is a natural 
homomorphism 

BiF) ^ Bim © BiQp) = Z2©|®|®|©|®---. 

p prime 

To complete the proof, one shows that the map is injective, and that its image 
is 

{ {ao,ai, . . .) I flo + ai H = 0}, 

where we realize Z2 as the subgroup ^Z/Z ofQ/Z. These last steps are the 
hard part. □ 

(C.16) Corollary. For every algebraic number field F, and any d > 2, there 
are infinitely many central division algebras of degree d over F. 

Proof. From Thm. |C.14| it is clear that there are infinitely many elements 
of order d in B{F). Each of these elements corresponds to a central division 
algebra of degree d over F (see C.ll I. □ 

(C.17) Corollary. Let d > 2, and consider the central division algebras of 
degree d over Q. 

1) If d is odd, then all of these division algebras split over M. 

2) If d is even, then infinitely many of these division algebras split o^er M, 
and infinitely many do not split. 



Proof. From the pf. of Thm. C.14 we see that the central division algebras that 
split over K correspond to the elements of the RHS of (C.15), such that ao = 0. 
Any element with oq ^ has even order, so all central division algebras of odd 
degree split over M. (This conclusion can also be proved easily by elementary 
means.) 

On the other hand, if d is even, then it is easy to construct infinitely many 
elements of order d with oq = 0, and infinitely many elements of order d with 
flo 7^ 0. So infinitely many central division algebras split over M, and infinitely 
many do not split. □ 



Corollary C.17 can be generalized to other number fields (see Exercise C.6#16 1. 



§C.3. Division algebras are cyclic 

For the special case where F is an algebraic number field, the following theorem 
shows that the maximal subfield L can be chosen to be a cyclic extension of F. 

(C.18) Theorem. If D is a central division algebra over an algebraic number 
field F, then some maximal subfield L of D is a cyclic, Galois extension of F. 

(C.19) Definition. An algebra A over a field F is central simple over F if 

1) A is simple (that is, A has no nontrivial, proper, two-sided ideals), 

2) the center of A is F, and 

3) dim^^ A < 00. 
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(C.20) Theorem (Noether-Skolem Theorem). Let A and B be simple F-subalgebras 
of a central simple algebra R over a field F. If (p: A B is any ring isomor- 
phism, such that 4>\f = Id, then there is an invertible element r of R, such that 
4>{a) = r~^ar, for all a G A. 

Theorem |C.5| is obtained by combining the following corollary with Thm. [C?T8| 

(C.21) Corollary. If L is a maximal subfield of a central division algebra D 
over a field F, and L is cyclic over F, then D = L'^[ct], for some a G F^ . 
{Hence dimp D = , where d= \L : F\.) 



Proof. There is some r ^ D, such that a{x) = r ^xr, for all a; G L (see C.20 1 
Let a = r"^. We have 

a~^xa = r~'^xr'^ = (t'^{x) = x 
for all x G L, so a G Cd{L) — L. Furthermore, 

a{a) = r^^{a)r = r^^{r'^)r = r'' = a, 

so a G F. 
Let 









R = L[r] = < 




a, G L j 









so i? is a subring of D. Because Cd{R) — F, we see, by arguing as in the proof 



of Prop. 15.43 that R®f F) — Mat„xri(^'), where n = dim^ D. Then 

(dim^i?)?! > diTCLF{R®F D) = dimi? Mat„x = n-^, 
so dimi? R > n = dim^ D. Therefore R = D. Hence, {1, r, . . . , r**^^} spans D 
over L. 

The set {1, a, ... , cr'^^^} = Gal(L/i^) is linearly independent over L (as a 



subset of Endi?(L)). (For example, this follows from Prop. 15.26 ) Therefore, 
{1, r, . . . , r'^^^} is linearly independent over L. 

Now, it is clear that Z? = i? = L"[cr]. □ 

(C.22) Remark. If L is any maximal subfield of a central division algebra D 
over F, then \L : F\ is equal to the degree of D (even if L is not a cyclic 
extension of F). 

§C.4. Simple algebras are matrix algebras 

We now describe two standard results in ring theory that were used above. 

(C.23) Theorem (Jacobson Density Theorem). Suppose 

• R is an algebra over some field F , 

• M is a faithful, irreducible R-module that is finite- dimensional over F , 
and 

• £; = EndflXM). 

Then 

1) E is a division algebra. 
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2) R is isomorphic to yLa,tdxd{E), where d is the dimension of M as a vector 
space over E, and 

3) after identifying R with yidXdy.d{E) , the module M is isomorphic to E^. 

Proof. ([T|) This is known as Schur's Lemma. Let c £ E. It is straightforward to 
verify that ker c is an i?-subniodule of M (because c S Endfl(M)). Hence, ker c 
is either {0} or all of M (because M is irreducible). Thus, c is either invertible 
or 0. Because c is an arbitrary element of E, this means that E is a, division 
algebra. 

([2] |3| Given an i?-basis {mi, . . . , m^} of M, and any vi, . . . ,Vd £ M, we 
wish to show that there exists r £ R with rmj = Vj for j — I, . . . ,d. That 
is, we wish to show that the i?-submodule R{mi, . . . , rrid) of M'^ generated by 
{mi, . . . , rud) is all of M'^. Let us consider only M^, rather than Af*. The proof 
can be completed by induction (see Exercise |C.6#21 1 . 

Given TOi,m2 G M, such that 

nil E^nd 7712 E^re linearly independent over E, 
we wish to show that 

R{mi,m2) = 

Note that R{mi,m2) is (obviously) an _R-submodule of M^. 

The projection of i?(mi, TO2) to M x {0} is an i?-submodule of M x {0}. It 
is nontrivial (because it contains (mi,0)), so the irreducibility of M implies 
the projection of R{mi,m2) to M x {0} is all of M x {0}. (C.24) 

Also, the intersection R{mi , 7712) H ({0} x M) is an i?-submodule of {0} x M. 
Because M is irreducible, there are only two possibilities to consider. 

Case L Assume R{mi, m2 )n({0}xA/) = {0}xM. This means that {0}xM C 
i?(mi, m2), so 

({0} X M) + i?(mi, TO2) = R{mi,m2). 

On the other hand, (C.24I can be restated as ({0} x M) + R{mi,m2) = M"^. 
Therefore R{mi, 7712) = M^, as desired. 

Case 2. Assume i?(mi, ma) n ({0} x Af) = {(0, 0)}. For each x e M, we know, 
from (C.24I, that there exists y £ M with {m,y) e R(rni,m2). Furthermore, 
the assumption of this case implies that y is unique. Thus, R{mi,m2) is the 
graph of a well-defined function /: M M. 

Because the graph of / is an i?-submodule of AP, it is straightforward 
to verify that / G Eiiidj^(M). Furthermore, we have /(mi) — m2 (because 
(mi,m2) G R{mi,m2)). Therefore m2 G Emi. This contradicts the fact that 
mi and m2 are linearly independent over E. □ 

Should explain why it's called a "density" theorem!!! 

The following is an easy, but important, special case of Wedderburn's The- 
orem on the structure of semisimple artinian rings. 

(C.25) Corollary (Wedderburn's Theorem). If A is a central simple algebra 
over a field F, then A is isomorphic to Mat„xn(£'); for some n, and some 
central simple division algebra D over F . 
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Proof. Let m be a maximal left ideal of A. (Since A is finite dimensional, it 
is obvious that maximal ideals exist. However, if A is a division algebra, then 
m = 0.) Then A/m is an irreducible left ^-module. 

The identity element 1 acts nontrivially on A/m, so the annihilator of this 
module is a proper ideal of A. Since A is simple, we conclude that the annihi- 
lator is trivial, so the module is faithful. Thus, the Jacobson Density Theorem 
(|C.23| implies that A = Mat„xn(-D). □ 



§C.5. Cohomological approach to division algebras 

For the interested reader, let us also describe the cohomological approach to 
division algebras. 

(C.26) Definition. Let L be a Galois extension of a field F, and let A = 
Gal{L/F). To avoid confusion, let us use * to denote the group operation in A. 

• A function a: A x A ^ is a 2-cocycle if it satisfies the cocycle identity 

a{ai,a2) a{ai * (72, as) = a{ai,a2 * 0-3) °'i(a(cr2, 0-3)) • (C.27) 

• For any /3: A ^ , define 5^: A x A ^ by 

(3{ai * era) 

Then 5(3 is a 2-cocycle. It is called the coboundary of p. 

• Define 

^ (^/^'^ ^~ B^{L/F,L-y 

where Z'^{L/F, ) is the set of 2-cocycles, and B'^{L/F, ) is the set of 
coboundaries. (Note that the set Z'^{L/F, L^) is an abelian group under 
pointwise multiplication, and B'^{Z/ F, L^) is a subgroup.) This is the 
(second) Galois cohomology group of L over F . 

• If L is any extension of F, let 

Bl{F) = {D^ B{F) I D splits over L }. 
This is a subgroup of B{F). 

(C.28) Proposition. If L is any Galois extension of F , thenTi'^{L/F,L^) = 
Bl{F). 

Proof. Given a £ Z'^{L/F,L^), define an i^-algebra 



L„[A] 



I creA 



acr E L 



with multiplication given by 

a) az — a for G A and z G i, and 

b) criO-2 = a((Ti, (T2) (di * (T2). 
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(The cocycle identity (C.27I implies that ^^[A] is associative (see Exer- 
cise 



C.6#20l.) 



Now La [A] may not be a division algebra, but it turns out that it is always 
a central simple algebra over F. So the Wedderburn Theorem (C.25) tells us 



that it is isomorphic to Mat„xn(-Da), for some n, and some central division 
algebra D^- Define f{a) = Da- 

It is easy to see that f{ai) = 7(0:2) if oi and 02 are in the same 
coset of B'^{L/F, L^) (see Exercise C.6#17l, so / is well defined as a map 
n\L/F,L'') ^ B{F). 

A reasonable effort shows that / is injective. 

The proof of Prop. 15.43 shows that L L^l^] — Matdxd{L), so /(a) 
splits over L. This means that the image of / is contained in Bl{F). 

An argument similar to the proof of Cor. |C.21 shows that every element of 
Bl{F) is in the image of /. □ 

(C.29) Remark. Let F be the algebraic closure of an algebraic number field F. 
By definition, Ti^iF/F.F^) is the direct limit of the groups n'^{L/F,L'^), 
where L ranges over all Galois extensions of F. Then 71^ {F /F, F ) ^ B{F), so 



the Brauer-Hasse-Noether Theorem (C.14I can be restated as the calculation 
of a Galois cohomology group. 



§C.6. Notes 

This hasn't been written yet!!! 

Need references for the theorems quoted without proof!!! 



The Kronecker- Weber Theorem (C.4) can be found in |Janl Thm. 5.9, 
p. 165]. 
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Exercises 



Exercises for §C.6 

7^1. Show that the _F-linear map of Eg. C.l 1 1 is an algebra isomorphism 



#2. Show that the F-linear map of Eg. |C.lp l is an algebra isomorphism 



#3. Suppose B(x, x) is a symmetric, bilinear form on a vector space V over 
a field F. Show that if B is isotropic, and dimpV > 3, then SO{B;F) 
has a nontrivial unipotent element. 

[Hint: SO(l,2)f has a unipotent clement, because it is isogenous to SL(2, F).] 

#4. Show Dfi2p ,,2^{F) = Dp .y{F), for any nonzero b,c E F. 

[Hint: An isomorphism is given by 1 i-+ 1, j bi, j i—* cj, k i~* bck.] 
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#5. Show Da2^-y{F) ^ Mat2x2(-F), for any field F, and any a,7 € F. 

[Hint: Sec the proof of |6.4| |T||.] 

#6. Show that if the ring I?a,fc(Q) is not a division algebra, then it is isomor- 
phic to Mat2x2(Q). 

[Hint: This follows from Wedderburn's Theorem | |C.25[ | or its proof.] 

#7. Suppose a is an involution of a field L, and B(x,y) is a nondegenerate 
cr-Hermitian form on a vector space V over i. Show that if W is any 
totally isotropic subspace of V, then dim W < (dim /2. 



#8. Define i[cr] as in Eg.[a2p|). Show L[a] = Ma.tdy:d{F). 

[Hint: Identifying L with yields a natural homomorphism L[cr] — > Matrfxd(^)-] 

#9. Let L be a cyclic extension of F. Show, for x G , that Ni^/p{x) is 
independent of the choice of the generator a of Gal(L/F). 
[Hint: Nr^/p{x) = UreG^i{L/F) '^(^)-] 

#10. Let i be a cyclic extension of F, with \L : F\ = d. Show that if a: G F^ , 
then Nl/p{x) = x'^. 

#11. Let L be a cyclic extension of F, and let F' be a subfield of L that 
contains F. Show that NL/piL^) C Nl/p>{L'^). 

#12. Let cr be a generator of Gal(i/F), for some cyclic extension L of a field F. 
Show that if ai e a2NL/plL'^), then L"i [cr] = L"^[cr]. 

[ffirtt; Define /: L"i [cr] L"2 [o-] by /(cr-') = {Puy .] 

#13. Let L be a cyclic extension of F, and let cr be a generator of Gal(i/F). 
Show, for every a £ F^ , that 

a) the centralizer of L in i"[cr] is L; and 

b) the center of L"[cr] is F. 

#14. Let L be a cyclic extension of F, cr be a generator of Gal(L/F), and 
a G F^ . Show that L"[cr] has no nontrivial, proper, two-sided ideals. 

[Hint: For any x = ^jZ^ajcr^ 6 /, with ao ^ 0, and any b S , the difference 
X — bxb~^ has fewer nonzero terms than x does.] 

#15. Show that if is the opposite algebra of a central division algebra D 
over a field F, then Z3°p is the inverse of D in B{F). 

[Hint: Recall that the multiplication * in D°P is defined by a*b = ba. It suffices to show 
that D(i)p Z)°P = Matjj2 X£j2 where d is the degree of D. Define a homomorphism 
tf): D ®p Z)°P ILndp(D) by (f>{a,b){x) = axb, and apply the Jacobson Density 
Theorem | |C.23| |.] 

#16. Let F be an algebraic number field, let d > 2, and consider the central 
division algebras of degree d over F. 

a) Show that all of these division algebras split at every imaginary 
place of F. (That is, if cr is an imaginary place of F, then D®pF„ = 
Matdxd(F,).) 

b) Show that if d is odd, then all of these division algebras split at 
every place of F. 
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#17. 



#21. 



c) Show that if d is even, and S is any set of real places of F, then 
there are infinitely many of these division algebras that split at all 
of the places in S, but do not split at any real place that is not in S. 

Let L be a Galois extension of afield i^. Show that if ai G a2Z'^{L/F,L^), 
then [Gal{L/F)] ^ L^^ [Gal(L/i^)] . 

[Hint: Define /: L^^ [Gal(L/F)] L^^ [Gal(L/F)] by f{a) = f3{cr)cr.] 



#18. Let F, D, and / be as in the proof of Prop. |15.43 

a) Show that End/(i^£,)(£') = f{D (g> 1). 

b) Show that if L is any maximal subfield of D, then Endj(i,g,^£i)(_D) = 
/(i®l). 

#19. Suppose A and B are simple algebras over a field F. Show that if either 
A or B is central simple over F, then A^p B is simple. 

#20. Let a: A x A — > L^. Show that Lq,[A] is associative if and only if a sat- 
isfies the cocycle identity (C.27). 



Prove C.23p 2| and |C.23p [). 

[Hint: Given linearly independent mi, . . . , nik G Af , show that R{mi, . . . , nik) = M*. 
Assume, by induction on k, that ij(mi, . . . , rrife) projects onto all of M*"'"^. Then 
R{mi, . . . , mj.) is either M*" or the graph of an R-equivariant map / : M^~^ — > M. 
The restriction of / to each factor of Mf^_i defines an element fi of E. We have 
/l(mi) H h /fc_i(mfc_i) = /(mi, . . . ,mfc_i) = nik-] 



